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CONVERSION FACTORS: U.S. CUSTOMARY AND SI METRIC UNITS

U.S. Units

SI Metric Units

To Convert from U.S
Customary to SI, Multiply by

inch (in.)
inch (ip.)
inch (in.)

feet (ft)
yard (yd)
mile (mi)

angle, degree (°)
temp., degree (“F)
acre (acre)

gallon (gal)

pound (lb)
ton (ton, 2000 1b)

pound force (1bf)
pound/in® (psi)
pound/ft* (psf)

foot-pound (ft-1b)
horsepower (hp)

British thermal unit (BTU)
British thermal unit (BTU)

Definitions

meter (m)
centimeter (cm)
millimeter (mm)

meter (m)
meter (m)
kilometer (km)

radian (rad)
Celsius (°C)

hectare (ha)
liter (1)

kilogram (kg)
kilogram (kg)

newton (N)
newton/m? (N/m?)
newton/m” (N/m?)

joule (I)
watt (W)
joule (1)
kilowatt-hour (kwh)

0.0254
2.54
254

0.305
0.914
1.609

0.0174
(°F — 32)/1.80

0.4052
3.79

0.4536
907.2

4.448
6895
47.88

1.356

746

1055

2.93 x 10~*

newton—force that will give a 1-kg mass an acceleration of 1 m/sec”
Jjoule—work done by a force of 1 N over a displacement of 1 m

pascal = | N/m’

kilogram force (kgf) = 9.807 N
gravity acceleration (g) = 9.807 m/sec?

acre (a) = 4052 m?

hectare (ha) = 10,000 m?

I kip (kip) = 1000 Ib
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»Preface

OBJECTIVES AND APPROACH

The first edition of this book (originally titled Probability Concepts in Engineering Planning
and Design, Vol. I, Basic Principles, published in 1975) has served to provide the basics of
probability and statistical concepts in terms that are more easily understood by engineers and
engineering students. The basic principles are presented and illustrated through problems of
relevance to engineering and the physical sciences (particularly to civil and environmental
engineering), and the exercise problems in each chapter are designed to further enhance the
understanding of the basic concepts and reinforce a working knowledge of the concepts and
methods. We firmly believe that the easiest and most effective way for engineers to learn a
new set of abstract principles, such as those of probability and statistics, to the extent as to
be able to apply them in modeling and formulating engineering problems, is through varied
illustrations of applications of such principles. Moreover, the first exposure of engineers
to probabilistic concepts and methods should be in physically meaningful terms; this is
necessary to properly emphasize and motivate the recognition of the significant roles of the
relevant mathematical concepts in engineering.

NEW TO THIS SECOND EDITION

This second edition follows the same general approach expounded in the first edition;
however, the text in all the chapters has been improved and has been thoroughly revised,
updated, or completely replaced from that of the first edition. In particular, almost all the
illustrative examples, as well as the problems, in each chapter of the first edition have been
replaced with new ones. Also, where actual data are illustrated, they have been updated;
more recent or new data are presented or added in this edition. Several new topics and
sections have been added or expanded, including the following:

* Two Types of Uncertainty In this edition, we have emphasized (introduced in
Chapter 1) the importance of distinguishing the two broad types of uncertainties;
namely, the aleatory and the epistemic uncertainties, and the need to evaluate their
respective significances separately in engineering applications. Engineers and en-
gineering students need to be made aware of this approach, especially in practical
engineering decision making. Nonetheless, the tools for such evaluations require the
same basic principles of probability and statistics as presented here.

* Extreme Values Chapter 4 now includes the distributions of extreme values, which
are of special interest to engineers dealing with natural and extreme hazards.

* Hypothesis Testing The topic of Hypothesis Testing is added as part of Chapter 6.

* Anderson-Darling Method The Anderson—Darling method for goodness-of-fit
test is now included in Chapter 7 (of relevance when the tails of distributions are
important).

* Confidence Intervals in Regression Analysis Linear regression in Chapter 8 has
been expanded to include the determination of confidence intervals.

* Regression and Correlation Analyses Chapter 9 on Bayesian probability now
includes Bayesian regression and correlation analyses.
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* Computer-Based Numerical and Simulation Methods The new chapter
(Chapter 5) on Computer-Based Numerical and Simulation Methods in Probability
should make this second edition more in tune with modern-day engineering education.
The numerical and simulation methods presented in this chapter, particularly with
reference to Monte Carlo simulations, extend the practical applicability of probabil-
ity concepts and methods for formulating and solving engineering problems, beyond
those possible with purely analytical tools. These numerical methods are particularly
powerful with the present-day availability of personal computers and related com-
mercial software, and should serve to augment the analytical methods, thus extending
the general usefulness and utility of probability and statistics in engineering.

» Quality Assurance The chapter on Elements of Quality Assurance and Acceptance
Sampling (Chapter 9 of the first edition) is now designated as Chapter 10 but is avail-
able only on the Web. The material in this chapter is beyond the scope of this book,
which is devoted to the basic fundamentals of probability and statistics: however, it
is useful in the specialized area of quality assurance. For these reasons, the mate-
rial in this chapter is made available online at the Wiley Web site, www.wiley.com/
college/ang.

INTENDED AUDIENCE

The material in the book is intended for a first course on applied probability and statistics for
engineering students at the sophomore or junior level, or for self-study, stressing probabilis-
tic modeling and the fundamentals of statistical inferences. The primary aim is to provide
an in-depth understanding of the fundamentals for the proper application in engineering.
Only knowledge of elementary calculus is required, and thus the material can be taught to
undergraduate engineering students at any level. It may be used for a course taught either
in the engineering departments or offered for engineers by the departments of mathematics
and statistics.

The book is self-contained and thus is also suitable for self-study by practicing engineers
who desire a reading and working knowledge of the basic concepts and tools of probability.

SUGGESTED SYLLABUS

One-semester course A suggested outline for a one-semester (or one-quarter) course
may be as follows: Chapter 1 (assigned as required reading with guidance from instructors)
through Chapter 5 stressing the modeling of probabilistic problems, plus Chapters 6 through
8 stressing the fundamentals of inferential statistics, can be covered in a one-semester course.
One-quarter course For a one-quarter course, the same chapters may be covered with less
emphasis on selected sections (e.g., discuss fewer types of useful probability distributions)
and limit the number of illustrations in each chapter.
Senior-level course For a course at the senior level, all the chapters, including the first
part of Chapter 9, may be covered in one semester.

The extensive variety of problems at the end of each chapter provides wide choices for
class assignments and also opportunities for self-measuring a reader’s understanding.

INSTRUCTOR RESOURCES

These instructor resources are available on the Instructor section of the Web site at
www.wiley.com/college/ang. They are available only to instructors who adopt the text:

« Solutions Manual: Solutions to all the exercise problems in the text.
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* Image Gallery: All figures and tables from the text, appropriate for use in Power-
Point presentations.

These resources are password protected. Visit the Instructor section of the book Web site
to register for a password to access these materials.

MATHEMATICAL RIGOR

MOTIVATION

We have not emphasized mathematical rigor throughout the book; such rigor may be sup-
plemented with treatises on the mathematical theory of probability and statistics. We are
concerned mainly with the practical applications and relevance of probability concepts to
engineering. The necessary mathematical concepts are developed in the context of engi-
neering problems and through illustrations of probabilistic modeling of physical situations
and phenomena. In this regard, only the essential principles of mathematical theory are
discussed, and these principles are explained in non-abstract terms in order to stress their
relevance to engineering. This is necessary and essential to enhance the appreciation and
recognition of the practical significance of probability concepts.

Uncertainties are unavoidable in the design and planning of engineering systems. Properly,
therefore, the tools of engineering analysis should include methods and concepts for eval-
vating the significance of uncertainty on system performance and design. In this regard,
the principles of probability (and its allied fields of statistics and decision theory) offer the
mathematical basis for modeling uncertainty and the analysis of its effects on engineering
design.

Probability and statistical decision theory have especially significant roles in all aspects
of engineering planning and design, including: (1) the modeling of engineering problems
and evaluation of systems performance under conditions of uncertainty; (2) systematic
development of design criteria, explicitly taking into account the significance of uncertainty;
and (3) the logical framework for quantitative risk assessment and risk-benefit tradeoff
analysis relative to decision making. Our principal aim is to emphasize these wider roles of
probability and statistical decision theory in engineering, with special attention on problems
related to construction and industrial management; geotechnical, structural, and mechanical
design; hydrologic and water resources planning; energy and environmental problems;
ocean engineering; transportation planning; and problems of photogrammetric and geodetic
engineering.

The principal motivation for developing this revised edition of the book is our firm
belief that the principles of probability and statistics are of fundamental importance to all
branches of engineering, although the examples and exercise problems included in this text
are mostly from civil and environmental engineering. These principles are essential for
the quantitative analysis and modeling of uncertainties in the assessment of risk, which is
central in the modern approach to decision making under uncertainty.

The concepts and methods expounded in this book constitute only the basics necessary
for the proper treatment of uncertainties. These basic principles may need to be supple-
mented with more advanced tools for specialized applications. See Volume II of Ang and
Tang (1984) for some of these advanced topics.

Over the years, we have received numerous compliments from former students and
professional colleagues regarding the way we elucidated the concepts and methods in the
first edition, particularly for those wishing to learn and apply the principles of probability and
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statistics. In this regard, we are encouraged that the first edition of this book has contributed to
the education of several generations of engineering students, and of professional colleagues
through self-studies. The work for this second edition of the book is also inspired by the
hope that this work will continue to contribute to the education of future generations of
engineering students in the practical roles and significance of probability and statistics in
engineering, enhanced further nowadays by the general availability of personal computers
and associated commercial software.

VOLUME Ii
The first edition of this text was published in two volumes. For the second edition, only
Volume 1 (this text) is being revised. If you would like to obtain a copy of the original
Volume II, you may contact Professor Ang directly at ahang2@aol.com.
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Roles of Probability and
Statistics in Engineering

1.1 INTRODUCTION

In dealing with real world problems, uncertainties are unavoidable. As engineers, it is im-
portant that we recognize the presence of all major sources of uncertainty in engineering.
The sources of uncertainty may be classified into two broad types: (1) those that are asso-
ciated with natural randomness; and (2) those that are associated with inaccuracies in our
prediction and estimation of reality. The former may be called the aleatory type, whereas
the latter the epistemic type. Irrespective of the type of uncertainty, probability and statistics
provide the proper tool for its modeling and analysis. In the ensuing chapters we will present
the fundamental principles of probability and statistics, and illustrate their applications in
engineering-type problems. The main aim of this work is to present the concepts and meth-
ods of probability and statistics for the modeling and formulation of engineering problems
under uncertainty; this is in contrast to books that are devoted to statistical data analysis,
although the fundamentals of statistics are also presented here.

The effects of uncertainties on the design and planning of an engineering system are
important, to be sure; however, the quantification of such uncertainty and the evaluation of its
effects on the performance and design of the system, should properly include the concepts
and methods of probability and statistics. Furthermore, under conditions of uncertainty,
the design and planning of engineering systems involve risks, which involves probability
and associated consequences, and the formulation of related decisions may be based on §
quantitative risk-benefit trade-offs which are properly also within the province of applied :
probability and statistics. In this light, and with reference to problems containing randomness ;l
and uncertainty, the significance of the concepts of probability and statistics in engineering i
parallels those of the principles of physics, chemistry, and mechanics in the formulation 1
and solution of engineering problems. ;

In light of the above, we see that the role of probability and statistics is quite pervasive
in engineering; it ranges from the description of basic information to the development and
formulation of bases for design and decision making. Specific examples of such imperfect !
information, and of applications in engineering design and decision-making problems, are :
described in the following sections.
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1.2 UNCERTAINTY IN ENGINEERING

The presence of uncertainty in engineering, therefore, is clearly unavoidable; the available
data are often incomplete or insufficient and invariably contain variability. Moreover, en-
gineering planning and design must rely on predictions or estimations based on idealized
models with unknown degrees of imperfections relative to reality, and thus involve addi-
tional uncertainty. In practice, we might identify two broad types of uncertainty: namely,
(i) uncertainty associated with the randomness of the underlying phenomenon that is exhib-
ited as variability in the observed information, and (ii) uncertainty associated with imperfect
models of the real world because of insufficient or imperfect knowledge of reality. As we
said earlier, these two types of uncertainty may be called, respectively, the aleatory un-
certainty and the epistemic uncertainty. See Ang (1970, 2004) for a basic framework for
defining and treating these two types of uncertainties. The two types of uncertainty may
be combined and analyzed as a total uncertainty, or treated separately. In either case, the
principles of probability and statistics apply equally.

We might point out that there are good reasons to view the significance of the two
types of uncertainty, and their respective effects on engineering, differently. First of all,
the aleatory (databased) uncertainty is associated with the inherent variability of basic in-
formation, which is part of the real world (within our ability to observe and describe).
Much of the aleatory uncertainty that civil engineers must deal with are inherent in na-
ture and. therefore, may not be reduced or modified. On the other hand, epistemic (or
knowledge-based) uncertainty is associated with imperfect knowledge of the real world,
and may be reduced through application of better prediction models and/or improved exper-
iments. Second, the respective consequences of these two types of uncertainty may also be
different—the effect of the aleatory randomness leads to a calculated probability or risk,
whereas the effect of the epistemic type expresses an uncertainty in the estimated probability
or risk. In many application areas of engineering and the physical sciences, the uncertainty
(or error bounds) of a calculated risk or probability is as important as the risk itself; e.g., the
National Research Council (1994) has emphasized the importance of quantifying the un-
certainty in the calculated risk, and a number of U.S. government agencies, such as the U.S.
Department of Energy (1996), the Environmental Protection Agency (1997), NASA (2002),
NIH (1994), as well as in the UK (2000), have applied this approach in the quantitative
assessment of risk. In some practical applications, however, the two types of uncertainty are
combined and their aggregate effects estimated accordingly. Again, irrespective of whether
the two types of uncertainties are combined or treated separately, the concepts and methods
covered in the ensuing chapters are equally applicable.

Finally, there should be no problem in delineating between the two types of
uncertainty—the aleatory type is essentially databased, whereas the epistemic type is
knowledge based. For practical purposes, the epistemic uncertainty may be limited to the
estimation of the mean or median values, even though in theory it includes inaccuracies in
the prescribed form of probability distributions and in all the parameters.

1.2.1 Uncertainty Associated with Randomness—the Aleatory Uncertainty

Many phenomena or processes of concern to engineers, or that engineers must contend with,
contain randomness; that is, the expected outcomes are unpredictable (to some degree).
Such phenomena are characterized by field or experimental data that contain significant
variability that represents the natural randomness of an underlying phenomenon; i.e., the
observed measurements are different from one experiment (or one observation) to another,
even if conducted or measured under apparently identical conditions. In other words, there
is a range of measured or observed values of the experimental results; moreover, within
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TABLE 1.1 Rainfall Intensity Data Recorded over a Period of 29 Years

Year Rainfall Year Rainfall Year Rainfall
No. Intensity, . No. Intensity, in. No. Intensity, in.
1 43.30 1L 54.49 21 58.71
2 33.02 12 47.38 22 42.96
3 63.52 13 40.78 23 53,77
4 45.93 14 45.05 24 41.31
5 48.26 15 50.37 25 58.83
6 50.51 16 5491 26 48.21
7 49.57 17 51.28 27 44.67
8 43.93 18 39.9] 28 67.72
9 46.77 19 53.29 29 43.11
10 59.12 20 67.59

this range certain values may occur more frequently than others. The variability inherent in
such data or information is statistical in nature, and the realization of a specific value (or
range of values) involves probability. The inherent variability in the observed or measured
data can be portrayed graphically in the form of a histogram or frequency diagram, such
as those shown in Figs. 1.1 through 1.23, all of which demonstrate information on physical
phenomena of relevance particularly to civil and environmental engineering. Furthermore, if
two variables are involved, the joint variability may similarly be portrayed in a scattergram.

A histogram simply shows the relative frequencies of the different observed values of
a single variable. For example, for a specific set of experimental data, the corresponding
histogram may be constructed as follows.

From the range of the observed data set, we may select a range on one axis (for a
two-dimensional graph) that is sufficient to cover the largest and smallest values among the
set of data, and divide this range in convenient intervals. The other axis can then represent
the number of observations within each interval among the total number of observations. or
the fraction of the total number. For example, consider the 29 years of annual cumulative
rainfall intensity in a watershed area recorded over a period of 29 years as presented in
Table 1.1.

An examination of these data will reveal that the observed rainfall intensities range
from 39.91 to 67.72 in. Therefore, choosing a uniform interval of 4 in. between 38 and
70 1n. the number of observations within each interval and the corresponding fraction of
the total observations are calculated as summarized in Table 1.2.

The uniform intervals indicated in Table 1.2 may then be scaled on the abscissa, and
the corresponding number of observations (column 2 in Table 1.2) can be shown as a bar

TABLE 1.2 Number and Fraction of Total Observations in Each Interval

No. of Fraction of

Interval Observations Total Observations
3842 3 0.1034
42-46 7 0.2415
46-50 5 0.1724
50-54 5 0.1724
54-58 3 0.1034
58-62 3 0.1034
62—-66 I 0.0345
66-70 2 0.0690

-
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Figure 1.1 Histograms of Annual Rainfall Intensity.

on the vertical axis, as illustrated in the histogram of Fig. 1.1a for the rainfall intensity of
the watershed area. Alternatively, the vertical bar may be in terms of the fraction of the total
observations (column 3 in Table 1.2) and would appear as shown in Fig. 1.1b. Oftentimes,
there may be reasons to compare an empirical frequency diagram, such as a histogram, with
a theoretical frequency distribution (such as a probability density function, PDF, discussed
later in Chapter 3).

For this purpose, the area under the empirical frequency diagram must be equal to
unity; we obtain this by dividing each of the ordinates in a histogram by its total area; e.g.,
we obtain the empirical frequency function of Fig. 1.1a by dividing each of the ordinates
by 29 x 4 = 116; whereas the corresponding empirical frequency function may also be
obtained from Fig. 1.1b by dividing each of the ordinates by 4 x 1 = 4. In either case,
we would obtain the empirical frequency function of Fig. 1.1c for the rainfall intensity in

A
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l

0
34 38 42 46 50 54 58 62 66 70

Annual rainfall intensity, in.
(c)

Figure 1.1c Empirical Frequency Function.

the watershed area. We may then observe that the total area under the empirical frequency
function is equal to 1.0, and thus the area over a given range may be used to estimate the
probability of rainfall intensity within the given range.

A large number of physical phenomena are represented in Figs. 1.1 through 1.23; these
are purposely collected here to demonstrate and emphasize the fact that the state of most
engineering information contains significant variability. For examples, the properties of
most materials of construction vary widely; in Figs. 1.2 and 1.3 we present the histograms
demonstrating the variabilities in the bulk density of soils and the water—cement (w/c)
ratio of concrete specimens, respectively, whereas in Figs. 1.4 and 1.5 are shown the yield
strength of reinforcing bars and the ultimate shear strength of steel fillet welds.
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Figure 1.5 Ultimate shear strength of fillet welds (after Kulak, 1972).

Similarly, in the case of construction timber, we see in Fig. 1.6 examples of the his-
tograms of the modulus of elasticity of Southern pine and Douglas fir timber, whereas in
Fig. 1.7 we show the histogram of the modulus of elasticity of grouted masonry. As ex-
pected, there are wide variabilities in the moduli of elasticity of these two materials; timber
is a natural organic material, whereas masonry is a highly heterogeneous mixture of cement
and natural sand.
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O r— -

Douglas fir lam stock

Frequency of occurrence, %
-

30 LI grade

20— R

10—

oLy | = | —t+— .
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Modulus of elasticity, psi x 107°

Figure 1.6 Modulus of elasticity of construction lumber ( after Galligan and Snodgrass, 1970).

Of great interest in reinforced concrete construction is the possible corrosion of the
reinforcing steel; in Fig. 1.8, we show the histogram of the corrosion activity (mea-
sured by the electrical current density) of steel in concrete structures. In rock mechanics,
homogeneous rock mass contains fissures. We see 1n Fig. 1.9 that the trace lengths of
discontinuities in a rock mass can vary widely.
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Figure 1.8 Corrosion activity of steel in concrete (after Pruckner & Gjorv, 2002).
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Figure 1.10 Residual friction angle of mudstone (after Becker et al., 1998).

In geotechnical engineering, we can expect significant variability in the information
pertaining to soil properties. For example, Fig. 1.10 shows the histogram of the residual
angle of friction of soft mudstone, whereas Fig. 1.11 shows the variability of the compressive
strength of sandstone underlying the foundation of the Confederation Bridge in Canada.
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Figure 1.11 Compressive strength of sandstone (after Becker et al., 1998).

Furthermore, the efficiencies of pile groups are also highly variable as shown in
Figs. 1.12a and 1.12b, respectively, for pile groups in clay and sand.

Significant variabilities are also present in the loads on structures; these are illustrated
in Fig. 1.13 showing the wind-induced pressure fluctuations on tall buildings observed
during two typhoons (hurricanes), and in Fig. 1.14 is shown the variability of earthquake-
induced shear stresses in soils. In both of these figures, the dispersions are scaled in terms

of respective standard deviations.
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Figure 1.12 Pile group efficiencies in clay and sand (after Zhang et al., 2001).

In environmental engineering, the water quality depends on certain parameters such
as the stream temperature and dissolved oxygen (DO) deficit. Figure 1.15 illustrates the
variability of dissolved oxygen (DO) deficit in the Ohio River, whereas in Fig. 1.16 is
shown the variability of the weekly maximum temperature of four streams in four different
states of the United States of America—Maine, Washington, Minnesota, and Oklahoma.

In the case of transportation engineering, we show in Fig. 1.17 the empirical frequency
distribution of O-D (origin—destination) trip lengths in Sioux Falls, SD, and in Fig. 1.18 the
histogram of the estimated impact speed of passenger car accidents.

1I|I1 T 11 | T T 1
-4 -3 -2 <1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 8 4
Number of standard deviation Number of standard deviation
(a) Typhoon Ruby 16/7/1970 7SW-3 (b) Typhoon Georgia 13/9/1970 7NE-4

Figure 1.13 Pressure fluctuations on tall buildings during typhoons (after Lam Put, 1971).
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Figure 1.15 Dissolved oxygen (DO) deficit in
river (after Kothandaraman & Ewing, 1969).

In Fig. 1.19 we see the histograms of the measured roughness profiles of a rough road
and a smooth road, in terms of the respective rms (root-mean-square) values. The cost of
injuries from highway work zone accidents in the United States can be expected to vary
greatly; this is evidenced in Fig. 1.20.

It is of interest to observe that engineered structures can sometimes fail and cause
economic losses as well as loss of human lives. Figure 1.21 shows the statistics of dam
failures in the United States as a function of life (in years) after completion. Clearly, we
observe that most failures occur during the first year after completion of construction of
a dam.
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Figure 1.16 Histograms of weekly maximum stream temperature (after Mohseni et al., 2002).
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35%

30%

25%

20%

"15%

10%

5%

$1-$1,000 $1,000-$5,000 $5,000-$7,500
Cost of work zone accidents

0% e
$0-$1

Figure 1.20 Cost of work zone accidents (after Mohan & Gautam, 2002).

11



12 = Chapter 1. Roles of Probability and Statistics in Engineering

50
45— =
a5~ [
30 | i
o5
20~ (5
15|

U ...... Fi i i

Number of cases

1 2 3 4 5 6 7 8 9 10
Years after completion

Figure 1.21 Statistics of dam failures in the United States (after van Gelder, 2000).

Finally, the variabilities of information in construction engineering and construction
management are illustrated in Figs. 1.22 and 1.23, respectively. Specifically, we show in the
figures the completion time of building houses in England and the variability of bid prices
in highway construction.
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Figure 1.22 Histograms of completion times in house building (after Forbes, 1969).

In some of the figures, e.g., Figs. 1.11, 1.12, 1.14, 1.19, 1.21, and 1.23, the theoretical
probability density functions (PDFs) are also shown; the significance of these theoretical
functions and their relations to the corresponding experimental frequency diagrams will be
discussed in greater depth in Chapters 3 and 7.
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Figure 1.23 Distribution of bid prices in highway construction (after Cox, 1969).

When two (or more) variables are involved, each variable may have its own variability,
whereas there may also be joint variability of the two variables. Observed data of pairs of
values of the two variables can be portrayed in a two-dimensional graph in the form of a
scattergram of the observed data points. For example, in Fig. 1.24 is shown the scattergram
of the modulus of elasticity versus the corresponding strength of Douglas fir timber, whereas,
in Fig. 1.25 we see the scattergram of the tensile strength of concrete versus temperature.

In Fig. 1.26 we observe the scatter of the data points of the mean annual discharge of
a stream versus the corresponding drainage area near Honolulu. In Fig. 1.27 is shown the
scattergram of the plasticity index versus the liquid limit of soils, which 1s of fundamental

interest to geotechnical engineers.
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Figure 1.24 Modulus of elasticity vs. strength of timber (after Littleford, 1967).

In Fig. 1.28, we show the scattergram between the concentration of chlorophyll and
phosphorous concentration; this information is important to environmental engineers con-
cerned with the productivity of lakes. In Fig. 1.29 we see a typical scattergram of real estate

land value plotted against population density.
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Figure 1.25 Tensile strength of concrete vs. temperature (after dos Santos et al., 2002).
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In estimating the maximum wind speeds, the calculated speed may not be perfect;
this is illustrated in Fig. 1.30, which shows the Scattergram between the calculated and
corresponding observed maximum wind speeds. Also, in traffic engineering, the relationship
between the daily conflicts and the total entry volume at traffic intersections is illustrated

in Fig. 1.31, which shows the scatter of the data points.

Finally, in assessing the hazards from glacier lake outbursts, which can potentially
cause dangerous outburst floods and debris flow in mountainous regions, the area and mean

depth of a glacier lake can be used to estimate the volume of a lake.

For this purpose, the

scattergram of Fig. 1.32 shows such a relationship between the mean depth and the area.
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Figure 1.30 Calculated vs. observed wind speeds
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Figure 1.32 Mean depth vs. area of glacier lakes (after Huggel et al., 2002).

A large number of histograms and scattergrams are shown above; the purpose of 1l-
lustrating such a large number is to demonstrate clearly that variability of engineering
information is invariably present and unavoidable in many areas of engineering applica-
tions.

We might emphasize that the variability exhibited in any histogram is due to randomness
in nature, and thus is an aleatory type of uncertainty. The following example may serve to
introduce how such information may be handled in practice.

Quite uften, when we have a finite set of Dbservauonal data (called a sample), itis of interest to estimate

the average of the sample (called the sample mean) and a measure of its variability or dispersion (called

the sample variance); the latter is the aleatory uncertainty cnrrespﬂndmg to the data set. Consider, for

example, the set of 29 observed annual rainfall intensities in the watershed area tabulated earlier in
_ Table 1.1a. Clearly, we can estimate the sample average of the observations simply as follows:

%= % (43.30 + 53.‘02_ ¥ 6’?.72 +43.11) = 50.70 in.

and the corrcspnndm g sample variance, Wthh is the average of the squared devzatl(m from the mean

~ (we shall define the sample variance more thnmughly in Chapter 6),.is

Sx - ..,4(43 30 — 5@ 70)* + (53 02 50.70)* + i (6’? 72 — 50 ?0) + (43 11 —50.70°1
= 57 34

Fmai]y we obtain the corresponding sample srandard dewafwn, Sy = v’ 5’? 3 = 7.57 m. This

~sample standard deviation is, therefore, a measure of the dlspe.rsmn of the annual rainfall intensity
~and represents the corrcqpnndmg randomness or aleatory uncertainty of the ramfall intensity in the
-- watershed area. | -

- As the above average annual rainfall mtensn;y is emmated from the set of 29 ubservatmns there

A8 alsu epistemic uncertainty underlying the estimated average, called the sampling error. In this case,
this is the uncertainty underlying the estimated average annual rainfall intensity of 50.70 in. This
'samplmg error (defi ned in Chapter 6 as a function of the sample size) is equal to 7.57/+/29 = 1.41 in.
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In this example, we see that the variabilityﬁ.({]r randomness) in the observed data contains the
aleatory uncertainty, whereas the sampling error in the estimated average contributes to the epistemic
uncertainty. There are other sources of epistemic uncertainty as illustrated below in Examples 1.2
and 1.3. <

122 Uncertainty Associated with Imperfect Knowledge—the Epistemic Uncertainty

» EXAMPLE 1.2

In engineering, we have to rely on 1dealized models of the real world 1n our analysis and
predictions for the purpose of making decisions or for planning and developing criteria for
the design of an engineering system. These idealized models, which may be mathemat-
ical or simulation models (e.g., mathematical formulas, equations, numerical algorithms,
computer programs) or even laboratory models, are imperfect representations of the real
world. Consequently, the results of analysis, estimations, or predictions obtained on the
basis of such models are inaccurate (with some unknown degree of error) and thus also
contain uncertainty. Such uncertainties are, therefore, knowledge based and are of the epis-
temic type. Quite often, this epistemic uncertainty may be more significant than the aleatory
uncertainty.

In performing a prediction or estimation with an idealized model, the objective is
invariably to obtain a specific quantity of interest; this may be the mean-value or median
value of a variable. Therefore, in considering the epistemic uncertainty it is reasonable
(in practice) to limit our consideration to the inaccuracy in calculating or estimating the
central value, such as the mean-value or median value. We might emphasize that we can
expect errors also in the estimation of the other parameters as well as in the specification of
the distribution, and thus there are also epistemic uncertainties in these latter estimations;
however, such uncertainties are of second-order importance relative to that in the central
value.

For examples, consider the problems in the following illustrations.

Consider the calculation of the deflection of a prismatic cantilever beam under the concentrated load
P as shown in Fig. E1.2. For engineering purposes, the deflection at the end of the beam B is usually
calculated on the basis of the simple beam theory, which gives

Ap = PL’ (1:1)
5T 3El :
in which
E = the modulus of elasticity of the material, and
] = the moment of inertia of the beam cross section.
—
;
; :
7
A
g L i

Figure E1.2 A cantilever beam subjected to concentrated load P.
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» EXAMPLE 13

Equation 1.1 is based on several idealized assumptions, which are as follows:
1. The material is linearly elastic.

2. Under the load P, plane sections of the beam remain plane.

3. The support of the beam at A is perfectly rigid.

In reality, each of the above assumptions may not be totally valid. For example, depending on
the material of the beam and the magnitude of the load, the behavior may not be linearly elastic. Also,
for high loads, plane sections of the beam will not remain plane; finally, it is seldom that the support
at A can be perfectly rigid. Therefore, the calculation of the deflection, Ag. with Eq. 1.1 will involve
some undetermined error and thus some uncertainty. Unless there is reason to believe otherwise, 1t
is reasonable to assume that the calculated deflection is the mean deflection of the cantilever beam,
implying that the error of Eq. 1.1 is symmetric about the average deflection. However, if necessary,
the result may be corrected for any bias in the calculation.

One way to evaluate or assess the error of Eq. 1.1 is to test a number of similar cantilever beams
of the same material under the same conditions, and with precisely measured values of P,L,E, and I.
The results of the tests should provide us with a basis for evaluating the error underlying the equation.
For illustration, suppose (hypothetically) that 10 wood beams were tested and the results (in terms of
the ratios of the measured to the calculated deflections) were as follows:

neasured A
measurec 28 _ 1.05;0.95; 1.10;0.98; 1.15;0.97;1.20; 1.00; 1.08; 1.12

These test results would yield the following sample mean and sample standard deviation (see
Chapter 6) for the ratio of the measured to the calculated deflection, Ag:

Mean (or average) ratio = 1.06

Standard deviation of ratio = 0.25

According to the above test results, the deflection of the beam calculated with Eq. 1.1 tends
to underestimate the correct deflection and, therefore, needs to be corrected by the bias factor of
1.06. whereas its coefficient of variation (defined as the standard deviation divided by the mean)
representing the epistemic uncertainty is 0.25/1.06 =0.24.

~ Depending on the material, there may also be significant variability in the EI of the beam.

| F_'or example, the variability of the modulus of elasticity, E, of construction lumber is illustrated in
Fig. 1.6. This variability in £/ will also lead to aleatory uncertainty in the calculated end deflection Ap.
Finally, if the EI of the beam is estimated from sampled observations, there will also be sampling error

in the estimated mean EI, and this will add further epistemic uncertainty to the calculated deflection

~ ofthe beam. . e

In Table E1.3, we show the data of the observed settlements of pile groups and the correspond-
ing calculated settlements of the same pile groups reported by Viggiani (2001). The calculated
settlements were obtained with a nonlinear model for predicting settlements of the respective pile
groups. |

Using the data in Table E1.3, we develop later, in Example 8.3 of Chapter 8, the so-called linear
regression equation showing the relationship between the observed and calculated settlements as
follows:

E(Y|x) = 0.038 + 1.064 x mm {3.2)

in which E(Y|x) stands for the expected observed settlement ¥ of a pile group if the calculated

settlement is x. In Example 8.3, we also show that the conditional standard deviation about
the regression equation (i.e., the average dispersion along the regression line) is sy, = 7.784 mm.
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TABLE E1.3 Data of Observed and Calculated Settlements of Pile Groups (in mm)

Obs. Calc. Obs. Calc. Obs. Calc.
S'mt., y; S'mt., x; S'mt., y; S’mt., x; S’mt., y; S’mt., x;
0.7 4.8 28.1 26.7 12.7 14.2
64 25.1 0.6 0.6 46 42.1
5 3.8 29.2 315 3.8 1.58
25 26.4 32 31 49 5
29.5 27.8 5.4 3.7 1.7 11.8
3.8 3.5 3.6 4 1.83 3.39
5.9 6.5 35.9 259 9.43 3.24
38.1 2.6 11.6 11.3 6.6 4.3
185 174

Source: After Viggiani, 2001.

Equation 1.2 has the following significance: The equation can be used to determine the mean-value
(average) of the actual settlement, E(Y|x), if the calculated settlement is x. However, the conditional
standard deviation of sy, = 7.784 mm represents the error of the nonlinear model for predicting the
actual settlements, and thus is the epistemic uncertainty of the proposed calculational method.

The above Eq. 1.2 may be used to determine the expected settlements of similar pile groups at
a site based on the settlements calculated by the same nonlinear model described in Viggiani (2001);
however, according to the regression equation, the calculated settlements will tend to be on the low side
and must be increased by a bias factor of 1.064. Moreover, there will be an average standard deviation
(dispersion) of the true settlement of 7.784 mm for a given value of x. Depending on the value of
the calculated settlement x, the corresponding coefficient of variation (c.0.v.) may also be estimated;
i.e., the c.o.v. would be 7.784/E(Y|x). For example, if the calculated settlement for a particular pile
group is x =45 mm, we can expect the actual settlement to be 45 x 1.064 =47.88 mm with a c.o.v.
of 7.784/47.88 = 0.16, which is the epistemic uncertainty underlying the model equation. <

Figure 1.30 provides a similar example for assessing the epistemic uncertainty of a
predictive model. All uncertainties, whether they are aleatoric or epistemic, can be assessed
in statistical terms, and the evaluation of their significance on engineering planning and
design can be performed systematically and logically using the concepts and methods that
are embodied in the theory of probability.

» 1.3 DESIGN AND DECISION MAKING UNDER UNCERTAINTY

As we indicated earlier, engineering information is generally of the type illustrated in
Figs. 1.1 through 1.32, in which no single observation or measurement is representative;
and any evaluation or prediction must be performed on the basis of imperfect models of the
real world. That is, uncertainty (aleatory and/or epistemic) is unavoidable in engineering.
Under the preceding situation, how should engineering designs be formulated or deci-
sions affecting a design and planning be determined? Presumably, we may assume consis-
tently worst conditions (e.g., specify the highest possible flood, smallest observed fatigue
life of materials) and develop conservative designs on this basis. From the standpoint of
system performance and safety, this approach may be suitable, and indeed has been the
basis for much of engineering designs and planning in the past and can be expected to
continue in the future. However, this approach eschews any information on risk and lacks
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a systematic basis for evaluating the degree of conservativeness; a resulting design that is
overly conservative may be excessively costly, whereas one with insufficient conservatism
may be inexpensive but will sacrifice performance or safety. The optimal decision ought to
be based on a trade-off between cost and benefit, in order to achieve a balance between cost
and system performance. As the available information and evaluative models are invari-
ably imperfect or insufficient, and thus contain uncertainties, the required trade-off analysis
ought to be performed within the context of probability and risk.

The situations described above are common to many problems in engineering; in the
following we describe several examples illustrating some of these problems. The examples
are idealized to simplify the presentations; nevertheless, they serve to illustrate the essence
of the decision-making aspects of engineering under conditions of uncertainty.

1.3.1 Planning and Design of Transportation Infrastructures

In planning the transportation system of a city, there are numerous decisions required; for
example, in the case of a bridge across a river, more than one type of bridge system may be
feasible for the crossing. The cost for the design and construction of each type of system
will contain uncertainty; moreover, depending on the political situation, the ability of the
city to raise the level of available funding may also be uncertain. Consequently, the selection
of the type of bridge may be based on the probability of the cost of a given system relative
to the probabilities of realistic levels of funding.

In the design of pavements, such as a roadway pavement or airport pavement, one
of the principal decision variables (among several others) is the thickness of a pavement
system consisting of several layers of subgrade base material and the finished pavement.
In general, the usable life of a pavement will depend on the thickness of the system; i.e.,
the thicker the pavement system, the longer its useful life. Of course, for the same material
and workmanship quality, the cost will also increase with the thickness. A thin system will
cost less initially, but the subsequent maintenance and replacement costs will be higher.
Therefore, the optimal thickness of the pavement system may be determined on the basis of
a trade-off between high initial cost with low maintenance, versus low initial cost but high
maintenance and replacement costs over the useful life of the pavement. For the purpose
of such a trade-off analysis, the relation between the life of a pavement system and its
thickness is required. The pavement life, however, is a function also of other variables,
including drainage condition, temperature ranges, density, and degree of compaction of
the subgrade. Since all these factors are random and contain variability, as depicted in
Fig. 1.33 for the compacted subgrade density, the life of the pavement for a given thickness
cannot be predicted with complete certainty. Hence, the total cost (including initial and
maintenance costs) associated with a given pavement thickness also cannot be estimated
with complete confidence; any meaningful trade-off analysis, therefore, should properly
include probability and statistical concepts.

1.3.2 Design of Structures and Machines

The strengths of structural material and components are random and thus contain variabili-
ties as illustrated in Figs. 1.4 and 1.5 for concrete and steel; therefore, the calculation of the
capacity of a structure (invariably based on an idealized model) will contain both aleatory
and epistemic uncertainties. On the other hand, the applied loads on a structure are also
invariably random, as illustrated in Fig. 1.13 for wind pressures on tall buildings. Even
for this idealized situation, the design of a structure, i.e., involving the determination of
the load carrying capacity of the structure, must consider the question of “how safe is safe
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enough?’—a question that realistically requires the consideration of risk and the probability
of nonperformance or failure.

As a specific example, consider the design of an offshore drilling platform, which is
subject to occasional hurricane forces. In such a case, we recognize that aside from the fact
that the maximum wind and wave effects during a hurricane are random, as may be inferred
from Fig. 1.13, the occurrence frequency of hurricanes in a given region of the ocean is
also unpredictable. Hence, in determining the safety level for the design of the platform,
the probability of occurrence of strong hurricanes within the specified useful life of the
structure must be considered, in addition to the survival probability of the structure under
the highest wind and wave forces expected during the life of the structure. Consequently,
the level of hurricane force that should be specified in the design, and the required level
of protection that would be adequate during a hurricane, are decisions that may require a
trade-off between cost and level of protection in terms of risk or failure probability within
the lifetime of the platform.

Similarly, in considering the design of structural or machine components that are sub-
jected to repeated or cyclic loads, we recognize that the fatigue life (in number of load cycles
until fatigue failure) of a component is also highly variable, even under constant amplitude
stress cycles, as illustrated in Fig. 1.34. For this reason, the failure-free life of a component
is difficult to predict and may be described only in terms of probability. Therefore, such
a component may be designed for a required operational life within a specified reliability
(probability of no fatigue failure). As expected, the fatigue life is a function of the applied
stress amplitudes; in general, the life will increase inversely with the applied stress ampli-
tudes, as we can see in Fig. 1.34. Consequently, if a desired failure-free operational life is
specified, a component may be designed to be massive so that the stress amplitudes will
be low and thus ensure a high reliability of achieving the desired life; the resulting design
will, of course, require more material and higher expense. In contrast, if the component is
under-designed, high stresses will be induced resulting in shorter life and more frequent
maintenance or replacement in order to maintain the required reliability within the opera-
tional life. In this case, the optimal operational life may be determined by minimizing the
total expected life-cycle cost of a component, which would include the initial cost of the
component, the expected costs of maintenance and replacements (which are functions of
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Figure 1.34 Fatigue life of welded beams vs. applied stress (after Fisher et al., 1970).

the specified reliability), and the expected cost associated with the loss of revenue incurred
during a repair (which is also a function of reliability). Having decided on the operational
design life and a stated reliability, the component may then be proportioned or designed
accordingly.

1.3.3 Planning and Design of Hydrosystems

Suppose that the protection of a large agricultural farm from flooding requires the construc-
tion of a major culvert at the junction of a roadway and a stream. A decision on the size
(i.e., flow capacity) of the culvert is required; clearly, this will depend on the high stream
flow, which is a function of the rainfall intensity in the watershed area and the associated
runoff. As we have observed in Fig. 1.1, the annual rainfall intensity is highly variable and
the estimation of the stream runoff can be expected to be imperfect. Consequently, the pre-
diction of the maximum stream flow over a period of concern (e.g., 10 years) will contain
uncertainty, both aleatory and epistemic. Assuming that the flow capacity of a given culvert
size can be determined accurately, the size of the culvert would depend on the acceptable
probability of flooding within the period of concern.

Clearly, if the culvert is large enough to handle the largest possible stream flow, there
would be no danger to flooding; however, the cost of constructing the culvert may be
prohibitively high, and even during the heaviest rainfall the culvert may be used only to
a fraction of its capacity. That is, over-design would be wasteful and costly. On the other
hand, if the culvert is too small, its cost may be low, but the farm is likely to be subject to
serious flooding every time there is a heavy rainfall, causing damage to crops and erosion
of the upstream soil; i.e., under-design can incur high damage cost.

Therefore, the optimal size of the culvert may be determined so that the total expected
life-cycle cost of the project, consisting of the cost of constructing the culvert plus the
expected life-cycle loss from flooding and erosion, is minimized. As the expected loss is
a function of the probability of flooding, the determination of the total expected life-cycle
cost requires probability consideration.
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1.34 Design of Geotechnical Systems

Properties of soil materials are inherently heterogeneous and highly variable, and natural
earth deposits are characterized by irregular layers of various material (e.g., clay, silt, sand,
gravel, or combinations thereof) with wide ranges of density, moisture content, and other
soil properties that affect the strength and compressibility of the deposit. Similarly, rock
formations are often characterized by irregular systems of geologic faults and fissures that
can significantly affect the load-bearing capacity of the rock (see Fig. 1.9). In designing
foundations on soils or rocks to support structures or facilities, the capacity of the in situ
subsoil and/or rock deposit must be determined. Invariably, this determination has to be
developed on the basis of available geologic information and data from site exploration
with limited soil sampling results or rock core samples.

Because of the natural heterogeneity and irregularity of soil and rock deposits, the
capacity of the subsoil could vary widely (see Figs. 1.10 and 1.11) over a foundation site;
moreover, because the required load-carrying capacity of a foundation or pile group capacity
(as shown in Fig. 1.12) must invariably be estimated on the basis of very limited in-situ
data, such estimates are subject to considerable epistemic uncertainty. As a consequence, an
estimate may involve some risk of overestimating the actual capacity of the deposit at a site;
in this light, the safety of a foundation designed on the basis of such estimates may not be
ensured with much confidence unless a sufficient margin of safety is provided in the design.

d
On the other hand, an excessively large safety margin may yield an unnecessarily costly
d support system. Therefore, the required optimal safety margin for design may be viewed as
a problem involving the trade-off between cost and tolerable probability of failure.
Trade-off considerations could be extended to the planning of site exploration and
soil testing programs. Obviously, more extensive site exploration and use of sophisticated
testing programs will reduce the uncertainties of the site condition and in the estimation of
the soil parameters for the site. At a certain point, however, the incremental benefit obtained
3 from further exploration and testing will not yield sufficient increase in the reliability of the
e performance of the geotechnical system, and hence may not justify its additional cost.
1
d . .
d 135 Construction Planning and Management
- Many factors in the planning and management of construction projects are subject to high
n variability and uncertainty, and may not be easily controlled. For example, the required
! durations of various activities in a construction project will depend on the availability of
e resources, including labor and equipment and their respective productivities, on weather
conditions, and on availability of construction materials. As none of these factors is com-
: pletely predictable, the durations of the individual activities in an activity network as well as
e the project duration cannot be estimated with much precision or certainty (see, for example,
0 Fig. 1.22) and thus may have to be described as random variables.
BT Therefore, in preparing a bid for a project, if conservative or pessimistic completion
0 time estimates are assumed, the bid price may be too high, thus reducing the chance of
al winning the bid. On the other hand, if the bid is prepared on the basis of an optimistic
estimate of the project duration, the contractor may lose money or sacrifice profit in a
successful bid. What degree of conservativeness should the contractor exercise in order to
le maximize his or her potential profit? Realistically, because of variabilities and uncertainties
is in a number of factors, the answer may be based on a consideration of probability: i.e., the
le bid price may be based on a project duration corresponding to a specified probability of

completion (see Fig. 1.23).
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1.3.6 Photogrammetric, Geodetic, and Surveying Measurements

All practical engineering measurements are subject to errors, which can be classified as
random and systematic errors. Systematic errors may be eliminated or minimized by evalu-
ating them and applying appropriate corrections. However, the magnitude and propagation
of random errors, inherent in making measurements, may be determined and analyzed
properly on the basis of statistical methods. Such a probability-based statistical approach is
the only reliable means for evaluating the accuracy once measurements are refined beyond
instrument capabilities. The statistical basis for these purposes is presented in Chapter 6.

1.3.7 Applications in Quality Control and Assurance

In order to ensure some minimum level of quality, or performance, of engineering products or
systems, inspections and quality control are necessary. Clearly, if the standard for acceptance
is too stringent, it may unnecessarily increase product cost or problems in compliance, and
enforcement may be difficult to achieve; on the other hand, if the standard is too lax, the
quality of the finished product may be overly compromised. Also, if the control variables
or design variables are random, what constitutes a stringent or nonstringent standard is not
immediately clear; in these cases, the standard of acceptance may be developed on the basis
of probability considerations.

For example, in constructing an earth embankment, practical standards for acceptability
of the compaction need to recognize the variability in the density of compacted soil, as
illustrated in Fig. 1.33. Accordingly, an acceptance sampling plan may be developed based
on probability considerations and taking into account the inherent variability of compacted
earth material.

To control the quality of stream waters, one of the parameters commonly used as a
measure of pollution is the concentration of dissolved oxygen (DO) in the stream water,
which is also highly variable, as illustrated in Fig. 1.15. Environmental engineers have
recognized the need for probabilistic standards for controlling pollution of streams; for
example, Loucks and Lynn (1966) proposed the following probabilistic stream standard:

The dissolved oxygen concentration in the stream during any 7 consecutive day period must
be such that: (i) the probability of its being less than 4 mg/l for any one day is less than 0.20;
and (ii) the probability of its being less than 2 mg/1 for any one day is less than 0.1 and for two
or more consecutive days is less than 0.05.

To ensure the quality of concrete material in reinforced concrete construction, the
building code of the American Concrete Institute (ACI 318-93) requires the following:

The strength level of the concrete will be considered satisfactory if the average of all sets of
three consecutive strength test results equal or exceed the required f,.” and no individual strength
test result falls below the required f,.” by more than 500 psi. Each strength test result shall
be the average of two cylinders from the same sample tested at 28 days or the specified earlier

age.

The requirements stated above clearly imply the need for probability and statistics
in the quality assurance of concrete material. Similar requirements may be found for the
quality assurance of other construction materials.
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1.4 CONCLUDING SUMMARY : '

, In this opening chapter, we emphasized the roles and importance of probability and statistics
in decision making for engineering planning and design. It is essential that these roles of
probability concepts be recognized in order to appreciate their true significance. In particular, !
it is important to stress that the description of statistical information and the estimation of ,
statistics, such as the means and variances, are not the only applications of probability |
theory. Indeed, the much more significant role of probability concepts in engineering lies |
in providing a unified and logical framework for the quantitative analysis of uncertainty I
and in the assessment of its significance in system performance, and in the formulation of
risk-based trade-off studies relative to decision making, planning, and design.

The examples enumerated and described in Sections 1.2 and 1.3 should serve to il-
lustrate the pervasiveness of probability concepts in engineering planning and design. The

e remran

many examples presented also serve to illustrate, with real data and realistic engineer- i
ing problems, that randomness of real-world phenomena and imperfections of engineering i
models are facts of life. Consequently, uncertainties are unavoidable. The uncertainties asso- i

ciated with randomness are inherent variability, called aleatory uncertainty, whereas those
underlying imperfect models of reality are knowledge-based, called epistemic uncertainty.
Even though both types of uncertainty may be represented in statistical terms, their respec- |
tive significances may be different. Also, as a predictive model is improved the epistemic
uncertainty can be reduced; on the other hand, because the inherent variability is part of
nature, the aleatory uncertainty may not be reducible. i
Finally, it is important to correct any misconception that extensive data are required to '
apply probability concepts; in fact, the usefulness and relevance of such concepts are equally
significant, irrespective of the sufficiency of data or quality of information. In particular,
the amount of data affects the definition of the variability (i.e., aleatory uncertainty) of
information; however, epistemic uncertainties associated with imperfect models of reality
generally require judgmental assessments irrespective of the amount of data. Probability and
statistics are the conceptual and theoretical bases for modeling and analyzing uncertainty.
The sufficiency of data and quality of information will affect the degree of uncertainty, but
should not lessen the usefulness of probability as the proper tool for the analysis of such ;
uncertainty and for the evaluation of its effects on engineering performance and design.
In the ensuing chapters, the essential and fundamental concepts and methods of
probability and statistics for the above purposes are systematically developed and
expounded.
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Fundamentals of Probability
Models

2.1 EVENTS AND PROBABILITY

211 Characteristics of Problems Involving Probabilities

> EXAMPLE 2.1

Clearly, on the basis of the discussions in Chapter 1, when we speak of probability, we

are referring to the likelihood of occurrence of an event relative to other events; in other

words, there is (implicitly at least) more than one possibility, because otherwise the problem
would be deterministic. For quantitative purposes, therefore, probability can be considered

a numerical measure of the likelihood of occurrence of an event within an exhaustive set of

all possible alternative events.

Accordingly, the first requirement in the formulation of a probabilistic problem is the
identification of the set of all possibilities (i.e., the possibility space) and the event of interest.
Probabilities are then associated with specific events within a particular possibility space.
It is important to emphasize this last point, as probabilities are meaningful only within
a given possibility space. To illustrate the various aspects of a probabilistic problem, as
characterized above, consider the following engineering-oriented problems.

A contractor is planning the acquisition of construction equipment, including bulldozers, needed for
a new project in a remote area. Suppose that from his prior experience with similar bulldozers, he
estimated that there is a 50% chance that each bulldozer can remain operational for at least 6 months.
If he purchased three bulldozers for the new project, what is the probability that there will be only
1 bulldozer left operational after 6 months into the project?

First, we observe that at the end of 6 months, the possible number of operating bulldozers will be
0, 1, 2, or 3; therefore, this set of numbers constitute the possibility space of the number of operational
bulldozers after 6 months, However, this possibility space is not pertinent to the question referred to
above. For this latter purpose. the possibility space must be derived from the possible status of each
bulldozer after 6 months, as follows:

Denoting the condition of each bulldozer after 6 months as O for operational and N for nonope-
rational, the possible conditions of the three bulldozers would be:

OOO0—all three bulldozers are operational

OON—first and second bulldozers are operational, whereas the third one is nonoperational
ONN

NNN—all three bulldozers are nonoperational

NOO

27
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» EXAMPLE 2.2

NNO

ONO

NON

Therefore, the pertinent possibility space consists of the eight possible outcomes as indicated
ahove. We observe also that since the condition of a bulldozer is equally likely to be operational
or nonoperational after 6 months, the eight possible outcomes are equally likely to occur. It is also
worth noting that among the eight possible outcomes, only one of them can be realized at the end of
6 months; this means that the different possibilities are mutually exclusive (we shall say more on this
point in Section 2.2.1).

Finally, among the eight possible outcomes, the realization of ONN, NON, or NNO is tantamount
to the event of interest, namely, “only one buildozer is operational.” Because each possible outcome
is equally likely to occur, the probability of the event within the above possibility space is 3/8. <4

In designing a left-turn lane for eastbound traffic at a highway intersection, such as shown in
Fig. E2.2, the probability of 5 or more cars waiting for left turns at any given time may be needed to
determine the required length of the left-turn lane.

|

|

-

PSS [ T

e

Figure E22 Design of a left-turn lane.

For the above purpose, suppose that over a period of 1 week, 60 observations were made at regular
time intervals (during periods of heavy traffic) of the number of eastbound motor vehicles waiting for
left turns at this intersection, with the following results:

No. of Cars No. of Observations Relative Frequency

0 4 4/60
1 16 16/60
2 20 20/60
3 14 14/60
4 3 3/60
9 2 2/60
6 1 1/60
7 0 0

8 0 0

Conceivably, the number of vehicles waiting for left turns, during heavy traffic hours, could be any
integer number; however, based on the above observations, it is not likely that there will be seven or
more vehicles waiting for left turns at any time.
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On the basis of the above observations, the estimated relative frequency (in the third column
of the above table) may be used approximately as the probability of a particular number of cars
waiting for left turns. For example, the probability of the event 5 or more cars waiting for left turns”
is approximately 2/60 + 1/60 = 3/60. The estimated probabilities based on relative frequencies are
approximate because of “sampling error” which may be significant when the estimate is based on a
small number of observations; this is part of the epistemic uncertainty that we discussed earlier in
Chapter 1. The accuracy of the estimated probabilities will improve as the total number of observations
(sample size) increases as we shall discuss further later in Chapter 6. <

The simply supported beam AB shown in Fig. E2.3 is carrying a load of 100 kg that may be placed
anywhere along the span of the beam. The reaction at the support A, R4, can be any value between
0 and 100 kg depending on the position of the load on the beam; in this case, therefore. any value
between 0 and 100 kg is a possible value of R, and thus is its possibility space.

An event of interest may be that the reaction is in some specified interval; for example, (10 < R,
< 20 kg) or (R4 = 50 kg). Therefore, if a particular value of R, is realized, the event (defined by an
interval) containing this value of R4 has occurred, and we can speak of the probability that R, will,
or will not, be in a given interval. For example, if we assume that the 100 kg load is equally likely to
be placed anywhere along the beam span, then the probability that the value of R4 will be in a given
interval is proportional to the length of the interval; for example,

P10 = Ry.=20) = 16/100 = 0.10 . and P(R, = 60) = 40/100 = 0.40.

100 kg
A J

r 1i0m
R4 Rg

Figure E2.3 A simply supported beam. <

Consider the bearing capacity of the footing foundation for a building. Suppose that from prior
experience, it is the judgment of the foundation engineer that the bearing capacity of a footing at the
building site has a 95% probability of at least 4000 psf (pounds per square foot). If 16 individual
footings are required for the building foundation, what is the probability that all the footings will
have at least 4000 psf bearing capacity? Conversely, what is the probability that at least one of the 16
footings would have its bearing capacity less than 4000 psf?

In this case, the possibility space consists of 2'% = 65,536 sample points. Suppose that each
footing has a probability of 0.95 that its bearing capacity will be at least 4000 psf. Then if the bearing
capacities of the different footings are statistically independent of each other, the probability that all
the footings will have bearing capacities of at least 4000 psf is then (0.95)'° = 0.440.

In the second question, “at least one is the complement of none.” Therefore, the probability of
at least one footing with bearing capacity less than 4000 psf is 1 — 0.440 = 0.560. The concepts of
complement of an event and statistical independence will be discussed later in Sections 2.2 and 2.3,
respectively. <

From the foregoing examples, we can observe the following special characteristics of
probabilistic problems.
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1. Every problem is defined with reference to a specific possibility space (containing
more than one possible outcome), and each event is composed of one or more
outcomes within this possibility space.
2. The probability of an event is a function of the probabilities of the individual out-
comes within a given possibility space, and may be derived from the probabilities
of these basic outcomes.

In Sections 2.2 and 2.3, we shall present the mathematical tools pertinent to and useful
for each of these purposes.

2.1.2 Estimating Probabilities

From the examples illustrated above, it may be observed that in estimating or calculating
the probability of an event, a basis for assigning probability measures to the various possible
outcomes is necessary. The assignments may be based on prior conditions (such as deduced
on the basis of prescribed assumptions), or based on results of empirical observations, or
based on subjective judgments.

In Examples 2.1 and 2.3, the probabilities of all the possible outcomes were based on
prior assumptions. In the case of Example 2.1, each of the possible operational conditions of
the three bulldozers was assumed to be equally probable, each equal to 1/8 (consistent with
the prior information that each bulldozer is equally likely to be operational or nonoperational
after 6 months), whereas, in Example 2.3 the probability that the reaction R, will be in a
given interval was assumed to be proportional to the interval length (consistent with the
assumption that the 100-kg load is equally likely to be placed anywhere along the span of the
beam). However, in Example 2.2 the probability of the number of vehicles waiting for left
turns is based on the corresponding observed relative frequency, which is determined from
available empirical observations. Finally, in Example 2.4, the probability that the bearing
capacity of a footing will be greater than 4000 psf is based on the experience and subjective
judgment of the foundation engineer.

It should be emphasized that we shall treat probability as a measure necessary and
useful for solving engineering problems where more than one possible outcome or event
is possible (i.e., problems that are nondeterministic). In particular, we shall eschew the
philosophical question of the meaning of a probability measure, and limit our concern
only to the utilitarian aspects of probability and its mathematical and statistical theories for
modeling and analyzing problems under conditions of uncertainty, in the same sense that
we use the factor of safety to develop engineering designs without worrying about the real
meaning of a safety factor, or employing Newton’s second law of motion without being
concerned about the meaning of mass and force.

The usefulness of a calculated probability, however, will depend on the appropriateness
of the basis for its determination. In this regard, we should emphasize that the validity of the
a priori basis for estimating a probability depends on the reasonableness of the underlying
assumptions, whereas the validity of the empirical relative frequency may depend on the
amount of observational data. When data are limited, the relative frequency by itself may
give an inaccurate estimate of the true probability, or at best an approximate estimate of the
true probability.

A third basis for estimating probability involves the combination of intuitive or sub-
jective assumptions with available empirical observations; the proper vehicle for this com-
bination is the Bayes’ theorem (see Section 2.3.5), and the result is known as Bayesian
probability (presented in Chapter 9).
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2.2 ELEMENTS OF SET THEORY—TOOLS FOR DEFINING EVENTS

We can recognize that the first requirement in the formulation of a probabilistic problem
is the definition of the event of interest' within a particular possibility space. The basic
mathematical tools for this purpose are contained in the elements of the theory of sets. In
this section we present the basic elements of set theory followed in Section 2.3 with the
fundamentals of the theory of probability as they relate to and are useful for the formulation
of probabilistic problems in engineering.

2.2.1 Important Definitions

In the terminology of set theory. the set of all possibilities in a probabilistic problem is
collectively a sample space, and each of the individual possibilities is a sample point. An
event is then defined as a subset of the sample space.

Sample spaces may be discrete or continuous. In the discrete case, sample points are
discrete entities and countable; in the continuous case, the sample space is composed of a
continuum of sample points.

A discrete sample space may be finite (composed of a finite number of sample points) or
infinite (i.e., with a countably infinite number of sample points). The possible configurations
of the three bulldozers in Example 2.1 are an example of a finite discrete sample space;
each of the possible configurations is a sample point, and the eight possible configurations
collectively constitute the corresponding sample space. Other examples of finite sample
spaces are as follows:

The potential winner in a competitive bidding for a construction project will be among those
firms submitting bids for the project. In this case, the sample space is generally finite and
\ consists of all the firms submitting bids for the project, whereas each of the firms is a sample
point.

The number of days in a year with potentially measurable precipitation in Seattle is finite
and conceivably will range from 0 to 365 days. Each day of the year is a sample point, and the
number of days in the year plus one constitute the sample space.

In determining the percentage offlights that arrive more than 15 minutes late at the O'Hare
International Airport, the total number of flights landing at O"Hare in a 24-hour day is a finite
sample space and each of the flights is a sample point within this sample space.

Examples of discrete sample spaces with countably infinite number of sample points
o are the following:

* The number of flaws in a given length of welding—there may be none or only a few
flaws in the weld, or the number of flaws could be very large. The actual number of
flaws in a weld could conceivably be infinite.

* The number of cars crossing a toll bridge until the next accident on the bridge over

\ a period of one vear. An accident may possibly occur with the first car crossing the

e bridge, or there may not be any accident in the year.

In a continuous sample space, the number of sample points is always infinite. For example:

- » In considering the location on a toll bridge where a traffic accident may occur, each of
the possible locations is a sample point, and the sample space would be the continuum
of possible locations on the bridge.
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« If the bearing capacity of a clay soil deposit is between 1.5 tsf (tons per square foot)
and 4.0 tsf, then any value within the range 1.5 to 4.0 is a sample point, and the entire
continuum of values in this range constitutes the sample space.

Trrespective of whether a sample space is discrete or continuous, however, an event is I
always a subset of the appropriate sample space. Therefore, an event will always contain
one or more sample points (unless it is an impossible event which is a null set), and the
realization of any of these sample points constitutes the occurrence of the corresponding
event. Finally, again, when we speak of probability, we are always referring to an event
within a particular sample space.

The following example should serve to clarify the preceding definitions and concepts
in more definitive and quantitative terms.

» EXAMPLE 2.5 Consider again a simply supported beam AB as shown in Fig. E2.5a.

(a) If a concentrated load of 100 kg can be placed only at any of the 1-meter interval points on the \
beam, the sample space of the reaction R, will be as follows: g

(0, 10, 20, 30, 40, 50, 60. 70, 80, 90, 100 kg)

10 @1m
R, Rg

Figure E25a Beam AB.

(b) The sample space of Ry and Rp; that is, all pairs of R, and Rp such that Ry + Rp = 100 belong to
the sample space. Graphically, this sample space is shown in Fig. E2.5b.

ofe
100 & : _
v BOF 'ﬁsﬁmpte; points
Seolhw i
g (]
S 0k o
.. ]
20 = e
Gelalit ot BT
g 50 100 150" | \ ! |
Reaction at A 0 20 40 100 kg E
Figure E25b Sample space of R, and Rp. Figure E25c  Sample space of Ry.

(¢) If the 100-kg load can be placed anywhere along the length of the beam, the sample space of R4
can be represented by the straight line between 0 and 100 (Fig. E2.5¢), whereas the corresponding
sample space of R, and Ry is the diagonal line shown in Fig. E2.5d. In Fig. 2.5¢, an event may be
defined as (20 < R, < 40), whereas, in Fig. 2.5d an event for (R4, Rz) may be between (20, 80) and
(40, 60).
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Ag
100 kg ,
(20, 80)
(40, 60)

|
- Aa 0 300 k |
0 100 kg g \3
Figure E2.5d Sample space of (R4, Rp). Figure E2.5e Sample space of Ry, or Rp. |

(d) Next, consider that the load can be 100 kg, 200 kg, or 300 kg and can be placed anywhere along

the beam. In this case, the sample space of R, or Ry, contains all the values between 0 and 300 kg as

represented by the line shown in Fig. E2.5e, whereas the sample space of (R4, Rp) is represented by
the three lines shown in Fig. E2.5f. ‘
(e) Finally, if the load can be any value between 100 and 300 kg and can be placed anywhere along ;
the beam, the sample space of R, or Ry is also the straight line of Fig. E2.5e, whereas the sample 1;
space of (R4, Rp) would be the hatched area in Fig. E2.5g. *L
Rg Rg '
E'
300 300 9
Event (R < 100, Rg > 100) E
. i
200 200 ¢ t
I
100 100 Event (R, > 200) i i
0 100 200  300kg A 0 200 300kg 1A N
Figure E25f Sample space of (R4, Ry). Figure E2.5g Sample space of (R4, Rp). 1
The event within the sample space of Fig. E2.5g, (R, > 200 kg) is the triangular region shown in 1
Fig. E2.5g, whereas the event (Ry < 100; Rg > 100) is the trapezoid in the same figure. B ?
i.

> EXAMPLE 2.6 From historical data of floods for a river, suppose the annual maximum flood levels above the mean
river flow range from 1 m to 5 m. If the annual maximum flow is measured in an increment of 0.1 m, i

then the sample space of the annual flow would contain the 51 sample points (1.0, .1, 1.2, ..., 4.8,
4.9, 5.0 m). The event of annual flood flow exceeding 3.0 m, therefore, would contain the 20 sample
points defined by (3.1, 3.2, ..., 4.8,4.9.5.0 m).

On the other hand, if the annual maximum flow can be any level from 1 m to 5 m, then the sample
space of the annual flow would be the continuum of infinite values between I m and 5 m. Similarly, [
the event of flood flow exceeding 3.0 m will be the continuum of values between 3 m and 5 m. < |
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Special Events
We define the following special events and adopt the corresponding notations indicated
below:
« Impossible event, denoted ¢, is the event with no sample point. It is, therefore, an
empty set in a sample space.
e Certain event, denoted S, is the event containing all the sample points in a sample
space; i.e., it is the sample space itself.
 Complementary event E, of an event E contains all the sample points in § that are
not in E.

S

Figure21 A Venn diagram of sample space 3.

The Venn Diagram

A sample space and its subsets (or events) can be represented pictorially with a Venn
diagram. As illustrated in Fig. 2.1, the sample space S is represented by a rectangle; an
event E is then represented by the circle (or any closed region) within this rectangle, and the
part of the rectangle that is outside this closed region is the corresponding complementary
event E. In other words, the event E contains all the sample points within the closed region,
whereas E contains all the sample points in S that are outside of £.

Figure 22a Venn diagram with Figure 22b Venn diagram with
two events A and B. three events A, B, and C.

A Venn diagram with two (or more) events is illustrated in Fig. 2.2.

In many practical problems, the event of interest may be a combination of several
other events. For instance, in Example 2.1 the event of at least two bulldozers in operating
condition after 6 months may be of interest. This event would be the combination of nwo
or three bulldozers in operating condition. Such an event involves the union of the two
individual events.

There are only two ways that events may be combined, or an event may be derived
from other events; namely, by the union or intersection. Consider two events £, and E,.
The union of E; and £, denoted E; U E», is the occurrence of E, or E, or both. (In set
theory, or is used in an inclusive sense, which means or/and.) This means that E; U E5 is
another event containing all the sample points belonging to either £, or E,.

The Venn diagram for the union of E, and E> would be the hatched region shown in
Fig. 2.3. It follows, therefore, that the region outside of the hatched region within § is the
complementary event £, U F-, i.e., the complement of the event (E, U E>).
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1 E,E,

L S
Figure 23 Venn diagram for E, U E;. Figure 24 Venn diagram of £, E>.

The union of three or more events, as shown Fig. 2.2b, means the occurrence of at least
one of them, and is the subset of the sample points within the three hatched regions of the
individual events A, B, and C.

The intersection of two events £, and E,, denoted E; N E; or simply E| E», is an event
representing the joint occurrence of Ey and Es; in other words, E) E; is the subset of sample
points belonging to both E; and E,. The Venn diagram of E E> would be the double hatched
region shown in Fig. 2.4.

Finally, the intersection of three or more events is the occurrence of all of them and
would be the subset of sample points belonging to all three individual events.

Examples of Union of Events

* Indescribing the state of supply of construction materials, if £ represents the shortage
of concrete, and £, represents the shortage of steel, then the union E; U E; is the
shortage of concrete or steel, or both. In this case, the complementary event, £, U E»
means no shortage of construction material, i.e., concrete and steel are both available,
whereas E| U E, means there is no shortage of concrete or there is no shortage of
steel (observe the subtle difference).

* The transportation of cargoes between Chicago and New York may be by air, highway,
or railway. If the availability of each of these three modes of transportation is denoted,
respectively, as A, H, and R, the available means of transporting cargoes between
Chicago and New York is (A U H U R), i.e., cargoes may be shipped by air or highway
or railway.

Examples of Intersection of Events

* Referring to the first example above, the event £ E; would mean the shortage of both
concrete and steel, and E; E> means no shortage of both materials.

» Referring to the second example above, the event AHR means that all three modes of
transportation between Chicago and New York are available. Observe also that the
event AH R means that only air transportation is available.

Suppose there are two highway routes from city A to city B as shown in Fig. E2.7a. Let E; represent
the event that Route 1 is open and E, that Route 2 is open to traffic. Then E; U E; means that
Route 1 is open or Route 2 is open; in other words, at least one of the two routes is open.

E,

E;

Figure E2.7a Two routes from A to B.

i
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» EXAMPLE 2.8

The intersection, E,E», means that both Routes 1 and 2 are open, w hereas E; E» means that
Route 1 is open but Route 2 is closed, and E; E, means that both routes are closed perhaps because
of heavy snow.

C

E
E, £

Figure E27b Route | from A to B; Route 2 from B to C.

Next consider the three cities A, B and C with Route | connecting A to B and Route 2 connecting
B to C as shown in Fig. E2.7b. If E, and E-. respectively, mean that Route 1 is closed and Route 2 is
closed, then the union E,U E, means that Route 1 is closed or Route 2 is closed, which also means
that it is not possible to go from city A t© city C:

E

E

Figure E27¢ Routes 1 and 2 from A to B; Route 3 from B to C.

Finally, assume that there are two alternative routes from city A to city B, and only Route 3 from city
B to city C, as shown in Fig. E2.7c. In this case. there are two possible ways to go from city A to city
C; namely, E\E; U E,£5: alternatively, this can be expressed as the event (E, U E3)Es. Observe that
the event E, E» U E1 means that there will be no transportation from city A to city C. <4

Consider the last case of Example 2.5, in which the load ranges from 100 kg to 300 kg and the sample
space of the two reactions (R4, Rp) as shown in Fig. E2.5g.

It A
B = the event that R > 100 kg

the event that R4 > 100 kg; and

Il

the events A and B would be the respective subsets of the point pairs shown in Figs. E2.8a and E2.8b.

HB HB

300 300

200 200

100 100

[ Z — L -
0= Tice 200 S0k =P 0 100 200 300kg A
Figure E28a Subset of event A. Figure E28h Subset of event B.
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Rg R

300\
200 |- >Z:
100 - \
|

0 100 200 300kg /A 0 100 200 300 kg
Figure E28¢c The union A U B. Figure E2.8d The intersection AB.

300

200 ¢

100 2%

Ra

The union A U B is the hatched region in Fig. E2.8¢, whereas the intersection AB would be the hatched
region in Fig. E2.8d.

Note that in this example, Figs. E2.8a through E2.8d also serve as the corresponding Venn
diagrams. «

Mutually Exclusive Events

Two events are muiually exclusive if the occurrence of one precludes the occurrence of the
other event; that is, the occurrence of both events is impossible. The corresponding subsets
of sample points, therefore, will have no overlap as shown in the Venn diagram of Fig. 2.5;
in other words, the subsets are disjoint.

Figure 25 Mutually exclusive events E, and E,.

If two events are mutually exclusive, then their intersection is an impossible event; i.e.,
E\ L] = d).

Examples of events that are naturally mutually exclusive include the following:

1. A car making a right turn and making a left turn at a street intersection.

2. Occurrence of flood and occurrence of drought of a river at a given time.

3. Collapse and no damage of a building under a strong earthquake.
Similarly, three or more events are mutually exclusive if the occurrence of one event pre-
cludes the occurrence of all the other events. Examples are the following:

1. If there are three competing locations for a single airport, then the three choices for

the final location of the airport are mutually exclusive.

2. In Example 2.1, the number of bulldozers that will remain operational after 6 months
are mutually exclusive.

3. In Example 2.2, the number of vehicles waiting for left turns at the intersection are
mutually exclusive.
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» EXAMPLE 2.9

However, in Example 2.7, the conditions of the different routes are not mutually exclusive as
the closing of one route does not necessarily preclude the closing of another route. Likewise,
in Example 2.8, the events A and B are not mutually exclusive because both R4 and Rp can
exceed 100 kg if the load is sufficiently high, say > 200 kg; also the intersection AB 1s not
a null set.

Collectively Exhaustive Events

Two or more events are collectively exhaustive if the union of the events make up the
underlying sample space. For example, the event £ and its complement E, as shown in
Fig. 2.1, are collectively exhaustive; clearly, EUE = S.

Two construction companies & and b are bidding for projects. Define A as the event that Company a
wins a bid. and B as the event that Company & wins a hid. Let us sketch the Venn diagrams for the
sample spaces of the following:

1. Company a is submitting a bid for one project, and Company b is submitting its own bid for another
project. The Venn diagram would be as shown in Fig. E2.9a.

S S
Figure E2.9a Sample space of A Figure E29b Sample space with
and B. mutually exclusive A and B.

In this case, it is possible for both companies to win their respective bids as represented by the
intersection of A and B.

2. Companies a and b are submitting bids for the same project, and there are also other bidders for
the project. The corresponding Venn diagram would be as shown in Fig. E2.9b.

In this case, Company a or b may be awarded the project, or one of the other companies may be
awarded the project. If Company @ wins its bid. then no other companies, including Company & can
also be the winner of the award. That is, the occurrence of A precludes the occurrence of B: thus,
the events A and B are mutually exclusive, as shown in Fig. E2.9b where there is no overlapping
region between A and B. Moreover, the complement of AU B, i.c., ‘A U B, means that one of the other
companies wins the award.

3. Company @ and Company b are the only companies submitting competing bids for a single project.
The Venn diagram for this case would appear as shown in Fig. E2.9¢.

In this particular case, since Company @ and Company b are the only bidders for the single project,
and only one of them can be the winner, the events A and B are mutally exclusive, and are also
collectively exhaustive or A U B =S. Thus, the sample space contains only the two sets A and B as
shown in Fig. E2.9¢c.
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» EXAMPLE 2.10

There are three possible sites, denoted as Site g, Site b and Site ¢ for the construction of a new airport
for a major city. Define the following:

A = Site a is selected for the airport;

B = Site b is selected for the airport; and

|

C = Site ¢ is selected for the airport. :
If the above three sites are the only feasible sites for the airport, then the available alternatives for
the location of the airport is the union A U BU C. However, if one of the alternative sites is selected,

then this precludes the selection of the two other sites: thereéfore, the events A, B, and C are mutually ‘ ‘
exclusive. The Venn diagram, therefore, will appear as shown in Fig. E2.10. '

s
Figure E2.10 Sample space of events A, B, and C.

In this case, we also observe the following:

AB € means that Sie a is selected and not Size b or Site c.

AU B U C means that none of the three sites is selected as location for the airport. <

et

22.2 Mathematical Operations of Sets

In Section 2.2.1, we observed that two or more sets, or events, can be combined in only two
ways; namely, by taking the union or taking the intersection. These two operations and the
process of taking the complement of an event constitute the basic operations involving sets.
The notations that we have adopted to designate sets and the associated operations are as
follows:

= the union !
% 4 it

= the intersection I'

= contains !

= belongs to. or is contained in

=N U D C

= the complement of E
With these notations, the mathematical rules governing the operations of sets are the

|
I8
following: g

Equality of Sets

Two sets are equal if and only if both sets contain exactly the same sample points. On this 1
basis, we observe that '

AUg=A

in which ¢ is the null (or empty) set.

i
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Also,

ANg=4¢
Furthermore,

AUA=A

ANA=A
and, for the sample space S,

AL)S=§
whereas

ANS=A

On Complementary Sets
With regard to an event E and its complement E, we observe the following:

EUE=S
whereas
ENE=¢
and
E=E

that is, the complement of the complementary event yields the original event.
Commutative Rule
The union and intersection of sets are commutative; that is, for two sets A and B,

AUB=BUA
Also,

ANB=BNA
Associative Rule
The union and intersection of sets are also associative; that is, for three sets, A, B, and C,

(AUBYUC=AU(BUC)

Also,

(AB)C = A(BC)
Distributive Rule
Finally, the union and intersection of sets are distributive; that is, for three sets A, B, and C,

(AUBYNC=ANCUBNC o ACUBC
and also,
ABUC =(AUC)N(BUC)

We might observe that the above commutative, associative, and distributive rules for
sets are similar to the same algebraic rules for numbers. In particular, the operational rules
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governing the addition and multiplication of numbers apply (with certain equivalences) to
the union and intersection of sets. With the following equivalences—union for addition
and intersection for multiplication (i.e., U — + and N — x)—the rules of conventional
algebra apply to operations of sets or events. Moreover, in accordance with the hierarchy of
algebraic operations, intersection takes precedence over union of sets, unless parenthetically
indicated otherwise.

[t should be emphasized that the above equivalences are only valid in an operational
sense; conventional algebraic operations such as addition and multiplication have no mean-
ing for sets or events. Moreover, there are no equivalent operations for subtraction or
division of sets. On the other hand, there are operations and operational rules that apply to
sets that have no counterparts in conventional algebra. For example, for a set A,

AUA=A and ANA=A
Another case in point is the second of the distributive rule described above, which says that
(AUC)HBUC)=ABUACUBCUCC

but,

BCUuCC=C
Similarly,

ACUC =C.
Hence, the final result is

(AUCHBUC)=ABUC

whereas in conventional algebra we would have
>
(a+cib+c)=ab+ac+bc+c™ £ab+c

Finally, another important rule that applies to sets but has no counterpart in conventional
algebra is the de Morgan's rule, as described below.

De Morgan’s Rule
This rule relates to sets and their complements. For two sets, or events, E; and E,, the
de Morgan’s rule says that

E\UE,=E NE,;

The general validity of this relation can be shown with the Venn diagrams in Fig. 2.6.

The unhatched region in Fig. 2.6a is clearly £y U E,. The two Venn diagrams in Fig.
2.6b show, respectively, the complementary sets £and E5, the intersection of which is the
double-hatched region in Fig. 2.6¢. From Figs. 2.6a and 2.6c, we see the equality of the two
sets £1 U E; = 7’:[ N E_g thus verifying the de Morgan’s rule.

In more general terms, the de Morgan’s rule is

EIUE,U---UE,=E NE,N---NE, (2.3a)

Applying Eq. 2.3a to the complements of E, Es, ..., E,, we have

E,UE,U..-UE, = E\E,---E,
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E,UE,

Double-hatched
region=£E,NE,

Figure 26 Venn diagrams showing de Morgan’s rule.

Thence, taking the complements of both sides of the above equation, the de Morgan’s rule
can be stated also as

E\E; - E,=EUE,U---UE, (2.3b)
In light of Egs. 2.3a and 2.3b, we can establish the following duality relation: The comple-
ment of the unions and intersections of events is equal to the intersections and unions of the
respective complements of the same events.

The following examples illustrate the above duality relation:
AUBC=ANBC=A(BUC)
(AUB)C =(AUB)UC=ABUC

(ABUCYAUC)=ABCUAC = ABCNAC

For further illustrations of the de Morgan’s rule, consider the following engineering
examples:

Consider a simple chain consisting of two links as shown in Fig. E2.11. Clearly, the chain will fail to
carry the load F if either link breaks; thus, if
E = the breakage of link 1

E; = the breakage of link 2

Link 1 Link 2
Pyl ) O { Jewiak

Figure E2.11 A two-link chain.
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Then

Failure of chain = E{ U E;

No failure of the chain, therefore, is the complement E; U E». However, no failure of the chain also
means that both links survive (no breakage); that is,

No failure of chain = £, N E;
Therefore, we have
ElUE,=E NE,

which is a demonstration of the validity of the de Morgan’s rule applied to an engineering
problem. )

The water supply for two cities C and D comes from the two sources A and B as shown in Fig. B2 12,
Water is transported by pipelines consisting of branches . 2, 3, and 4. Assume that either one of the
two sources, by itself, is sufficient to supply the water for both cities.

Denote: E{ = failure of branch I;
E5 = failure of branch 2;
E; = failure of branch 3; and
E4 = failure of branch 4.

Failure-of a pipe branch means there is serious leakage or rupture of the branch.

Source A

Station

Source B

Direction of flow City C o3

Figure E212 A water supply system.
Shortage of water in city C would be represented by £, N Ex U £3, and its complement E; E, U E;
means that there is no shortage of water in city C. Applying the de Morgan’s rule, we have

EFy U Es =(E UE)E;
The last event above means that there is no failure in branch £ or branch 2 and also no failure in branch
3. Similarly, shortage of water in city D would be the event £,E, U E3 U E.. Therefore, no shortage

of water in city D is

which means that there is sufficient supply at the station, i.e., (i;_'] U E,), and there are no failures in
both branches 3 and 4, represented by E; Ey. <
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2.3 MATHEMATICS OF PROBABILITY

In all of our discussions thus far, we have tacitly assumed that a nonnegative measure, called
probability, is associated with every event in a particular sample space. Implicitly, we have
also assumed that such probability measures possess certain properties and follow certain
operational rules. Formally, these properties and rules are embodied in the mathematical
theory of probability. As with other branches of mathematics, the theory of probability is
based on certain fundamental assumptions, or axioms, that are not subject to proofs; these
are as follows (see, e.g., Feller, 1957; Parzen, 1960; Papoulis, 1963):

Axiom I: For every event E in a sample space S, there is a probability
P(E) =0 (2.4)
Axiom 2: The probability of the certain event S is
P(S)=1.0 (2.5)
Axiom 3: Finally, for two events E; and Ej that are mutually exclusive,
P(E| U E;)= P(E\})+ P(Ey) (2.6)

Equations 2.4 through 2.6 constitute the basic axioms of probability theory. These are
essential assumptions and, therefore, cannot be violated. However, these axioms and the
resulting theory must be consistent with and useful for real-world problems. In this latter
regard, we may observe the following:

* The probability of an event, P(E), is a relative measure, 1.e., relative to other events
in the same sample space. For this purpose, it is natural and convenient to assume
such a measure to be nonnegative as prescribed in Eq. 2.4.

» Because an event, E, is always defined within a prescribed sample space 8, it is
convenient to normalize its probability relative to S (the certain event), as specified
in Eq. 2.5.

Therefore, on the basis of Eqs. 2.4 and 2.5, it follows that the probability of an event E is
bounded between 0 and 1.0; that is,

0= PE)<1.0

With regard to the third axiom of Eq. 2.6, we may observe intuitively that from a relative
frequency standpoint, if an event Eq occurs 7 times among # repetitions of an experiment,
and another event E occurs x13 times in the same n repetitions, in which E; and E; cannot
occur simultaneously (they are mutually exclusive), then E, or E, will have occurred
(717 + n2) times among the n repetitions of the experiment. Thence, on the basis of relative
frequency, we have (for large n)
ny + na ny n
+ —

PE UE)= 2 =
n n R

= P(E,) + P(E,)

It should be emphasized that the mathematical theory of probability provides the logical
bases for developing the relationships among probability measures. As expected, all such
relationships and any theoretical results are based on the three basic axioms stated in Eqgs.
2.4 through 2.6.
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231 The Addition Rule

As an event E and its complement E are mutually exclusive, we obtain on the basis of
Eq. 2.6

P(EUE)= P(E)+ P(E)

but since E U E = S, we have, on the basis of Eq. 2.5, P(E'U E) = P(S) = 1.0. Hence,
we obtain the first useful relation

P(E)=1— P(E) (2.7)
More generally, if two events Ey and E; are not mutually exclusive, the addition rule is
P(E|UE;) = P(E|\)+ P(E;) — P(E\E?) (2.8)

The general addition rule of Eq. 2.8 can be shown to follow from Eq. 2.6.
For this purpose, we first observe from Fig. 2.7 that EiUE; =E|UE E,.

Figure 27 Union of £, and E\E>.
As can be seen in Fig. 2.7, £ and F:I:'; are mutually exclusive. Therefore, according
to Eq. 2.6,
P(E\UE Ey) = P(E)) + P(E1E2)
But E Es UE Ey = (E,U EE; = SE; = E»; and EE; and E| E> are clearly mutually
exclusive. Hence,
P(E|E2) = P(E») — P(E|Ey)

from which we obtain Eq. 2.8.
A contractor is starting two new projects—jobs 1 and 2. There is some uncertainty on the scheduled
completion of each job; at the end of 1 year, the condition of completing each of the jobs may be
defined as follows:

A = definitely completed

B = completion questionable

C = definitely incomplete

PROBLEMS

1. Describe the sample space for the states of completion of the two jobs; i.e., identity all the possible
situations regarding the completion of both jobs | and 2 at the end of 1 year in terms of the notations
above: e.g., AA means both jobs will be definitely completed in 1 year.

The pertinent Venn diagram is shown in Fig. E2.13 where all the sample points are contained in S. If
F1 is the event that job 1 will definitely be completed in 1 year, then

E|.D(AA,AB, AC)
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E;

G : |
&A\-_, BA CA%

'AB| BB CB
ACZl .BC .1 CC

|2 :

Figure E213 Sample space with E; and £5.

Similarly, if E3 is the event that job 2 will defi nitely be completed in 1 year,

E; D (AA, BA, CA)

2. Assuming that each state of completion of both jobs is equally likely at the end of 1 year (i.e.,each
sample point has a probability of 1/9), what is the probability that at least one job will definitely be
completed at the end of 1 year?
In this case, the event of interest is the union £, U E,. Observe first that the intersection E, Ex D (AA);
therefore, according to Eq. 2.8,
SEBLI L )
( T o) e e el
: 9.9 0979
We can also observe from Fig. E2.13 that (£, U E») D (AA.AB,AC, BA, CA); its probability is also
5/9. thus verifying the above result.
3. Only one of the two projects will definitely be completed at the end of one year E; this event
contains the following sample points,

E D (AB,AC, BA, CA)

Its probability. therefore, is 4/9. <

For the purpose of designing the left turn (L.T.) lane in Example 2.2, the 60 observations of the number
of vehicles waiting for left turns at the intersection yielded the results shown in Table E2.14.
Define

E; = more than 2 vehicles waiting for left turns

E, = at most 4 vehicles waiting for left turns

The different number of vehicles waiting for left turns at the intersection are obviously mutually
exclusive events, Then, using the relative frequencies in Table E2.14 to represent the corresponding
probabilities, we obtain, approximately,

P(E)714+3 + z+1 20
a0 T 60 60 60", 60

whereas

P(Ey)=—+—+—+ — -
=gt tait

4-T 16" 20 1& 3 57
60~ 60
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TABLE E2.14 Observations of Vehicles Waiting for Left Turns

No. of Vehicles Waiting No. of Observations Relative Frequency

0 4 4/60
1 16 16/60
2 20 20/60
3 14 14/60
4 3 3/60
) 2 2/60
6 1 1/60
7 0 0

8 0 0

Also, the intersection
EE2 D (3, 4)

with corresponding probability
14 3 17

PE\E) = — b=
Rl a6
Then, according to Eq. 2.8,

g 200 5 17 60

P(E|UE)=—4 —— = — =
60 60 60 60

In this case, we observe that the union E; U E> contains all the possible number of vehicles waiting
for left turns, i.e., the entire sample space. Hence, its probability is 1.0. <

» EXAMPLE 2.15 In Example 2.8, two events associated with the reactions at A and B are defined as

A = (Rs > 100kg)
B = (R > 100kg)
These are represented by the respective subsets in the sample space of Fig. E2.15. For this illustration,

we may assume that the sample points are all equally likely to occur. This implies that the probability
of an event within this sample space is proportional to its “area” relative to the sample space.

200

100

Ra

0 100 200  300kg
Figure E2.15 Venn diagram of events.
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Total area of sample space = 1[(300)° — (100)*] = 40,000

Then. referring to Fig. E2.15, we have
L2007 -1
P(A) = :E)W =5
Similarly, P(B) = l;
whereas
P(AB) = !M = l
40,000 8
Therefore, according to Eq. 2.8, we obtain,
N e
Roai2e a8 8

From Fig. E2.15, we also obtain the area of the union

1 -
(AU B) = 40,000 — ;(IU()}‘ = 35,000
: - : 38000+ ]
from which we also obtain P(A U B) = = —
40,000 8 -

Extending the addition rule, Eq. 2.8, to three events E;, Ea, E3 we would have,

P(E, U E>UE;) = P[(E; UE)U E3)

P(E, U E;) + P(E3) — P(E; U E)E;3

= P(E;)+ P(E;) + P(E;) — P(E E»)
P(E, E3) — P(E2E3) + P(E\E2E3)

Il

(2.9)

The above procedure of the addition rule may be extended to the union of any number of
events: however, for n events the probability of the union may be obtained more conveniently
by applying the de Morgan'’s rule, as follows:

P(E{UE,U---UE)=1—P(EfUE,U---UE,)
=1— P(E\E;- - E,)

(2.10)

If the » events are all mutually exclusive, however, extension of Axiom 3, Eq. 2.6, yields

P(E{UE,U---UE,) = ZP(E,-) (2.6a)
i=1

The major airline industry is subject to labor strikes by the pilots, mechanics, and the flight attendants
or by two or more of these labor groups. Using the following notations,

A = strike by the pilots
B = strike by the mechanics

C = strike by the flight attendants

determine the probability of a labor strike in the major airline industry in the next 3 years. Assume the
following respective probabilities of strikes by the three individual groups: P(A) = 003 FiB)=0.0);
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P(C)=0.05, and that strikes by the different labor groups are statistically independent (see Sects.
2.3:2 and 2.3.3), which means according to Eq. 2.15,

P(AB) = P(A)P{B); PAC = P{A)P(E); B(RC) = F(B)PIC);

and P(ABC) = P(A)P(B)P(C)

SOLUTION A strike in the industry will occur in the next 3 years if any one or more of the three
labor groups go on strike during this period; therefore, we are interested in the union of A, B, and C
whose probability according to Eq. 2.9 is
P(AUBUC) = 0.05+ 0.03 +0.05 — (0.05 x 0.03) — (0.05 x 0.05)
—(0.03 x 0.05) + (0.05 x 0.03 x 0.05)
= (.1246
The solution may also be obtained (more conveniently) with Eq. 2.10 as follows:
P(AUBUC)=1-P(ABC)

Note that A. B, and C are also statistically independent; i.e., P(ABC)= P(A)P(B)P(C). Thus,
we also obtain

P(AU BUE)

I — (0.95 x 0.97 x 0.95)
= 0.1246 <

232 Conditional Probability

)
There are occasions when the probability of an event may depend on the occurrence (or
nonoccurrence) of another event. If this dependence exists, the relevant probability is a
conditional probability. For this purpose, we shall use the notation
v P(E,|E>) = the probability of £ assuming the occurence of E5, or simply
the probability of Iy given E3.
) In the Venn diagram of Fig. 2.8, we may observe intuitively the following:
The conditional probability P(E)|E>) may be interpreted as the likelihood of realizing
a sample point of Ej thatis in E3. In other words, we are effectively interested in the event £,
within the “reconstituted sample space” Ez. Therefore, the conditional probability pertains
to the sample points of E; relative to those of E; and thus must be normalized with respect
) to E-; hence, with the appropriate normalization, we obtain the conditional probability
. P(E,E3)
P(E | |E;) = — (2.11)
P(E;)
is

It may be well to emphasize that the conditional probability, as defined in Eq. 2.11, is
merely a generalization of the (unconditional) probability of an event. When we speak of

4 —

Figure 28 Venn diagram for E, given E;.
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the probability of an event E, it is implicitly conditioned on the sample space S. To be more
explicit, P(E) should be expressed as
P(ES)

P(E|S) = ——
15 P(S)

But since ES =FE and P(5)= 1.0,
P(E|S) = P(E)
In other words, conditioning on the sample space § is presumed to be understood; however,
when the occurrence of an event depends on the occurrence or nonoccurrence of another
event, the reconstituted sample space must be explicitly identified.
We also observe the following regarding the conditional probability of a complementary

event:
P(E,|Ey) + P(ET|Ey) = PE\Ey) | P(E\E;)
. A 77 %) P(Es)
= P[(E, UE)E
P(!:'3}{ [(E 1EL]}
P(E-
— 7(_ _“J =1.0
P(E3)
Therefore,
P(E||E;) =1 — P(E||E>) (2.12)

which is a generalization of Eq. 2.7. It is important to recognize that in Eq. 2.12 the
conditioning event E is the same reconstituted sample space on both sides of the equation.
For this reason, one must make sure, when applying Eq. 2.12, that the event (e.g., Ey) and
its complement refer to the same conditioning event E,.

Observe, for example, the following:

P(E\|Ey) # 1 — P(E||Ey)

P(E||E)) # 1 — P(E|E3)

P(E||E2) # | — P(E|E»)

There are two highways from City A to City B as shown in Fig. E2.17.
Route 1 is on flat terrain, whereas Route 2 is a scenic route that goes through mountainous terrain.
During severe winter seasons, one or both routes may be closed to traffic because of heavy snowfalls.

Route 1

\

Figure E217 Highway routes from A to B.
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Denote the following:

E1{ = Route I.is open to traffic

E» = Route 2 is open to traffic
Between the two routes, Route 2 is obviously more likely to be closed than Route I during the winter
months. Moreover, the condition of Route I during a severe snow storm may depend on whether or
not Route 2 is open to traffic. Suppose, during a severe snow storm, the probabilities that the routes
will be open are, respectively,

PUE )= 0.5,
whereas
P(E3) = 0.50
and the probability that both routes will be open is
P(E\E;) =0.40

Then, if Route 2 is open during a snow storm, the probability that Route / is also open is, according
to Eq. 2.11,
P(E(Es) 040

e e 08D
P(E)  0.50

P(E,|Ez) =

On the other hand, if Route 2 is closed during a severe snow storm, the probability that Route 1 is also
closed may be determined as follows:

in which

PEE)N=]~ BB =1+ RELVE
= 1 —[P(E)+ P(E;)— P(E,E>)]
=1~ (0.75 4+ 0.50 — 0.40)
=1 0.8 =10.15
Therefore, we obtain
e 015 :
P(E,|E;) = —— =030
0.50

and the probability that Route / is open given that Roure 2 is closed is

P(E||E5)=1-0.30=0.70

Suppose that motor vehicles approaching a certain intersection are twice as likely to go straight ahead
than to make a right turn; and left turns are only half as likely as right turns.
As a vehicle approaches the intersection, the possible directions may be defined as follows:

Eq = straight ahead
E; =

E3 = turning left

= turning right
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and the respective probabilities will be

3

: 4 2 2 el
P(IZ‘|)= ?'. P[tj): 5'. and P((‘.’,]]: 7
At the intersection, if a vehicle is definitely making a turn, the probability that it will be a right turn
is (observe that the three alternative directions are mutually exclusive)
, = = P[E}(E,UE:)] . P(B»U E;Ey)
P{L’3|E3Uk&l:' TE 3 =
P(E, U E3) P(E; UE3)
P(E) a2

P+ P(Es) - 3/1 3

On the other hand, if the vehicle is definitely making a turn at the intersection, the probability that it
will not turn right, according to Eq. 2.12, is

P(E,|Es U E3) = 1 — P(E;|Es U Es)
Fig ]
=1—-===
it E

Statistical Independence

[f the occurrence, or nonoccurrence, of an event does not affect the probability of occurrence
of another event, the two events are statistically independent. In other words, the probability
of occurrence of one event does not depend on the occurrence or nonoccurrence of another
event. Therefore, if two events Eq and E, are statistically independent,

P(E||E2) = P(E))

and
P(E;|E)) = P(E3) (2.13)

[t might be prudent to point out here the difference between events that are statistically
independent versus those that are mutually exclusive. The difference is profound, and there
should be no confusion—statistical independence between two events refers to the proba-
bility of their joint occurrence, whereas two events are mutually exclusive when their joint
occurrence is impossible, as the occurrence of one event precludes the occurrence of the
other. In other words, P(E,|E;) = 0if E; and E, are mutually exclusive. Finally, statistical
independence of two or more events pertains to the probability of the joint event, whereas
mutual exclusiveness refers to the definition of the events.

2.3.3 The Multiplication Rule

From Eq. 2.11, it follows that the probability of the joint event E1E3 is

P(E\E;) = P([‘:||f;.3]l")(Ej]
(2.14)

or

P(L‘l Lj) = P( !",‘]| {_‘,‘| ) P E| )
Therefore, with Eq. 2.13, if E; and E; are statistically independent events, the above mul-
tiplication rule becomes’
P(E|E;) = P(E ) P(E>) (2.15)

Mathematically, statistical independence is generally defined in the form of Eq. 2.15 or 2.15a.
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For three events, the multiplication rule would give,

P(E\E1E3) = P(E||E; E3)P(EZE5) (2.14a)
= P(E||E; E3)})P(E2|E3)P(E3)
whereas if the three events are statistically independent,
P(E\E;E3) = P(E|)P(E2)P(E3) (2.15a)

We would expect that if two events E; and E; are statistically independent, their comple-
ments £, and E; would also be statistically independent: i.e.,

P(E\E,) = P(E\)P(E3) (2.16)

In fact, we can verify this assertion in the case of two events as follows:

P(E\E;) = P(E|UE))=1— P(E|UE)
=1- |P(£|) + P(E;) — P(E{)P(E:]'
= [1 — P(ED][l — P(E3)]
= P(E\)P(E;)

We might emphasize that all the mathematical rules pertaining to the probabilities of
events apply equally to the conditional probabilities of events that are conditioned on the
same reconstituted sample space, including the addition rule and the multiplication rule. In
particular, we may observe the following:

P(E, U E3|A) = P(E||A) + P(E:|A) — P(E | E3|A)
P(E | E;|A) = P(E||E2|A)P(E>|A)

and if E; and E; are statistically independent events, given event A,

P(E\E>|A) = P(E |A)P(E;|A)

Consider again the chain system of Example 2.11 consisting of two links as shown in Fig. E2.19
subjected to a force F =300 kg.

Link 1 Link 2
F =300 kg E 3 {) ~ )= F=300kg
Figure E2.19 A two-link chain.

If the fracture strength of a link is less than 300 kg, it will fail by fracture. Suppose that the probability
of this happening to either of the two links is 0.05. Clearly, the chain will fail if one or both of the
two links should fail by fracture. To determine the probability of failure of the chain, define

E{ = fracture of link !

E» = fracture of link 2

Then, P(E;) = P(E.) = 0.05 and the probability of failure of the chain is

PLE{UEN = BE - P{E)Y— P{Eil)
= 0.0540.05 — P(E,|E|)P(E;)
= 0.10 — 0.05P(E>|Ey)
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We observe that the solution requires the conditional probability P(E3|E, ), which is a function of the
mutual dependence between Ej and E;. If there is no dependence or they are statistically independent,
P(E.|E,) = P(E;) = 0.05. In this case, the probability of failure of the chain is

P(E, U E;) = 0.10 — 0.05 x 0.05 = 0.0975

On the other hand, if there is complete or total dependence between Ej and E;, which means that if
one link fractures the other will also fracture, then P(E;|E;) = 1.0, In such a case, the probability of
failure of the chain becomes

P(E; UE;)=0.10—0.05 x 1.0 =0.05

In this latter case, we see that the failure probability of the chain system is the same as the failure
probability of a single link.

Therefore, we can state that the probability of failure of the chain system ranges between 0.05
and 0.0975. <4

The foundation of a tall building may fail because of inadequate bearing capacity or by excessive
settlement. Let B and S represent the respective modes of foundation failure, and assume P(B) = 0.001,
P(S) = 0.008. and P(B|S) =0.10, which is the conditional prebability of bearing capacity failure given
that there is excessive settlement. Then, the probability of failure of the foundation is

FP(B LU 5) = B(B) + P(S)— E(BS)
P(B) + P(S)— P(B|S)P(S)
0.001 + 0.008 — (0.1)(0.008)
= (.0082

However, the probability that the building will experience excessive settlement but without bearing
capacity failure is

P(B|S)P(S)
—= [l — P(B|S)]P(S)
= (1.0 — 0.1)(0.008) = 0.0072

P(SNB)

In this problem, we might observe that the conditional probability P(B|S) cannot be larger than 1/8.
The reason for this assertion is as follows:

P(B|S)P(S) = P(S|B)P(B)

P(B|S) — i P(S|B) = : P(S|B)
e 8 :
Because P(5|B) < 1.0, the value of P(B|S) is limited to a maximum of 1/8. «

Two rivers, @ and b, flow through the neighborhood of a paper mill that is allowed to dispose its waste
into both rivers. The dissolved oxygen, DO, level in the water downstream is an indication of the
degree of pollution of the rivers caused by the disposed waste from the mill. Let

A = the event that River a is found to have unacceptable level of pollution

B = the event that River b is found to have unacceptable level of pollution

Based on the records of the respective DO levels in the two rivers tested over the past year, it was
determined that on a given day, the likelihood of unacceptable water pollution in cach of the rivers
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is as follows:

P(A) =20% and PR = 13%
whereas the probability that both rivers will have unacceptable levels of pollution on the same day is
0.10:1.¢,

P(AB) = 10%

On a given day, the probability that at least one of the rivers will have an unacceptable level of
pollution is

P(AUB)=020+0.33 —0.10 = 0.43
If River a is tested to have an unacceptable pollution level, the probability that River b will also have
unacceptable pollution level will be
P(AB) ~ 0.10

T = —— =0.50
P(A) 0.20

P(B|A) =

whereas the probability that River a will have an unacceptable pollution level assuming that River b
has been tested to have an unacceptable level is
PeAB) 010

P(A|B) = = —— = (.30
L P(B) 0.33

A related question: On any given day, what is the probability that only one of the two rivers will
have an unacceptable pollution level?

SOLUTION This means that either one of the two rivers is polluted and the other is not; thus, the
probability 1s
P(ABUAB) = P(B|A)P(A) + P(A|B)P(B)
= 0.50 x 0.20 + 0.70 x 0.33 = 0.33 <

The electrical power for a city is supplied by two generating plants—Plant a and Plant b. Each of
the plants has sufficient capacity to supply the average daily power requirement of the entire city.
However, during peak hours of a day, the capacities of both plants are needed: otherwise, there will
be brownouts in parts of the city. Denote the following events:

A = failure of Plant a
B = failure of Plant b
and assume

P(A) =0.05
PlH_) = 0.07

If one of the two units should fail on a given day, what is the probability of failure of the other unit
on the same day?

SOLUTION The probability of failure of the second unit will depend on which unit fails first. For
example, if Plant a fails first, we have

P(AB) 0.1
P(A) ~ 005

P(BlA) = =0.20
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On the other hand, if Plant b should fail first, then

P(AB) 0.0l
PAB) = ——2'=— =014
P(B) 007

Related questions and answers: What is the probability of a brownout in the city on a given day?
Brownouts will occur when ofie or both of the plants fail; therefore, the pertinent probability is
P(AUB) = P(A) + P(B)— P(AB)=0.05 + 0.07 — 0.01
=0 11
If there is a brownout within the city during the peak hours of a day, the probability that it is caused
solely by the failure of Plant a is

BCATIA O B ot PI[AB(AUB)] P(ABAU ABB) _ P(AB)

P(AU B) P(ALBY © « ECAUR)
P(B|A)P(A) (1 —0.20)0.05
R e Sl e ST = 0.36
P(AUB) 0.11

Similarly, if there is a brownout, the probability that it is caused solely by the failure of Plant bis
P(AB) _ P(A|B)P(B)
P(AUB)  P(AUB)
(1 —0.14)0.07
3 i
Finally, the probability that a brownout will be caused by the failures of both plants would be

- P[AB(AUB)] P(ABAUABB)  P(AB)
PABIAUR) e e o i

P(BA|AUB)

0.54

B(ALUB) . " PLAUER  PBAURB
0Ol e
oA i <

Suppose that before a section (say 1/10 km in length) of a newly constructed highway pavement
is accepted by the State Department of Highways, the thickness of a 25-cm pavement is inspected
for specification compliance by taking ultrasonic readings at every 1/10-km point of the constructed
pavement, as shown in Fig. E2.23. Each 1/10-km section will be accepted if the measured thickness
is at least 23 em: otherwise, the entire section will be rejected or a penalty will be imposed.

Constructed pavement
‘-—— 0.10 km——»

JLiene |
O O

Ultrasonic readings at
these locations

Figure E2.23 Inspection of constructed pavement.

From past experience, 90% of constructed highway works by the same contractor were found
to be in compliance with specifications. The ultrasonic thickness determination is only 80% reliable;
i.e.. there is a 20% chance that a conclusion based on the ultrasonics test may be erroneous.
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Use the following notations:

G = constructed thickness of pavement is at least 23 cm
A = ultrasonic measured thickness is > 23 cm
The statement that “the ultrasonic test is 80% reliable” means
P(G|A) = 0.80
and also,
P(G|A) = 0.80

This may also be interpreted to mean that an ultrasonic reading could have an error of 20%, which
means

P(G|A) = P(G|A)=0.20

Based on the contractor’s past construction record, we may assume that 90% of his constructed
pavement will have acceptable ultrasonics readings; hence, P(A) = 0.90.

The probability that a particular 1/10-km section of the pavement is well constructed and will
be accepted by the Highway Department is, therefore,

P(GA) = P(G|A)P(A)
< (0.803(0.90) = 0.72

The more pertinent and practical questions are perhaps the following:
1. What is the probability that a well constructed section of the pavement will be accepted by the
Highway Department on the basis of the ultrasonics test?

2. Conversely, what is the probability that a poorly constructed section will be rejected?

SOLUTIONS  The probability that a well-constructed section of the pavement will be accepted is

P(G|A)P(A
P(A|G) = FGIAFA)

! P(G)
Since G = G(A U A) = GA U GA, where GA and G'A are mutually exclusive,
i P(G) = P(GA) + P(GA) = P(G|A)P(A) + P(G|A)P(A)
= 0.80 x 0.90 +0.20 x 0.10 = 0.74
Thus,
- 0.80 x 0.90
PAIG)= == — =097
0.74
Conversely, the probability that a poorly constructed section will be rejected is,
P(A|G) =
<
d 2.3.4 The Theorem of Total Probability

On occasion, the probability of an event, say A, cannot be determined directly: its

occurrence will depend on the occurrence or nonoccurrence of other events such as
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E; i=1,2....n, and the probability of A will depend on which of the E;’s has occurred. On
such an occasion, the probability of A would be composed of the conditional probabilities
(conditioned on each of the £;’s) and weighted by the respective probabilities of the E;’s.
Such problems require the theorem of total probability.

Before formally presenting the mathematical theorem, let us examine the following
example to illustrate the essential elements of the theorem.

The flooding of a river in the spring season will depend on the accumulation of snow in the mountains
during the past winter season. The accumulation of snow may be described as heavy, normal, and
light. Clearly, if the snow accumulation in the mountains is heavy, the probability of flooding in the
following spring will be high. whereas, if the snow accumulation is [ight, this probability will be low.
Flooding, of course, may also be caused by rainfalls in the spring. With the following notations,

F = occurrence of flooding in the river

H = heavy accumulation of snow

N = normal accumulation of snow

L = light (including no) accumulation of snow
Assume also
P(FIH) = 890 P(F|N)=0.40; P(Fil) =010
whereas in a given winter season,
PiH) =028 P(N)=10.50; P(L)=0.30
Then the probability of flooding in the river during the following spring season will be
P(F)= P(F|H)P(H)+ P(F|N)P(N)+ P(F|L)P(L)

0.90 % 0.20 + 0.40 x 0.50 + 0.10 x 0.30
= 0.41 «

In Example 2.24, we can observe the following:
1. The accumulations of snow in the past winter, namely, heavy, normal, and light, are
mutually exclusive.
2. The probabilities of the three levels of snow accumulation, namely, H, N, and L add
up to 1.0.

Therefore. the three events H, N, and L are mutually exclusive and also collectively ex-

haustive.
Formally, consider n events that are mutually exclusive and collectively exhaustive,
namely Eq. Ea, ..., E,. Thatis, E{UE,U. -UE, =S§. Then, if A is an event in the

same sample space S as shown in Fig. 2.9, we derive the theorem of total probability as
follows:
A=AS
=A(EiUEU..-UE,)
=AE UAE,U---UAE,

where AE|.AEs, ..., AE, are also mutually exclusive as can be seen in the Venn diagram
of Fig. 2.9.
Then,
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Figure 29 Intersection of A and £y, E5, ..., E, in sample space S.

and by virtue of the multiplication rule, Eq. 2.14, we obtain the theorem of total probability
as

P(A) = P(A|E)P(E)) + P(A|E2)P(E;) + -+ + P(AIE,)P(E),) (2.19)

Again, in applying the above total probability theorem, it is important to observe
that the conditioning events £, E>, ... E,, must be mutually exclusive and collectively
exhaustive.

Hurricanes along the Gulf of Mexico and the eastern seaboard of the United States occur every year,
mostly in the summer and fall. These hurricanes are classified into five categories from CI through
C5: to be classified as a hurricane, the wind speed must be at least 75 miles per hour (120 km/hr). The
frequencies of hurricanes, of course, would decrease with the categories: for example, a Category C5
hurricane, with sustained wind > 150 mph (242 km/hr), would very seldom occur.

We might observe first that the five categories of hurricanes, C1. C2, C3, C4, C5, are mutually
exclusive, as it is reasonable to assume that no two categories can occur at the same time and cover
all possible hurricanes; thus, these five categories plus nonhurricane winds (denoted C0) are also
collectively exhaustive.

Assume that annually there can be at most one hurricane striking a particular area in the southern
coast of Louisiana along the Gulf of Mexico, and the annual occurrence probabilities of the different
hurricane categories are as follows:

G — 050, P02y = 0.25; PIC3y=0:14; P(C4)=0.05; P(C3) = 0.01

Structural damage to an engineered building in the reference area can be expected to occur depending
on the category of hurricane that the building will be subjected to. Suppose the conditional probabilities
of damage to the building are as follows:
P(D|C]) = 0.05; P(DIC2) = i10; P(DIC3) = 0.25; P(D|C4) = 0.60;
P(DIC5)=1.00; and  P(DICO)=0

hence the annual probability of wind damage to the building would be

P(D) = P(D|C1)P(C1)+ P(D|C2P(C2)+P(DIC3)P(C3)4 P(D|C4)P(CA)+ P(D|CS)P(CS)
= (.05 x 0.35+0.10 % 0:25 + 0.25 x 0.14 + 0.60 x 0.05 4+ 1.00 x 0.01 = 0.1175

Therefore, annually the probability of hurricane wind damage to the building is about 12%.
We might observe from the above calculations that the greatest contributions to the annual
damage probability are from hurricanes of Categories 3 and 4, P(D|C3)P(C3) = 0.035 and
P(D|C4)P(C4) = 0.030. Observe also that even though damage to the building will certainly oc-
cur under a Category 5 hurricane, P(D|C5) = 1.00, the occurrence of such hurricanes is very rare,
annually P(C5) = 0.01, which means that it might occur (on the average) only about once in every
100 years. <
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> EXAMPLE 2.26 Figure E2.26 shows the eastbound directions of two interstate highways I1 and I3 merging into another
highway I3. Interstates I'1 and I3 have the same traffic capacities; however, the rush-hour traffic volume
on I is about twice that on I3 so that during rush hours, the probabilities of traffic congestion, denoted.

respectively, as Ej and E3, are as follows:

P(E =010 B{E) = 0.20

L"_/«/i:

//

Figure E2.26 Eastbound interstate highways.

Also, when one route has excessive traffic, the chance of excessive traffic on the other route can
be expected to increase; assume that these conditional probabilities are:

P(E|E>) = 0.40, whereas, from Bayes' theorem (see Eq. 2.20), we must have

P(E;|Ey) = 0.80

We might wish also to determine the probability of traffic congestion on the third route I3, P(E3).
1. First, let us assume that the capacity of I3 is the same as that of Iy or I5. and that when I and I
are both carrying less than their respective traffic capacities, there is a 20% probability that I3 will
experience excessive traffic: i.e., P(E3|E E7) = 0.20.

We would expect that the relevant probability will depend on the traffic conditions on Iy and
I3, which may be E|Es, E\Es, E,E;, or E| E,; observe that these four joint events are mutually
exclusive and collectively exhaustive. Their respective probabilities are then

P(E E>) = P(E{|E>)P(E>) = 0.40 x 0.20 = 0.080
P(E\E») = P(E2|EDP(ED) = (1 — 0.80)0.10 = 0.020
P(E,E>) = P(E\|E;)P(E5) = (1 —0.40)0.20 = 0.120
P(E.E;y=1—008—0.02-0.12 =0.780

il

Clearly, the traffic on I3 will be congested when the traffic on Iy or I or both are excessive. Then we
obtain the total probability of traffic congestion on I3 to be

P(E:)-= P(Es|E E3)P(E\E;) + P(E;|E) E2) P(E\E,) + P(E;|E, E2)P(E\E»)
+P(Es|E, E2)P(EEy)

= 1.00 x 0.08 + 1.00 x 0.02 + 1.00 x 0.12 + 0.20 x 0.78

= 0.08 +0.02 +0.12+ 0.156

= 0.376

2. Next, assume that the traffic capacity of I3 is twice that of Iy or I3. In this case, if only one of
the two routes I; or I has excessive traffic, the probability of congestion on I3 will be 25%, i.e.,
P(E:|E1E2) = P(Es|E Es) = 0.25. If both routes have excessive traffic, the probability that the
capacity of I3 will be exceeded is 95%, meaning P(E3|E| E>) = 0.95.
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In this latter case, the probability of traffic congestion on I3 is then

P(E+) = 0.95 x 0.08 +0.25 x 0.024+0.25 x 0.12 + 0 x 0.78
= 0.111 <

In the next example, we will consider a problem involving double conditional events
in association with the application of the total probability theorem.

The town of Urbana is in the county of Champaign, Illinois, which is located in the plains area of
the midwestern United States. High-wind storms can occur in this area with maximum wind speeds
exceeding 60 mph (96 km/hr), and occasionally such storms can spawn tornadoes creating even higher
wind speeds.

Suppose we wish to assess the annual probability of structural damage to residential houses in
Urbana, and based on historical data were able to determine the following information:

High-wind storms in the county of Champaign occur about once every other year, and during
such a storm the probability that it will be accompanied by tornadoes is 0.25. The probability
that tornadoes occurring in the county of Champaign will strike the town of Urbana is 0.15.

Based on engineering calculations, we also determined the following:

The probability of severe damage to houses in Urbana during a wind storm (in the absence of
tornadoes) is 0.03; however, when tornadoes are spawned in the county but do not strike the
town of Urbana, the probability of severe damage to houses is 0.10, whereas if the tornadoes
strike the town, the probability of severe damage to one or more houses in Urbana will be a
certainty.

With the above information, we define the following:

F = severe damage to houses in Urbana

S = occurrence of storm in Champaign County
T = occurrence of tornadoes in Champaign County during a storm
H = a tornado striking the town of Urbana

and also,

P(5) = 030 P(TISY =~ 4] 25¢ P(H

ST) = 015

The Venn diagram would appear as in Fig. E2.27.
In this case, the following events are mutually exclusive and collectively exhaustive:

STH. STH. ST, ST, whereas ST = ¢ anull set;

S7 ST 57
Figure E2.27 Venn diagramof S, T, H, and F.
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with corresponding probabilities:
P(H|ST)P(T|S)P(S)
= 0.15 % 0.25 x 0.50 = 0.01875
P(STH) = P(H|ST)P(ST) = P(H|ST)P(T|S)P(S)
= 0.85 x 0.25 x 0.50 = 0.10625
P(ST) = P(T|S)P(S) = (1 —0.25)(0.50) = 0.3750
P(ST) = 1= 0.01875 = 0.10625 — 0.3750 = 0.5000

P(STH) = P(H|ST)P(5T)

and the probabilities of damage to houses depending on the above different conditions are
P(F|ST) = 0.05, P(F|STH)=1.00; P(F|STH)=0.10
Therefore, the annual probability of wind storm damage to houses in Urbana would be

P(F) = P(F|STHYP(STH) + P(F|STH)P(STH) + P(F|ST)P(ST)
+ P(F|ST)P(ST)
= 1.00 x 0.01875 + 0.10 x 0.10625 + 0.05 x 0.3750 + 0 x 0.500
= 0.054 |

A tower may be subjected to earthquake loads which could be of high intensity (event H) or of long
duration (event L). It is estimated that if the load has long duration, the probability that its intensity
is high is 0.7. Also, if the load has high intensity, there is 20% probability that it will be of short
duration. Finally, the probability of having a long duration earthquake load is 0.3.

The designer estimated that the probability of failure when the tower is subjected to a short
duration—high intensity earthquake is 0.05, whereas, this probability is doubled if the earthquake is of
long duration but low intensity. Also, he is certain that the tower will fail if subjected to an earthquake
with both high intensity and long duration, and that it will survive with certainty if subjected to an
earthquake of low intensity and short duration.

PROBLEMS OF INTEREST ARE:
(a) Are the events H and L mutually exclusive?
(b) Are the events H and L statistically independent?

(¢) Are the events H and L collectively exhaustive?
Finally, calculate the probability of failure of this tower when subjected to an earthquake.

SULUTIONE From the problem statements, we observe the following probabilities: P(H|L) =
0.7 = P(H|L)=0.3; also, P(L|H)=0.2 and P(L|H)=0.8. Furthermore, P(L) = 0.3 and
P(L) = 0.7. Note that P(H) is not given, but it can be found from

P(H) = P(LH)/P(L|H)

= P(H|L)P(L)/P(L|H)
0.7 x 0.3/0.8

= 0.2625

1
I

Il

Also, the conditional damage probabilities are
P(F|HL) = 0.05, P(F|HL)=0.1, P(F|HL)=1, and P(FIHL) =0

(a) Since P(H|L)=0.7 # 0, H can happen given that L occurs. So H and L are not mutually

exclusive.
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(b) P(L|H)=1— P(L|H) =1~ 0.20 = 0.80, but the unconditional probability P(L) = 0.3 #
P(L|H); hence, L is more likely to occur given the occurrence of H, so H and L are not statisti-
cally independent.

(c) P(HULYy= P(H}+ P(L)y— P(HL)

= P(H)+ P(L) - B(LIH)P{H)

= 0.2625 + 0.3 — 0.8 x 0.2625

0.353

e

which is less than 1.0. Hence, H and L are not collectively exhaustive.

{d) Let F denote the failure of the tower. The total probability of F is obtained by summing the con-
tributions from each of the four events, namely HL, HL, HL, H L, which are collectively exhaustive.
Hence, by applying the theorem of total probability,

P(F) = P(F|HL)P(HL) + P(F|HL)P(HL)+ P(FIHL)P(HL) + P(F|H L)P(H L)
P(FIHL)P(H|L)P(L) + P(FIHL)P(L|H)P(H) + P(FIHL)P(H|L)P(L) + 0 x P(H L)
1 x0.7x03+005x(—0.8)x02625+0.1 x0.3 x0.3

= (222

222 <

Il

235 The Bayes' Theorem
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In deriving the theorem of total probability, Eq. 2.19, the probability of the event A depends
on which of the conditioning events E;, i =1,2...., n, has occurred. On the other hand,
we may be interested in the probability of a particular E; given the occurrence ofA. In a
sense, this is the “inverse” probability, which is given by the Bayes’ theorem, which may
be derived as follows:

Applying Eq. 2.14 to the joint event AE;, we have

P(A|E)P(E) = P(E;|A)P(A)
from which we obtain the “inverse” probability
p(A|E)P(E;)
which is the Bayes® theorem. In Eq. 2.20, it P(A) is expanded using the total probability
theorem, Eq. 2.20 becomes

P(E;|A) = (2.20)

P(A|E;)P(E;

Y _P(A|E))P(E))
J=l

(2.20a)

Aggregates for the construction of a reinforced concrete building are supplied by two companies,

Company a and Company b. Orders are for Company a to deliver 600 truck loads a day and 400

truck loads a day from Company b. From prior experience, it is expected that 3% of the material from

Company a will be substandard, whereas 1% of the material from Company b are substandard.
Define the following events:

A = Aggregates supplied by Company a

B = Aggregates supplied by Company b

FE = Aggregates are substandard
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Then,
: 600 ! 400
P(A) = ——— = (.00 and P(B)= —— =040
600 + 400 600 + 400
whereas p(E|A) = 0.03; and P(E|B)=10.01

and the probability of substandard aggregates is

P(E)

Il

P(E|A)P(A) + P(E|B)P(B)
= 0.03 x 0.60 + 0.01 x 0.40 = 0.022

However, if a load of aggregates is found to be substandard, the probability that it is from Company a
is determined by the Bayes’s theorem, Eq. 2.20a, as
P(E|A)P(A)
P(E|A)P(A)+ P(E|B)P(B)
0.03 x 0.60

003 x 0.60+0.01 x 040
It is well to observe the difference between P(E|A) and P(A|E). The former is the proportion of
aggregates from Company a that are substandard, whereas the latier is the probability that aggregates
found to be substandard are from Company a. The difference is clearly significant. <«

P(A|E)

fl

0.82

The Bayes’ theorem provides a valuable and useful tool for revising or updating a
calculated probability as additional data or information becomes available. The following
examples will serve to illustrate this concept, including how prior information (which may
be based on subjective judgments) can be combined with test results to update a calculated
probability.

In order to ensure the quality of concrete material used in a reinforced concrete construction, concrete
cylinders are collected at random from concrete mixes delivered to the construction site by a mixing
plant. Past records of concrete from the same plant show that 80% of concrete mixes are good or of
satisfactory quality.

To further ensure that the concrete delivered on site is of good quality, the engineer requires that
one cylinder among those collected each day be tested (after 7 days of curing) for minimum compres-
sive strength. The test method is not perfect—its reliability is only 90%, meaning the probability that
a good-quality concrete cylinder will pass the test is 0.90, or that a poor-quality cylinder can pass the
test is 0.10. Define the following events:

G

T = aconcrete cylinder passes the test

good quality concrete

Il

According to the available information, we have

P(G) = 0.80; and P(lG).= 0.90; P(T|G)=0.10
Then, if a concrete cylinder passes the test, the probability of good-quality concrete delivered on site
is updated as follows:

P(T|G)P(G 0.90 x 0.80
P(G|T) = & e i b . = 0.973

P(TIG)P(G) + P(TIG)P(G) _ 0.90 x 0.80 +0.10 x 020

Therefore, with a positive test result, the probability of good-quality conerete used in the construction

is increased from 80% to 97.3%.
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Now, suppose the engineer is not satisfied with just testing one cylinder, and requires that a
second cylinder be tested. If the second cylinder tested also gave a positive result, the probability that
the concrete is of good quality becomes

P(T:|G)P(G)
P(T:|G)P(G) + P(T,|G)P(G)
0.90 x 0.973
0.90 % 0.973 + 0.10 x 0.027
The above probability is updated sequentially. The updating may also be performed in a single step
by using the two test results together: in this latter case, denoting

PG|E) =

— (997

T = firstcylinder is tested positive
T3 = second cylinder is tested positive
we should obtain the same result, as demonstrated with the following calculations:
P(T\T:|G)P(G)
P(T\T|G)P(G) + P(T,T,|G)P(G)
0.90 x 0.90 x 0.80 :
iy : = 0.99]
0.90 x 0.90 x 0.80 + 0.10 » 0.10 x 0.20

In this second calculation, we implicitly assumed that the two tests are statistically independent; i.e.,

P(GIT:T2)

PO 5|G) = P(LI|G) P(T1G)

However, if the test result of either one of the two cylinders tested was negative, the probability of
good-quality concrete would be updated as follows:

P(TiT>|G)P(G)
P(T,T>|G)P(G) + P(T\Ts|G)P(G)

0.90 x 0.10 x 0.80

- o =0.80
0.90 x 0.10 x 0.80 4+ 0.10 x 0.90 x 0.20 >

P(GIT\T,) =

2.4 CONCLUDING SUMMARY

This chapter presents the basic fundamentals of the mathematics of probability useful for
modeling engineering and physical problems. The principles are all presented with examples
illustrating the modeling of physical problems of relevance to engineering.

In particular, we learned that in the formulation and solution of a problem involving
probability, two things are paramount: (1) the definition of the possibility space and the
identification of the event within this space; and (2) the evaluation of the probability of
the event. The relevant mathematical bases and tools useful for these purposes are the
elementary theory of sets and the basic theory of probability. The basic elements of both
of these theories have been developed in nonabstract terms that should be more transparent
and more easily comprehensible to engineers and physical scientists.

Simple elements of set theory are used to define an event and its complement, and
the operational rules of sets and subsets govern the combination of events, which consist
of the union and intersection of two or more events to form another event. Similarly.
based on three simple assumptions (or axioms), the mathematical theory of probability
provides the operational rules for developing logical relationships among the probabilities
of different events within a given possibility space, which are basically the addition rule,

the multiplication rule, the total probability theorem, and the Bayes’ theorem.
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In essence, the concepts and tools developed in this chapter constitute the essential
fundamentals necessary for correctly applying probability in engineering. In the ensuing

chapters, particularly Chapters 3 and 4, additional analytical tools will be developed based

on the fundamental concepts expounded in this chapter.

PROBLEMS

2.1 Suppose the travel time between two major cities A and B
by air is 6 or 7 hr if the flight is nonstop; however, if there is one
stop, the travel time would be 9, 10, or 11 hr. A nonstop flight
between A and B would cost $1200, whereas with one stop the
cost is only $550. Then, between cities B and C, all flights are
nonstop requiring 2 or 3 hours at a cost of $300. For a passenger
wishing to travel from city A to city C,

(a) What is the possibility space or sample space of his travel
times from A to B? From A to C?

(b) What is the sample space of his travel cost from A to C?
(c) If T =travel time from city A to city C, and S = cost of travel
from A to C, what is the sample space of T"and 57

2.2 The settlement of a bridge pier, say Pier 1, is estimated to
be between 2 and 5 cm. Similarly, the settlement of an adja-
cent pier, Pier 2, is also estimated to be between 4 and 10 cm.
There will, therefore, be a possibility of differential settlements
between these two adjacent piers.

(a) What would be the sample space of this differential settle-
ment?

(b) If the differential settlements in the above sample space are
equally likely, what would be the probability that the differential
settlement will be between 3 and 5 cm?

2.3 The direction of the prevailing wind at a particular building
site is between due East (€ =0°) and due North (6 =90"), The
wind speed V can be any value between 0 and oc.

(a) Sketch the sample space for wind speed and direction.

(b) Denote the events:

E, = (V = 35 kph);
E> = (15kph < V < 45kph)
E; = (68 <307

[dentify the events Ey, E,, E3, and 'E, within the sample space
of Part (a).
() Use new sketches to identify the following events:

A = E| N Es; B=E UE;; C=ENENE;
Are the events A and B mutually exclusive? How about between
the events A and C?

2.4 A cylindrical tank is used to store water for a town as shown
in the figure below. On any given day, the water supply inflow
per day may fill the tank with an additional 6, 7, or 8 ft of water.
The daily demand or consumption of the water for the town will

draw down the water level in the tank by an amount equivalent
to 5, 6, or 7 ft of the water in the tank.

Inflow —

Cylindrical tank

Qutflow

Cylindrical water tank.

(a) What are the possible combinations of inflow and outflow
of water in the tank in a given day?

(b) If the water level in the tank is 7 ft from the bottom at the
start of a day, what are the possible water levels in the tank at
the end of the day?

(¢) If the amounts of inflow and outflow of water for the tank
are both equally likely, what would be the probability that there
would be at least 9 ft of water remaining in the tank at the end
of the day?

2.5 A 20-ft cantilever beam is shown in the figure below. Load
W, =200 1b, or W, =500 b, or both may be applied at the mid-
point B or at the end of the beam C. The bending moment induced
at the fixed support A, M, will depend on the magnitudes of the
loads at B and C.

\ 10 ft | 10 ft |
A B ¢

20-ft cantilever beam.

(a) Determine the sample space of M.

(b) Define the following events:
E; = (M, = 5,000 ft-1b)
E, = (1,000 < M, < 12,000 ft-1b)
E; = (2,000, 7,000 ft-1b)

Are the events £, and F> mutually exclusive? Explain why.



(c) Assume the following respective probabilities for the posi-
tions of the two loads:

P(W,atB) = 0.25

P(W, atC) = 0.60

P(W, atB) = 0.30

P(W> atC) = 0.50
Assuming that the positions of W and W, are statistically in-
dependent; what are the respective probabilities associated with
each of the possible values of M,7
(d) Determine the probabilities of the following events:

E\. Ey. Ex, Ey MV Es, Ey U E;, and E,

2.6 Two cities 1 and 2 are connected by route A, and route B
connects cities 2 and 3 as shown in the figure below. Let us de-
note the eastbound lanes as A, and B,, and the westbound lanes
as A, and Bs.

1 West =——

Routes connecting three cities.

Suppose the probability is 95% that one of the two lanes in
route A will not require major resurfacing of the pavement for at
least 2 years; the corresponding probability for a lane in route B
is only 85%.

(a) Determine the probability that route A will require major
resurfacing in the next 2 years. Do the same for route B. Assume
that if one lane of a route needs major resurfacing, the chance
that the other lane of the same route will also need resurfacing
is 3 times its original probability.

(b) Assuming that the need for resurfacing in routes A and B are
statistically independent, what is the probability that the road
between cities 1 and 3 will require major resurfacing in two
years?

2.7 From past experience, it is known that, on the average, 10%
of welds performed by a particular welder are defective. If this
welder is required to do three welds in a day,

(a) What is the probability that none of the welds will be defec-
tive?

(b) What is the probability that exactly two of the welds will be
defective?

(c) What is the probability that all the welds for a day are defec-
tive?

It is assumed that the condition of each weld is independent
of the conditions of the other welds.

2.8 On a given day, casting of concrete structural elements at a
construction project depends on the availability of material. The
required material may be produced at the job site or delivered
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from a premixed concrete supplier. However, it is not always
certain that these sources of material will be available. Further-
more, whenever it rains at the site, casting cannot be performed.
On a given day, define the following events:

E| = there will be no rain

E> = production of concrete material at the job site is feasible

E; = supply of premixed concrete is available

with the following respective probabilities:

P(E;)=0.8; P(E,)=0.7;
P(E;|E2) = 0.6

P(E;) = 0.95;
and

whereas £, and E5 are statistically independent of .
(a) Identify the following events in terms of £, E>, and E5:
(i) A =casting of concrete elements can be performed on a
given day.
(ii) B = casting of concrete elements cannot be performed on
a given day.
(b) Determine the probability of the event B.
(c) If production of concrete material at the job site is not feasi-
ble, what is the probability that casting of concrete elements can
still be performed on a given day?

2.9 A construction firm purchased 3 tractors from a certain com-
pany. At the end of the fifth year, let £, E,, E5 denote, respec-
tively, the events that tractors no. 1, 2, and 3 are still in good
operational condition.

(a) Define the following events at the end of the 5th year, in

terms of £, E,, and E;, and their respective complements:

A = only tractor no. | is in good condition.

B = exactly one tractor is in good condition.

C

at least one tractor is in good condition.

(b) Past experience indicates that the chance of a given tractor
manufactured by this company having a useful life longer than
5 years (i.e., in good condition at the end of the 5th year) is 60%.
If one tractor needs to be replaced (not in good operational con-
dition) at the end of the 5th year, the probability of replacement
for one of the other two tractors is 60%:; if two tractors need to
be replaced, the probability of replacement of the remaining one
is 80%.
Evaluate the probabilities of the events A, B, and C.

2.10 A contractor has two subcontractors for his excavation
work. Experience shows that in 60% of the time, subcontrac-
tor A was available to do a job, whereas subcontractor B was
available 80% of the time. Also, the contractor is able to get at
least one of these two subcontractors 90% of the time.

(a) Whatis the probability that both subcontractors will be avail-
able to do the next job?

(b) If the contractor learned that subcontractor A is not available
for the job, what is the probability that the other subcontractor
will be available?
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(¢) Suppose £, denotes the event that subcontractor A is avail-
able, and Ejy denotes that subcontractor B is available.

(i) Are E, and Ejp statistically independent?

(ii) Are E and Eg mutually exhaustive?

(iii) Are £4 and Ejp collectively exhaustive?

2.11 An underground site is being considered for the storage of
hazardous waste. Within the next 100 years, there is a 1% chance
that the hazardous material could leak outside of the storage con-
tainment. Two adjacent towns, A and B, rely on ground water for
their water supply. The water to each town will be contaminated
if there is a leakage in the waste storage and if there exists a
continuous seam of sand between the storage containment and
the given town. Observe that the presence of a continuous seam
of sand would allow the contaminant to move freely and quickly

access a region.

waste
storage
site X

Suppose there is a 2% chance of a continuous seam of sand from
the storage site to A, and the probability of a continuous seam of
sand to B is slightly higher and equals 3%. However, if a contin-
uous seam of sand exists between X and A, the probability of a
continuous seam of sand between X and B is increased to 20%.
Assume that the event of leakage from the storage is independent
of the presence of seams of sand. Consider the period over the
next 100 years.

(a) What is the probability that water in town A will be contam-
inated?

(b) What is the probability that at least one of the two towns’
water will be contaminated?

2.12 Towns A. B, and C lic along a river, as shown in the figure
below, which may be subject to overflow (flooding). The annual
probabilities of flooding are 0.2, 0.3, and 0.1 for towns A, B, and
C, respectively. The events of flooding in each of the towns A,
B. and C are not statistically independent. If town C is flooded
in a given year, the probability that town B will also be flooded
that same vear is increased to 0.6; and if both towns B and C are
flooded in a given year, the probability that town A will also be
flooded that year is increased to 0.8, However, if town C does
not experience flooding in a given year. the probability that both
towns A and B will also not suffer any flooding in that year is
0.9. In a given year, if all three towns are flooded, it is regarded
as a disaster year for the year. Suppose the flooding events be-
tween any two years are statistically independent. Answer the
following:

(a) What is the probability that a given year in the region is a

disaster year”

{(b) If town B is flooded in a given year, what is the probability
that town C is also flooded?
(¢) What is the probability that at least one town is flooded in a

given year?

C

B %

2.13 Successful completion of a construction project depends on
the supply of materials and labor as well as the weather condi-
tion. Consider a given project that can be successtully completed
if either one of the following conditions prevails:

(a) Good weather and at least labor or materials are adequately
available.

(b) Bad weather but both labor and materials are adequately
available.

Define:
G = Good weather
i = Bad weather
L. = Adequate labor supply
M = Adequate materials supply
C = Successful completion

Suppose P(L)=0.7; P(G)=0.6 and L is independent of both
M and G. If the weather is good, adequate supply of materi-
als is guaranteed, whereas the probability of adequate supply of
material is only 50% if bad weather prevails.

(a) Formulate the event of successful completion in terms of
G.L, and M.

(b) Determine the probability of successful completion. (Ans.
0.74)

{¢) If the project was successfully completed, what is the prob-
ability that labor supply had been inadequate? (Ans. 0.243)
2.14 The number of accidents at rail-highway grade-crossings
reported for a province over the last 10 years are summarized
and classified as follows:

Type of Accident

(R)Runinto  (S) Struck by

Train Train
Time of Day (D) 30 60
Qccurrence Night (N) 20 20

Suppose there are 1000 rail-highway grade-crossings in
province XY.
(a) What is the probability that an accident will occur at a given

crossing next year? (Ans. 0.013)



(b) If an accident is reported to have occurred in the daytime,
what is the probability that it is a “struck by train™ accident?
(Ans. 2/3)
(¢) Suppose that 50% of the “run into train” accidents are fa-
tal and 80% of the “struck by train” accidents are fatal, what
is the probability that the next accident will be fatal? (Ans.
0.685)
(d) Suppose D = event that the next accident occurs in the
daytime
R = event that the next accident is a “run into
train” accident
(i) Are D and R mutually exclusive? Justify.
(ii) Are D and R statistically independent? Justify. (Ans. no)

2.15 The promising alternative energy sources currently under
development are fuel cell technology and large-scale solar energy
power. The probabilitics that these two sources will be success-
fully developed and commercially viable in the next 15 years are,
respectively, (.70 and 0.85. The successful development of these
two energy sources are statistically independent. Determine the
following:
(a) The probability that there will be energy supplied by these
alternative sources in the next 15 years.
(b) The probability that only one of the two alternative energy
sources will be commercially viable in the next 15 years.
2.16 An examination of the 10-year record of rainy days for a
town reveals the following:

1. 30% of the days are rainy days.

2. There is a 50% chance that a rainy day will be followed
by another rainy day.

3. There is a 20% chance that two consecutive rainy days
will be followed by a third rainy day.
A house is scheduled for painting starting next Monday for a
period of 3 days.

(a) Let E, = Monday is arainy day
E., = Tuesday is a rainy day
E, = Wednesday is a rainy day

Express the events corresponding to the three probabili-
ties indicated above; i.e., 1, 2, and 3, in terms of £, E>, E;.
(b) What is the probability that it will rain on both Monday and
Tuesday?
(c) What is the probability that Wednesday will be the only dry
day during the painting period?
(d) What is the probability that there will be at least one rainy
day during the 3-day painting period?

2.17 Mr. X who works in the office building D is selected for
observation in a study of the parking problem on a college cam-
pus. Each day, assume that Mr. X will check the parking lots A,
B, and C in that sequence, as shown in the figure below, and will
park his car as soon as he finds an empty space. Assume also
that there are only these three parking lots available and no street
parking is allowed, among which lots A and B are free—whereas
lot C is metered.
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Suppose that from prior statistical observations, the proba-
bilities of getting a space on each weekday morning in lots A, B,
and C are 0.20, 0.15, and 0.80, respectively. However, if lot A is
full, the probability that Mr. X will find a space in lot B is only
0.05. Also, if both lots A and B are full, Mr. X will only have a
probability of 40% of getting a parking space in lot C.

Determine the following:

(a) The probability that Mr. X will not find free parking on a
weekday morning.

(b) The probability that Mr. X will be able to park his car on
campus on a weekday morning.

(¢) If Mr. X successfully parked his car on campus on a weekday
morning, what is the probability that his parking is free?

[>< office bldg. D

Lot C
"metered",

&=
Bldg. E B

A study of campus parking.

2.18 A building may fail by excessive settlement of the foun-
dation or by collapse of the superstructure. Over the life of the
building, the probability of excessive settlement of the founda-
tion is estimated to be 0.10, whereas the probability of collapse
of the superstructure is 0.05. Also, if there is excessive settlement
of the foundation, the probability of superstructure collapse will
be increased to 0.20.

(a) What is the probability that building failure will occur over
its life?

(b) If building failure should occur during its life, what is the
probability that both failure modes will occur?

(¢) What is the probability that only one of the two failure modes
will occur over the life of the building?

2.19 The automobile brake system consists of the following
components: the master cylinder, the wheel cylinders, and the
brake pads. Failure of any one or more of these components will
constitute failure of the brake system. Within a period of 4 years
or 50,000 miles without maintenance, the failure probabilities of
the master cylinder, wheel cylinders, and brake pads are 0.02,
0.05, and 0.50, respectively. The probability that both the master
cylinder and the wheel cylinders will fail within the same period
or mileage is 0.01. The failure of the brake pads is statistically
independent of the failures in the master and wheel cylinders.
(a) What is the probability that only the wheel cylinders will fail
within 4 years or 50,000 miles?

(b) What is the probability that the brake system will fail within
4 years or 50,000 miles?

(¢) When there is failure in the brake system, what is the prob-

ability that only one of the three components failed?
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2.20 let E,, E», and E; denote the events of excessive snowfall
in the first. second, and third winters, respectively, from this fall.
Statistical records of snowfalls indicate that during any winler,
the probability of excessive snow is 0.10. However, if exces-
sive snowfall occurred in the previous winter, the probability of
excessive snowfall in the following winter is increased to 0.40,
whereas if the preceding two winters are both subjected to exces-
sive snowfalls, the probability of excessive snow in the following
winter will be 0.20.

(a) From the information given above, determine the following:

P(E)), P(Ey), P(E2|E1), P(E;|E,| E2), P(E3|E>)

(b) What is the probability that excessive snowfall will occur in
at least one of the next two winters?

(¢) What is the probability that excessive snowfall will occur in
each of the next three winters?

(d) If the preceding winter did not experience excessive sSnow-
fall, what is the probability that the subsequent winter will not
suffer excessive snowfall? In other words, determine P(E,|E)).
Hint: Start out with the following relationship:

PE,UE) =1 — P(E,UE;) = | — P(E, Ex)

2.21 Weather records for a certain region indicate that there is
a tendency for two hot summers Lo occur in a row. From the
statistics for the region, the following information has been es-
tablished: (i) the chance of any given summer being hot is 0.20;
(i) if the weather in a given summer is hot, the following summer
will also be hot with a probability of 0.40; and (iii) the weather
in any given year depends only on the weather in the previous
year.

(a) What is the probability that there will be three hot summers
in a row in the given region?

(b) If the summer this year is not hot, what is the probability
that the summer next year will not be hot?

(¢) What is the probability that there will be at least one hot
summer in the next 3 years?

2.22 A metropolitan city derives its electrical power from three
generating plants A, B, and C. Each plant has a generating ca-
pacity of 50 MW (megawatt). The chances that the generating
plants will be shut down (for periodic maintenance, due to over-
load. accidents, etc.) in any given week are, respectively, 5%,
5%. and 10%. The operations of plants A and B arc related in
such a way that in case of a shutdown at one plant, there is a
probability of 50% that the other plant will also shut down due

to overload. whereas the operation of plant C is independent of

the other two plants.

(a) During a severe storm, lightning knoc ked out the power lines
from plant A, and repair of the lines will take at least 1 week.
What is the chance that the city will suffer a complete blackout
(no power) in the week caused by the storm?

(b) What is the probability that the city will have no power in

any given week?

(¢) What is the probability that the available power supply to the
city is less than or equal to 100 MW in a given week?

2.23 The probability that a strong earthquake will cause damage
to a certain structure has been estimated to be 0.02.

(a) What is the probability that the structure can survive three
such strong earthquakes?

(b) What is the probability that the structure will be damaged
during the second of two such strong earthquakes?

It may be assumed that damages to the structure caused by suc-
cessive earthquakes are statistically independent.

2.24 A team of two engineers, A and B, was assigned o check
a set of computations. The two work simultaneously but sepa-
rately and independently. The probability of engineer A spotting
a given error is (.8, whereas that for B is 0.9.

(a) Suppose there is only one error in the computation. What 1s
the probability that this error will be spotted by this team? (Ans.
0.98)

(b) If the error in part (a) was identified, what is the probability
that it was discovered by A alone? (Ans. 0.082)

(¢) Suppose there is an alternative team consisting of three en-
ginecers Cy, Co, and Cs, each of whom works separately and
independently and has a probability of 0.75 of spotting a given
error. Would this team of three engineers be selected instead, if
the objective is to maximize the chance of spotting the error?
Please justify. (Ans. yes)

(d) In part (a), suppose there were two €Irors in the computa-
tions. What is the probability that both errors will be spotted
by the team of two engineers? Assume that the events of spot-
ting between any (Wo eITOrs are statistically independent. (Ans.
0.960)

2.25 A self-standing antenna disk is supported by a lattice struc-
ture that is anchored to the ground at the base. During a wind
storm, the disk may be damaged as a result of anchorage fail-
ure and/or failure of the lattice structure. Suppose the following
information is known:

1. The probability of anchorage failure during a wind storm is
0.006.

2. 1f the anchorage should fail, the probability of failure of the
lattice structure will be 0.40, whereas the probability of failure
of the anchorage given that failure has occurred in the lattice
structure is 0.30.

Determine the following:

(a) The probability of damage to the antenna disk during a wind
storm.

(b) The probability that only one of the two potential failure
modes will occur during a wind storm.

() If the disk is damaged during a wind storm, w hat is the prob-

ability that it was caused only by anchorage failure?

2.26 The probability of a severe fire (denoted event F) occur-
ring in a new hospital is assumed to be low. The insurance com-
pany estimates that the probability of a fire occurring in a year
is P(F)=0.01. However, for additional safety, a very sensitive



fire alarm system was installed. This system will always sound
an alarm (A) whenever there is a fire; but because of its high

sensitivity, it may also cause false alarms with a probability of

P(A
one fire in a year.
(a) List the set of mutually exclusive and collectively exhaustive

F)=0.1. Assume that there is no possibility for more than

events.

(b) Calculate the probabilities for each of the events listed in
(a).

() What is the probability that the alarm system will be trig-
gered in one year?

(d) What is the probability of a real fire given that the alarm
sounded?

2.27 The probability of contracting a certain disease (event
D) during one’s lifetime is very small, with probability
P(D)=0.001. However, if left untreated the disease is always fa-
tal. Fortunately, modern medical science has provided a diagnos-
tic test 7" to detect the presence of the disease; however, the test is
not always correct. If a person has the disease, there is only 85%
probability that the test will be positive, i.e., P(T'|D) = 0.85. Also,
there is a small probability of 2% that the test will be positive even
when a patient does not have the disease, i.e., P(T| D) = 0.02.
(a) Identify the set of mutually exclusive and collectively ex-
haustive events.

(b) Calculate the probabilities for each of the events identified
in (a).

(¢) What is the probability of a positive test result?

(d) If a person’s test result is positive, what is the probability
that he/she has the discase?

2.28 A car is traveling from point M to point Q according to
the route indicated in the figure below. The driver has to pass
through three intersections, namely at A, B, and C where traffic
lights are installed. Information on the traffic lights relative to
the driver is as follows:

1. The light at A is equally likely to be either red or green.

2. The light at B is equally likely to be either red or green; how-
ever, if the driver encounters green at A, he will meet a green
light at B with a probability of 0.80.

3. The driver will encounter a red or green or left turn only at C.
The probability of meeting left turn only at C is 0.20. The signal
lights at C are statistically independent of those at A and B, and
left turns at C are permitted only when the left rurn only signal

Q

", L Il
| il

is on.

(a) In terms of the following: G4 = light signal at A is green;
Gy =light signal at B is green; and G r = left turn only signal is
on at C, define the following events:

E, = stopped by red lights between M and N.
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k> =stopped by signal at C from M to Q.

Ey =stopped by red signal once between M and N.
(b) Compute the probability that the driver will be stopped by
traffic signals at least once traveling from M to Q.
(¢) Compute the probability that the driver will be stopped by
traffic signals at most once going from M to N.

2.29 From previous records on winter weather for a town, the
probability that it snows on a given day is 0.2. Records also re-
veal that low temperature (say less than 0°F) occurs on 5% of the
days, whereas windy days occur 10% of the time. If temperature
is low, the probability of snow on that day is increased to 30%.
Let S, C, and W denote the events of snow, low temperature and
wind, respectively, on a given day. The event W may be assumed
to be statistically independent of S and C.

(a) What is the probability of having a doomsday (i.e., snow,
low temperature, and wind all occurring on the same day)? (Ans.
0.0015)

(b) Suppose a construction project cannot progress if it is windy
or cold, but it is not affected by snow. What is the probability that
construction work will be stopped on a given day? (Ans. 0.145)
(¢) Onaday without snow, what is the probability that construc-
tion work cannot proceed? (Ans. (1./39)

(d) What is the probability of a nice winter day (i.e., no snow,
no gusty wind, and no low temperature)?

(e) Suppose U denotes the event of uncomfortable wind chill
condition on a given day. If either C or W (but not both) occurs,
the probability of U is 50%, whereas, if both C and W occur. the
probability of U is 100%, and U will not occur if both C and W
do not occur. What is the probability of the event U on a given
winter day?

2.30 Lead and bacteria are the two common sources of con-
tamination in a water distribution system. Suppose 4% of the
water distribution systems are contaminated by lead, and only
2% of the water distribution systems are contaminated by bacte-
ria. Assume that the events of lead and bacterial contamination
are statistically independent.

(a) Determine the probability that a water distribution system
selected at random for inspection is contaminated. (Ans. 0.0592)
(b) If a system is indeed contaminated, what is the probability
that it is caused by lead only? (Ans. 0.662)

2.31 The 15-ft diameter tank shown below rests on a concrete
base. When there is water in the tank, it will be at the 10-ft or
20-ft level, and the probability of either level is 0.40. The weight
of the tank is 100,000 Ib and the weight of the water is 11,000
Ib per foot of water level in the tank. The frictional resistance
against the horizontal force is equal to the total weight of the
tank and contents times the coefficient of friction, or

F=CW
where
C = the coefficient of friction

W = total weight of tank and contents
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(a) If Cis equally likely to be 0.10 or 0.20, identify the sample
space of the frictional resistance to horizontal sliding of the tank.
(b) If the total maximum horizontal force during a wind storm
is 15,000 b, what is the probability that the tank will be dis-
placed (slide) horizontally during the storm? The value of Cis
statistically independent of the total weight.

{c) Suppose that the total maximum horizontal force during a
wind storm (that may cause sliding) may be 15,000 Ib or 20,000
lb with respective probabilities of 60% and 40%: in such a case,
what would be the probability of sliding of the tank? Assume
that the maximum wind force is statistically independent of the

frictional resistance.

Water levels

- ///
— 20
b

'

15' Diameter tank

Horizontal
force

2.32 A landfill containment system is shown in the figure below.
A thick layer of clay (which is a highly impermeable material)
was placed between the landfill and the surrounding soil stra-
tum to prevent the contaminants leaking from the landfill into
the soil stratum resulting from rainfall infiltration. A layer of
synthetic material called geomembrane was also placed above
the clay material to provide additional protection against leakage
of contaminants. Nevertheless, the quality of workmanship dur-
ing construction may not be completely satisfactory. First, the
clay might have been compacted poorly: second, the geomem-
brane might have holes punctured by sharp stones that were not
detected during inspection. Moreover, extremely heavy rainfall
could happen during the operation of the landfill, which could
induce excessive pore pressure on the geomembrane/clay layers.

Rainfall

—— T

. * 'Soil straturm Y A B R

FH N ~ g T TR |

The engineer in this case believes that leakage will happen “dur-
ing extremely heavy rainfall, and either the clay was not well
compacted or there were holes in the gecomembrane™ (event I).
Leakage could also occur “under ordinary rainfalls (i.e., without
extremely heavy rainfall), but only when the clay was not well
compacted and the geomembrane contained holes™ (event II).

W = event of well-compacted clay: and this occurs
with 90% probability
H = event of geomembrane containing holes; and this
is 30% likely
E = event of extremely heavy rainfall; and the
likelihood is 20%

The quality of construction has no effect on the future amount
of rainfall. However, it the geomembrane contained holes, the
probability of a well-compacted clay is reduced to 60%.

(a) Express event L in terms of the symbols defined above. Re-
peat for event 11.

(b) Determine the probability of event . Repeat for event II.
(Ans. 0.056, 0.096)

(e1) Are W and H mutually exclusive? Are they statistically in-
dependent? Provide explanations to support your answers. (Ans.
no, no)

(¢2) Are the events I and Il mutually exclusive? Are they col-
lectively exhaustive? (Ans. yes, no)

(d) Determine the probability of leakage for this landfill con-
tainment system. (Ans. 0.152)

2.33 A community is concerned about the supply of energy for
the coming winter. Suppose there are three major sources of en-
ergy for the community, namely electrical power. natural gas,
and oil. Let £, G. and O denote, respectively, the shortages of
these sources of energy for the next winter. Also, it is estimated
that the respective probabilities of these shortages are as follows:

P(E)=10:15; P(G) = 0.10; and P(0O)=10.20

Furthermore, if there is a shortage of oil, the probability that
there will be shortage of electrical energy will be doubled. The
shortage of gas may be assumed to be statistically independent
of shortages in oil and electricity.

(a) What is the probability that there will be shortages in all the
three sources of energy next winter?

(b) What is the probability that there will be shortages in at least
one of the following sources next winter: gas and electricity?
(¢) If there is a shortage of electricity next winter, what is the
probability that there will also be shortages in both gas and oil?
(d) What is the probability that at least two of the three sources
of energy will be in short supply next winter?

2.34 An aerial reconnaissance system consists of three remote
sensing components A, B, and C such that the failure of any
one of the components will constitute the failure of the system.

Flying at normal attitudes, the probabilities of failure of the
components over a period of 10 years are, respectively, 0.05,
0.03, and 0.02, whereas operating at ultrahigh altitudes, the cor-
responding failure probabilities would be 0.07, 0.08, and 0.03. In
60% of the time, the reconnaissance system will be operating at
normal altitudes, and 40% of the time it will be used at ultrahigh
altitudes.

The system is such that if component A should fail, the
failure probability of component B will be twice its original



probability. On the other hand, the failure of component C is
statistically independent of A or B.

If the reconnaissance system fails within 10 years, what
is the probability that it was caused by the failure of compo-
nent B?

2.35 In any given year, the winter in a Midwest city can be cold
(C) and wet (W). On the average, 50% of the winters in this city
are cold and 30% of the winters are wet. Moreover, 40% of the
cold winters are also wet. An unpleasant winter (U) is one when
the weather is either cold or wet or both.

(a) Are the events C and W statistically independent? Justify.
(b) What is the probability of an unpleasant winter in a given
year?!

(¢) What is the probability that the winter in any given year will
be cold but not wet?

(d) Ifthe winter in a given year is indeed unpleasant, what is the
probability that it will be both cold and wet?

2.36 A city commuter can take one of three possible routes A, B,
or C to work. On a given weekday morning, during rush hours,
the chances that routes A, B, and C will have traffic congestion, H,
are, respectively, 60%, 60%, and 40%. Routes A and B are close
by each other such that if the traffic is congested in one route the
chance of congestion in the other route increases to 85%, whereas
the condition in route C is unaffected (i.e., independent) by the
traffic conditions in routes A and B. Also, if the traffic in all the
three routes are congested, the chance that the commuter will be
late, L, for work is 90%, otherwise it will be 30%.

(a) What is the probability that exactly one of the three routes
will be congested on a weekday morning?

(b) What is the probability that the commuter will be late for
work on a given weekday morning?

(¢) If it is known that the traffic in route A is congested, how
would this fact change the probability in (b)?

2.37 The damage in a structure after an earthquake can be clas-
sified as none (N), light (L) or heavy (H). For a new undamaged
structure, the probability that it will suffer light and heavy dam-
ages after an earthquake is 0.2 and 0.05, respectively. However, if
a structure was already lightly damaged., its probability of getting
heavy damage during the next earthquake is increased to 0.5.
(a) For a new structure, what is the probability that it will be
heavily damaged after two earthquakes? Assume that no repair
was performed after the first earthquake. (Ans. 0.188)

(b) If a structure is indeed heavily damaged after two earth-
quakes, what is the probability that the structure was either un-
damaged or lightly damaged before the second earthquake? (Ans.
0.733)

(¢) If the structure is restored to its undamaged condition after
cach earthquake, what is the probability that the structure will
ever experience heavy damage during three earthquakes? (Ans.
0.143)

2.38 In a typical month, the demand for cement material in a
city may be low (L), average (A), or high (H) with respective
probabilities of 0.60, 0.30, and 0.10. The various suppliers of
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cement material in the city can definitely handle a low demand
(L), but if the demand is average (A) or high (H), the supply may
be inadequate with probabilities of 0.10 and 0.50, respectively.
(a) What is the probability of shortage of cement material in a
given month?

(b) If a shortage occurred in a month, what is the probability
that the demand had been average?

(e) What is the probability of shortage of cement in at least
I month over a 2-month period? Assume that the demand and
supply of cement material are statistically independent between
consecutive months.

2.39 Prefabricated wall panels are shipped to a construction
project site. Suppose that one shipment is delivered daily to the
site. Due to errors in the fabrication process of the panels, it is
estimated that the number of defective wall panels in a shipment
is 0, 1, or 2 with respective probabilities of 0.2, 0.5, and 0.3.
When the wall panels are delivered, they are inspected by
the supervisor at the construction site. The supervisor will accept
the entire shipment if at most one panel is found to be defective;
otherwise the shipment is rejected.
(a) Determine the probability that a shipment will be accepted
on a given day.
(b) What is the probability that exactly one shipment will be
rejected in a week consisting of 5 working days?
(¢) The inspection procedure, however, is not perfect; it is only
80% likely that a defective panel will be correctly identified.
Assuming that the identification of any two defective panels are
statistically independent, determine the probability that a ship-
ment will be accepted on a given day.

2.40 A construction project is about 2 months away from the
scheduled completion date. Based on the progress of the project
to date, the contractor estimated that the project can be completed
on schedule without difficulty if good weather continues for the
next 2 months; whereas if the weather in the next 2 months is
normal, the probability of on-time completion will be 90%. This
probability will be reduced to 20% if bad weather prevails, in
which case he has the option of launching a crash program to
improve the on-time completion probability to 80%. However,
because of uncertainty in the labor market, there is only a 50—
50 chance that he can successfully launch a crash program when
needed. Assume that no crash program is necessary if the weather
condition is good or normal. Suppose also that the weather bu-
reau predicts that the relative likelihoods of good, normal, and
bad weather conditions in the next 2 months are 1:2:2.

(a) What is the probability that the construction project will be
completed on schedule?

(b) 1f the project was not completed on schedule, what is the
probability that the weather condition had been normal?

2.41 A country is examining its energy situation for the next
10 years. Suppose this country depends on oil and natural gas
as its principal sources of energy. Energy experts in the country
estimated that there is a 40% probability that gas supply will
be low in the next 10 years, whereas the probability of low oil
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supply is 20%. However, if oil supply is low, the probability that
gas supply will also be low is increased to 50%.

The demand for energy in the next 10 years is also pro-
jected, and the experts estimated that the probabilities of low,
normal, and high demand in the next 10 years will be 0.3, 0.6,
and 0.1, respectively. Depending on the level of energy demand
and the supplies of oil and gas in the next 10 years, an “energy
crisis” might occur according to the following table.

Energy Occurrence of

Demand Oil and Gas Supply Energy Crisis
Low Both low Yes
Normal At least one low Yes
High Regardless of supply situation Yes

(a) If there is normal energy demand in the next 10 years, what
is the probability of an “energy crisis™?

(b) What is the probability of an “energy crisis” in the next
10 years?

2.42 Tn an offshore area in the Gulf of Mexico, the probabilities
that the area will be hit by one or two hurricanes in a given year
are, respectively, 20% and 5%. The probability of more than two
hurricanes in a year is negligible. An oil production platform in
this area consists of two substructures, a jacket truss and a deck.
[f the hurricane occurs only once in a given year, the annual
probability that both substructures will not suffer any damage
is 99% this probability drops to 80% if two hurricanes should
oceur in a year.

(a) What is the probability that the platform (i.e., at least one of
the substructures) will suffer some damage if the area is hit by
one hurricane in a given year? Assume that damages to the two
substructures are statistically independent. What would be this
probability if two hurricanes should occur in the given year?
(b) What is the probability that the platform will suffer some
hurricane damage next yecar?

(¢) If no damage to the platform was found at the end of a year,
what is the probability that no hurricanes occurred that year?

2.43 The common five-axle semitrailer trucks dominate the
heavy truck traffic over a bridge that has been selected for struc-
tural monitoring and testing. For simplicity, the heavy vehicles
are classified as empry (E), half-full (H), or fully loaded (F). Only
one vehicle at a time can be observed on the bridge at any instant,
but it can be in either of two lanes, lane A or lane B. The likeli-
hood of a truck being in lane A is five times greater than in lane
B. The lane in which a truck crosses the bridge is independent
of the load it carries.

Of concern are stresses in a girder under lane A. If a fully
loaded truck, F, crosses the bridge in lane A, a critical fatigue
stress is certain to occur, whereas if the same truck were to cross
in lane B. the likelihood of a critical stress is reduced to 60%.
The likelihood that a half-loaded truck, H, will produce a critical
stress is 40% when in lane A, but only 10% when in lane B. No

other loading conditions will produce critical fatigue stresses in
the girder.

(a) Determine the sample space of possible bridge loading con-
ditions relative to the fatigue stresses in the girder, i.¢., consisting
of load and lane position.

(b) Given that a vehicle is in lane B, what is the probability that
it is fully loaded (event F)?

(c) What is the probability of the occurrence of critical fatigue
stresses in the girder?

(d) Tf a critical stress is observed, what is the probability that it
was caused by a vehicle in lane A7

2.44 There are two possible modes of failure of a reinforced con-
crete (R/C) beam; namely, shear failure, which can occur sud-
denly without warning, and bending failure which is preceded by
large deflection. Experience indicates that 5% of all failures of
R/C beams are by the shear mode and the rest by bending mode.
Laboratory tests show that 80% of all shear failures exhibit di-
agonal cracks at the end of a beam prior to failure, whereas only
10% of bending failures show such diagonal cracks.

(a) What is the probability that an R/C beam will show diagonal
cracks before failure?

(b) After a severe earthquake, upon inspection of an R/C build-
ing, an engineer found cracks at the end of one of the beams
in the building. Should he recommend immediate repair if the
owner's instruction is that immediate repair is necessary only if
shear failure is likely to occur or that failure probability exceeds
T5%?

2.45 Traffic signals were installed at an intersection involving
two one-way streets. Suppose 85% of the vehicles w ill decelerate
when they see the amber light, whereas 10% will accelerate and
59 are “indecisive” and simply continue with the same speed.
Five percent of those who accelerated will eventually run a red
light, and only 2% of the “indecisive” drivers will be forced to
run a red light. All of those who decelerated are able to stop
before the red light.

(a) For a vehicle encountering the amber light at this intersec-
tion, what is the probability that it will run the red light?

(b) If a vehicle were found to have run a red light, what is the
probability that the driver had accelerated?

(¢) The likelihood of an accident resulting
ning the red light (referred to as a problem vehicle) is studied as
follows. Suppose in 60% of the time, vehicles are waiting on the

Tom a vehicle run-

other street at the start of their green light cycle, ready to cross the
intersection. Most of these drivers, say 80%, are cautious before
they entered the intersection, whereas the rest are not cautious.
Given the presence of a problem vehicle in the intersection zone,
a cautious driver can avoid the problem vehicle 95% of the time,
whereas 20% of the noncautious drivers will collide with the
problem vehicle. What is the probability that a problem vehicle
will lead to an accident?

(d) Suppose the annual traffic flow in one of these one-way
streets is 100,000 vehicles and 5% of them would encounter the
amber signal light. Estimate the number of accidents per year



in the intersection that would be traced back to vehicles running
through a red light on that street.

2.46 A major construction company has three branches A, B,
and C operating in different parts of the country. The chances
that the branches will be profitable in any given year are 70%,
70%, and 60%, respectively. The operations of branches A and
B are related such that if one makes a profit the probability of
the other branch also making a profit increases to 90%, whereas
branch C is independent of both A and B. At the end of each year,
if at least two branches are profitable, the chance that employees
will receive a bonus is 80%: otherwise the chance of a bonus
will only be 20%.

(a) What is the probability that exactly two branches will make
profits in a given year?

(b) Determine the probability that the company employees will
receive a bonus this year.

(e) If it is known for sure that branch A will end this year in the
red (i.e., not making any profit), how would this fact change the
probability of part (b)?

2.47 A contractor finds that some of his building projects in-
volve difficult foundation conditions, and others are considered
easy. His current projects are in three counties in Illinois; namely,
in Champaign, Ford, and Iroquois. The contractor has statistics
from previous jobs in these counties which enable him to make
the following observations with confidence:

1. The probability of any building project picked at random

will have a difficult foundation problem is 2/3.

2. 1/3 of the projects are in Ford County.

3. 2/5 of his projects are in Troquois County and involve dif-

ficult foundation conditions.

4. Of all his projects in Ford County, 50% involve difficult

foundation conditions.

5. The events of a project in Champaign County and the foun-

dation condition are statistically independent.
(a) What is the probability of having the next project in Ford
County that has easy foundation conditions?
(b) What is the probability of having the next project in Cham-
paign County with easy foundation conditions?
(c) If we know only that his next project will have easy foun-
dation conditions, what is the probability that it is in Iroquois
County?
2.48 The three major loadings on a nuclear power plant, as far as
safety is concerned, are those due to severe earthquakes (E), loss
of coolant accident (L), and thermal transients (T). For a typi-
cal plant, the chances of occurrence of E. L, and T in a given
year are, respectively, 0.0001, 0.0002, and 0.00015. Also, severe
earthquakes sometimes cause L due to pipe breaks; it is estimated
that the chance of L increases to 10% if severe earthquakes occur
in the same year. T is assumed to be independent of both E and L.
(a) What is the probability that in a given year, all three types

of loadings will occur?
(b) If at least one of the major loadings occurs, the plant has to
be shut down for a period of time and the utility company will
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suffer some loss of revenue due to power outage. What is the
probability of this loss in a given year?

(e) If the utility company incurs this loss of revenue in a given
year, what is the probability that severe earthquakes occurred
that year?

2.49 At a construction project, the amount of material used in
a day’s construction is either 100 units or 200 units, with corre-
sponding probabilities of 0.60 and 0.40. If the amount of mate-
rial required in a day is 100 units, the probability of shortage of
material is 0.10, whereas if the amount of material required is
200 units, the probability of shortage of material is 0.30.

(a) What is the probability of shortage of material in a given
day? (Ans. 0.18)

(b) If there is a shortage of material in a given day, what is
the probability that the amount of material required that day is
100 units? (Ans. 1/3)

2.50 A space vehicle is designed to land on Mars. Assume that
the ground condition on Mars is either hard or soft. If hard ground
is encountered during landing, the vehicle will be successfully
landed with probability 0.9, whereas, if soft ground is encoun-
tered, the corresponding probability of a successful landing is
only 0.5. Based on the available information, it is judged that the
chance of hitting hard ground is three times that of hitting soft
ground.

(a) What is the probability of a successful landing? (Ans. 0.8).
(b) Suppose a stick can be projected to test the ground condition
before landing. It will penetrate into soft ground with probabil-
ity 0.9, and hard ground with probability of only 0.2. If the stick
were observed to penetrate into the ground, what is the proba-
bility that the ground is hard? (Ans. 0.4)

(¢) What is the probability of a successful landing if the stick
penetrated the ground? (Ans. 0.66)

2.51 Cement and reinforcing steel (rebars) are essential materi-
als for constructing a reinforced concrete building. During con-
struction, the probabilities of encountering shortages of these
malerials (e.g., caused by strikes at the factories) are, respec-
tively, 0.10 and 0.05. However, if cement is available, the proba-
bility of shortage of rebars is reduced to one-half of the original
probability.

(a) What is the probability that there will be shortage of either
(or both) construction material?

(b) What is the probability that only one of the two materials
will be available?

(¢) If there is shortage of material during construction, what
is the probability that it will be shortage of reinforcing
steel?

The construction materials referred to above must be transported
from the factories to the construction site either by trucks or
trains. Past records show that 60% of the materials are trans-
ported by trucks and the remaining 40% by trains. Also, the
probability of on-time delivery by trucks is (.75, whereas the
corresponding probability by trains is 0.90.
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(d) What is the probability that materials to the construction site
will be delivered on schedule?

(e) If there is delay in the transportation of construction mate-
rials to the site, what is the probability that it will be caused by
truck transportation?

2.52 Water for a city is supplied from two sources; namely,
Source A and Source B. During the summer season, the prob-
ability that the supply from Source A will be below normal is
0.30; the corresponding probability for Source B is 0.15. How-
ever, if Source A is below normal, the probability that Source
B will also be below normal during the same summer season is
increased to 0.30.

The probability of water shortage in the city will obviously
depend on the supplies from the two sources. In particular, if
only Source A is below normal supply, the probability of water
shortage is 0.20, whereas if only Source B is below normal the
corresponding probability of shortage is 0.25. Obviously, if none
of the sources are below normal, there would be no chance of
shortage, whereas if both sources are below normal during the
summer, the probability of water shortage in the city would be
0.80.

During a summer season, determine the following:

(a) The probability that there will be below normal supply of
water from either or both sources.

{(b) The probability that only one of the two sources will be
below normal supply.

(¢) The probability of water shortage in the city during the sum-
mer season.

(d) If water shortage should occur in the city, what is the prob-
ability that it was caused by below-normal supplies from both
sources?

(e) If there is no water shortage in the city during the summer,
what is the probability there was normal supply from Source A?

2.53 A consulting engineer must meet a deadline for a project
consisting of two independent phases:

(1) Field work—If weather conditions are favorable, the prob-
ability that the field work will be completed on schedule is 0.90.
Otherwise, the probability of on-schedule completion is reduced
to 0.50. The probability of unfavorable weather is 0.60.

(2) Computations—Two independent computers are available
to perform the required calculations. Each computer has a reli-
ability of 70% (i.e., the probability of working is 0.70). If only
one of the computers is working, the probability of completing
the computations on time is 0.60, whereas, if both computers are
working, this probability increases to 0.90. Furthermore, if both
of the computers are not working, the engineer must perform his
calculations using desk calculators which are 100% reliable, but
will decrease the probability of completing the computations to
0.40.

(a) What is the probability that the field work will be completed
on schedule?

(b) What is the probability that the computations will be com-
pleted on time?

(¢) What is the probability that the engineer will meet his dead-
line for the project?

2.54 At a rock quarry, the time required to load crushed rocks
onto a truck is equally likely to be either 2 or 3 minutes. Also, the
number of trucks in a queue waiting to be loaded can vary con-
siderably; data from 40 previous observations taken at random
show the following:

No. of Trucks No. of Relative
in Queue Observations Frequency
0 7 0.175
I 5 0.125
2 12 0.3
3 11 0.275
4 - 0.1
5 1 0.025
6 0 0
Total = 40
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Queue size

A quarry site.

The time required to load a truck is statistically independent of
the queue size.

(a) If there are two trucks in the queue when a truck arrives at
the quarry. what is the probability that its “waiting time” will be
less than 5 minutes?

(b) Before arriving at the quarry, and thus not knowing the size
of the queue upon arrival, what is the probability that the waiting
time of the truck will be less than 5 minutes?

2.55 A small old bridge is susceptible to damages from heavy
trucks. Suppose the bridge can have room for at most two trucks,
one in each lane. The event of possible damage to the bridge when
two trucks are present simultaneously is investigated next.
Suppose 10% of the trucks arc overloaded (i.e.. above legal
load limit) and the event of overloading is statistically indepen-
dent between trucks. The damage probability of the bridge is
30% when both trucks are overloaded; the probability is 5% if
only one is overloaded and (.1% when both trucks are not over-
loaded.
(a) What is the probability of damage to the bridge while sup-
porting two trucks?
(b) If the bridge is damaged, what is the probability that it was
caused by overloaded truck (or trucks)? [Hint: Determine first the
probability that damage was not caused by overloaded truck(s).]



(¢) Return to part (a). Suppose the county board can allocate a
sum of money for strengthening the bridge such that the proba-
bility of damage will be half of the existing bridge. Alternatively,
that sum of money could be used to increase the inspection fre-
quency of trucks such that the fraction of overloaded trucks en-
tering the bridge is decreased from 10% to 6%. Which alternative
is better if the objective is to minimize the probability of damage
to the bridge while supporting two trucks?

2,56 A geologic anomaly embedded underneath a site could
induce geotechnical failure if the anomaly is sufficiently large
and consists of undesirable soil properties. Suppose an engineer
estimates that there is a 30% likelihood that anomaly may be
present at a given site on the basis of the geology in the region.
An exploration program may be performed at the site to verily
the presence of an anomaly.

One plan calls for the use of geophysical techniques. If an
anomaly is present, such techniques will have 50% probability
of detecting the anomaly; otherwise, no signal will be registered.
(a) If the geophysical technigue is used but it failed to detect
any anomaly, what is the probability that the occurrence of an
anomaly is still possible at the site? (Ans. 0.176)

(b) At this point, a more discriminating plan is used such that
the probability of detecting an anomaly is as high as 80% if an
anomaly is present. Suppose this new plan also did not detect
any anomaly.
(i) How confident is the engineer now about his claim that the
site is free of any anomaly? (Ans. 0.959)
(ii) A foundation system will be built at the site. The engineer
estimates that the foundation should be 99.99% safe if there
is no anomaly. However, if an anomaly exists, the reliability
of the foundation is reduced to 80%. What is the probability
of failure of this foundation system? (Ans. 0.008)
(iii) Suppose failure of the foundation system could bring a
loss of one million dollars, whereas survival of the foundation
system will not result in any loss. What is the expected loss
associated with a failure in the foundation? How much of this
expected loss can be saved if the site can be verified to be
anomaly free? (Hint: Expected loss = probability of failure x
failure loss) (Ans. $8300, $8200)
2.57 Past records show that a batch of mixed concrete supplied
by a certain manufacturer can be of good quality (G), average

quality (A), or bad quality (B), with respective probabilities of

0.30, 0.60, and 0.10. Suppose that the probability of failure of a
reinforced concrete component would be 0.001, 0.01, or 0.1 de-
pending on whether the quality of concrete is good ((r), average
(A), or bad (B).

(a) What would be the probability of failure of a reinforced con-
crete structural component cast with a batch of concrete supplied

by the manufacturer?

(b) A test may be performed to give more information on the
quality of concrete supplied by the manufacturer. The probabil-
ities of passing the test for good, average, and bad quality con-
crete are 0.90, 0.70, and 0.20, respectively. If a batch of concrete
passed the test,
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(i) What is the probability that it will be of good quality?
(i) In this case, i.e., concrete passed the test, what would be

the probability of failure of a structural component cast from
this batch of concrete?

2.58 The maximum intensity of the next earthquake in a city
may be classified (for simplicity) as low (L), medium (M), or
high (H) with relative likelihoods of 15:4:1. Suppose also that
buildings may be divided into two types; poorly constructed (P)
and well constructed (W). About 20% of all the buildings in the
city are known to be poorly constructed for earthquake resis-
tance.

It is estimated that a poorly constructed building will be
damaged with a probability of 0.10, 0.50, or 0.90 when sub-
jected to a low-, medium-, or high-intensity earthquake, re-
spectively. However, a well-constructed building will survive a
low-intensity earthquake, although it may be damaged when sub-
jected to a medium- or high-intensity earthquake with probability
of 0.05 or 0.20, respectively.

(a) What is the probability that a well-constructed building will
be damaged during the next earthquake?

(b) What proportion of the buildings in this city will be damaged
during the next earthquake?

(¢) If a building in the city is damaged after an earthquake, what
is the probability that the building was poorly constructed?

2.59 A transit system consists of one-way trains running be-
tween four stations as shown in the figure below. The distances
between stations are as indicated in the figure. The probabilities
concerning origin and destination of passengers are summarized
in the following matrix.

Destination
Origin 1 2 3 4
| 0 0.1 0.3 0.6
2 0.6 0 0.3 0.1
3 0.5 0.1 0 0.4
4 0.8 0.1 0.1 0

For example, a passenger originating from Station | will get off at
Station 2, 3, or 4 with probabilities 0.1, 0.3 and 0.6, respectively.
Furthermore, the fraction of trips originating from Stations 1, 2,
3, and 4 are 0.25, 0.15, 0.35, and 0.25, respectively.

Interstation

@*ﬂance in miles
o ®

© 5
‘5\~®

(a) What is the probability that a passenger will leave the train
at Station 37 (Ans. (.145)
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(b) What is the expected trip length for a passenger boarding at
Station 17 (Note: “Expected value of X* = ¥, x: pi where p; is
probability of the outcome x;). (Ans. 11.5 miles)

(¢) What proportion of passenger trips will exceed 10 miles?
(Ans. 0.3).

(d) What fraction of the passengers departing the train at Station
3 originated from Station 17 (Ans. 0.517)

2.60 Three machines A, B, and C produce, respectively, 6%,
30%. and 10% of the total number of items of a factory. From
past records, the percentages of defective outputs of these ma-
chines are, respectively, 2% 3%, and 4%. An item is selected at
random and is found to be defective.

(a) What is the probability that the particular defective item was
produced by machine A? (Ans. 0.48)

(b) What is the probability that the defective item was produced
by either machine A or B? (Ans. 0.84)

2.61 An engineering Company E is submitting bids for two
projects A and B: the probabilities of winning are estimated
to be, respectively, 0.50 and 0.30. Also, if the company wins one
bid. his chance of winning the other bid is reduced to one-half
of the original probability.

{a) What is the probability of Company E winning at least one
of its bids?

(b) If Company E wins at least of one of its bids, what is the
probability that it will be for project A and not project B?

(¢) If Company E is awarded only one project, what is the prob-
ability that it will be project A?

Furthermore, on the basis of past performance, it is estimated
that the probability of Company E completing project A within
a target time is 0.75, whereas, if another company is awarded
the project, the probability of on-time completion of project A
is only 0.50.

(d) What is the probability that project A will be completed on
time?

(e) If the project A is completed on time, what is the probability
that it was done by Company E?

2.62 Defective concrete on a construction project can be caused
by either poor aggregales or poor workmanship (such as selection
and grading of material, pouring, curing) or both. The quality of
ageregates is also affected by the guality of workmanship, and
vice versa.

On a given project, the probability of poor aggregales is
0.20. The probability of poor workmanship if the aggregates are
poor is 0.30. The probability of poor aggregates if there is poor
workmanship is 0.15.

(a) What is the probability of poor workmanship on the project?
(b) What is the probability of at least one of the causes of de-
fective concrete occurring on the project?

(¢) Determine the probability that only one of the two possible
causes will occur.

(d) In the above project. if there is only poor aggregates and not
poor workmanship, the probability of defective concrete is 0.15.
If there is only poor workmanship but good aggregates, the cor-

responding probability would be 0.20. However, if both causes
are present, the probability of defective concrete would be 0.80;
if none of the causes is present, the corresponding probability
is 0.05. Determine the probability of defective concrete on the
project.

(e) If there is defective concrete on the project, what is the prob-
ability that it is caused by both poor aggregates and poor work-
manship?

2.63 The structure shown in the figure below could be subject
to settlement problems. The likelihood of having a settlement
problem (event A) depends on the subsoil condition, in particu-
lar. whether a weak zone exists in the subsoil or not. If there is
4 small weak zone (event S), the probability of A is 0.2; if the
weak zone is large (event L), the probability of A becomes 0.6;
last, if no weak zone exists (event N), then the probability of A
is only 0.05. Based on their experiences with the geology of the
neighborhood and the soil information from the preliminary site
exploration program, the engineers in this case believe that there
is a 70% chance of no weak zone in the stratum underlying the
structure: however, if there is a weak zone, it would be twice as
likely to be small than large.

Structure

Weak zone?
Large or small?

(a) What is the probability that the structure will have a settle-
ment problem? (Ans. 0.135)
(b) Suppose an additional boring can be performed at the site to
gather more information about the presence of the weak material.
The engineers judge that: If a large weak zone exists, it is 80%
likely that the boring will encounter it; this encounter probabil-
ity drops to 30% for a small weak zone. Obviously, the boring
will not encounter any weak material if the weak zone does not
exist at all. Suppose the additional boring failed to encounter any
weak material:
i. What is the probability of the presence of a large weak
zone? (Ans. 0.023)
ii. What is the probability of a small weak zone? (Ans. 0.163)
iii. In this case, what is the probability that the structure will
have a settlement problem? (Ans. 0.087)

2.64 A dam is proposed to be built in a seismically active arca
as shown in the following figure:

New site Dam

A O n
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Two regions, A and B, can be identified in the vicinity such that
earthquakes in either area could cause damage to the proposed
dam. Earthquakes occur independently between regions A and
B. Suppose the annual probabilities of earthquake occurrences
in regions A and B are (.01 and 0.02, respectively. Moreover, the
chance of two or more earthquakes occurring annually in each
region is negligible.

(a) What is the probability of an earthquake occurring in the
vicinity of the dam in a given year? (Ans. 0.03)

(b) If an earthquake occurred in A (but not in B), the likelihood
of damage to the dam is 0.3; however, if an earthquake occurred
in B (but not in A), the likelihood of damage is only 0.1. Further-
more, if earthquakes occurred in both regions, the dam would
have a 50-50 chance of damage. What is the probability that the
dam will be damaged in a given year? (Ans. 0.00502)

(¢) Suppose the dam can be relocated close to the center of region
A, such that earthquakes in region B will not cause any damage
to the dam. However, the likelihood of damage due to an earth-
quake in region A will increase to 0.4. Should the dam be sited in
this new location if the objective is to minimize the probability
of incurring damage? Please substantiate your answer.

(d) Would the decision in part (c) change if the new site
is also susceptible to: (i) a landslide caused by severe rain-
storms with an annual probability of 0.002, and (ii) a 0.001
annual probability of subsidence due to poor supporting sub-
soil structures? Explain. Assume that the dam will be dam-
aged during landslide or subsidence. Also, the events of damage
caused by earthquake, landslide, and subsidence are statistically
independent.

2.65 Three oil companies, A, B, and C, are exploring for oil
in an area. The probabilities that they will discover oil are, re-
spectively, 0.40, 0.60, and 0.20. If B discovers oil, the probabil-
ity that A will also discover oil is increased by 20%, whereas
this does affect the chance of C discovering oil (i.e., C is in-
dependent of B). Moreover, assume that C is also independent
of A.

(a) What is the probability that oil will be discovered in the area
by one or more of the three companies?

(b) If oil is discovered in the area, what is the probability that it
will be discovered by Company C?

(c) What is the probability that only one of the three companies

will discover oil in the area?

2.66 Delays at the airport are common phenomena for air travel-
ers. The likelihood of delay often depends on the weather condi-
tion and time of the day. The following information is available
at a local airport;

1. In the morning (am), flights are always on time if good
weather prevails; however, during bad weather, half of the flights

will be delayed.

2. For the rest of the day (pm), the chances of delay during good
and bad weather are 0.3 and (.9, respectively.

3. 30% of the flights are during aM hours, whereas 70% of the
flights are during pm hours.
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4. Bad weather is more likely in the morning; in fact, 20% of
the mornings are associated with bad weather, but only 10% of
pm hours are subject to bad weather.

5. Assume only two kinds of weather, namely, good or bad.
Define events as follows:

A = AM(morning)

P = pm (rest of the day)
D = Delay

G = Good weather

B = Bad weather

Answer the following:

(a) What fraction of the flights at this airport will be delayed?
Observe that this is the same as the probability that a given flight
will be delayed. (Ans. (L.282)

(b) If a flight is delayed, what is the probability that it is caused
by bad weather? (Ans. 0.330)

(¢) What fraction of the morning flights at this airport will be
delayed? (Ans. 10%)

2.67 Defects in the articles produced by a manufacturing com-
pany can be the result of one of the following independent causes:
1. Malfunction of the machinery, which occurs 5% of the pro-
duction time

2. Carelessness of workers, which occurs 8% of the production
time

Defective articles are produced only by these two causes. Also, if
only the machinery malfunctions, the probability of a defective
article is 0.10, whereas whenever there is only carelessness of
workers, the probability of a defective article is 0.20. However,
when both causes occur, the probability of a defective article is
0.80.

(a) What is the probability of producing a defective article in
the company?

(b) If a defective article is discovered, what is the probability
that it was caused by carelessness of workers?

2.68 Leakage of contaminated material is suspected from a
given landfill. Monitoring wells are proposed to verify if leak-
age has occurred. The location of two wells, A and B, are shown
in the following figure:

eB

Landfill

T

If leakage has occurred, it will be observed by Well A with 80%
probability, whereas Well B is 90% likely to detect the leakage.
Assume that either well will not register any contaminant if there
is no leakage from the landfill. Before the wells are installed, the
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engineer believes that there is a 70% chance that leakage has
occurred.
(a) Suppose Well A has been installed and no contaminants were
observed. How likely will the engineer now believe that leakage
has occurred? (Ans. 0.318)
(b) Suppose both wells have been installed. Assume that the
events of detecting leakage between the wells are statistically
independent.
(i) Whatis the probability that contaminants will be observed
in at least one of the wells? (Ans. 0.686)
(ii) If contaminants were not observed by the wells, how con-
fident is the engineer in concluding that no leakage has oc-
curred? (Ans. (1.955)
(¢) If the cost of installing Well A is the same as Well B, and the
budget is sufficient for the installation of only one well, which
well should be installed? Please justify. (Ans. B)

2.69 Drinking water may be contaminated by two pollutants. In
a given community, the probability of its drinking water con-
taining excessive amount of pollutant A is 0.1, whereas that of
pollutant B is 0.2. When pollutant A is excessive, it will defi-
nitely cause health problems; however, when pollutant B is ex-
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cessive, it will cause health problems in only 20% of the pop-
ulation who has low natural resistance to that pollutant. Also,
data from many similar communities reveal that the presence of
these two pollutants in drinking water is not independent; half
of those communities whose drinking water contain excessive
amounts of pollutant A will also contain excessive amounts of
pollutant B.

Suppose a resident is selected at random from this com-
munity, what is the probability that he or she will suffer health
problems from drinking the water? Assume that a person’s resis-
tance to pollutant B is innate, which is independent of the event
of having excessive pollutant in the drinking water.

2.70 A contractor submits bids to three highway jobs and two
building jobs. The probability of winning each jobis 0.6. Assume
that winning among the jobs is statistically independent.

(a) What is the probability that the contractor will win at most
one job? (Ans. 0.087)

(b) What is the probability that the contractor will win at least
two jobs? (Ans. 0.913)

(¢) What is the probability that he or she will win exactly one
highway job, but none of the building jobs? (Ans. 0.046)

Parzen, E., Modern Probability Theory and Its Applications, 1. Wiley &
Sons, Inc, New York, 1960.



Analytical Models of
Random Phenomena

3.1 RANDOM VARIABLES AND PROBABILITY DISTRIBUTION

In Chapter 2, we developed the fundamental concepts and tools for defining the occur-
rences of random phenomena and the determination of the associated probabilities. In this
chapter, we shall introduce the analytics of these concepts, involving random variables and
probability distributions.

3.1.1 Random Events and Random Variables

A random variable is a mathematical vehicle for representing an event in analytical form. In
contrast to a deterministic variable that can assume a definite value, the value of a random
variable may be defined within a range of possible values. If X is defined as a random
variable, then X = x, or X < x, or X > x, represents an event, where (@ < x < b) is the
range of possible values of X. Intuitively, a random variable may be defined mathematically
as a mapping function that transforms (or maps) the events in a possibility space into the
number system (the real line).

In engineering and the physical sciences, many random phenomena of interest are
associated with the numerical outcomes of some physical quantities. In several of the ex-
amples we illustrated earlier in Chapter 2, the number of bulldozers that remain operating
after 6 months, the time required to complete a project, and the flood of a river above
mean flow level are all outcomes in numerical terms. In the other examples, we also illus-
trated problems in which the possible outcomes are not in numerical terms—for instance,
the failure or survival of a chain, the degree of completion of a project, and the opening
and closing of highway routes. These latter events may also be identified in numerical
terms by artificially assigning numerical values to each of the possible outcomes—for ex-
ample, assigning a numerical value of 0 to failure and 1 to survival (or nonfailure) of a
chain.

Therefore, the possible outcomes of a random phenomenon can be represented by
numerical values, either naturally or assigned artificially. In any case, an outcome or event
may then be identified through the value or range of values of a function, which is called a
random variable. We shall denote a random variable with a capital letter, and its possible
values with lowercase letters. The value, or range of values, of a random variable then
represents a distinct event; for example, if the values of X represent floods above the mean
flow level, then X > 2 m stands for the occurrence of a flood higher than 2 m, whereas, if X
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Sample space §

Mapping through, X

Pl -
a ¢ b d

|

Figure 3.1 Mapping of events in sample space § into real line x.

L\w’alues on the real line, x

represents the possible states of a chain (as described in the paragraph above), then X =0
means failure of the chain. In other words, a random variable is a mathematical device for
identifying events in numerical terms. Henceforth, in terms of the random variable, we can
speak of an event as (X = a), or X<a)or(a<X <bh).
More formally, a random variable may be considered as a mathematical function or rule e

that maps (or transform) events in a sample space into the number system (i.e., the real line). r
The mapping is unique, and mutually exclusive events are mapped into nonoverlapping
intervals on the real line, whereas intersecting events are represented by the respective
overlapping intervals on the real line. In Fig. 3.1, the events E} and E; are mapped into the
' real line through the random variable X, and thus can be identified, respectiv ely, as indicated

below:

Ei=(a<X=<h)

Ey=(c<X<d)

EZUE, =(X <a)+(X = d),

and 1

E\E:=(c< X <bh)

Just as a sample space can consist of discrete sample points or a continuum of sample points,
a random variable may be discrete or continuous.

The advantages and purpose of identifying events in numerical terms should be obvious;
this will then permit us to conveniently represent events analytically, as well as graphically
display the events and their respective probabilities.

3.1.2 Probability Distribution of a Random Variable

As the values or ranges of values of a random variable represent events, the numerical values
of the random variable. therefore, are associated with specific probability or probability
measures. These probability measures may be assigned according to prescribed rules that
are called probability distributions or “*probability law.”
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If X is a random variable, its probability distribution can always be described by its
cumulative distribution function (CDF), which is denoted by

Fy=P(X £x) forall x* (3.1)

In Eq. 3.1, X is a discrete random variable if only discrete values of x have positive proba-
bilities. Alternatively, X is a continuous random variable if probability measures are defined
for all values of x. X may also be a mixed random variable if its probability distribution is
a combination of probabilities at discrete values of x as well as over a range of continuous
values of x.

For adiscrete random variable X, its probability distribution may also be described by its
probability mass function (PMF), denoted py(x;) = P(X = x;), which is simply a function
expressing the probability P(X = x;) for all x;. In this case, the cumulative distribution
function, CDF, is

Fy(x) = Z P(X =x;)= E px(xi) 3.2)
all x;<x all x;<x
However, if X is continuous, probabilities are associated with intervals of x, because events

are defined as intervals on the real line x. Therefore, at a specific value of x, such as X = x,
only the density of probability is defined, but there is no probability: i.e., P(X = x) = 0.
Thus, for a continuous random variable, the probability law is described in terms of the
probability density function (PDF) denoted as fx(x) such that the probability of X in the
interval (a, b] 18

b
Pla< X <bh)= fx(x)dx (3:3)

It follows then that the corresponding distribution function is

Fo(x)=P(X £x)= / fx(T)dr (3.4)

— 0
Accordingly, if Fx(x) has a first derivative, then from Eq. 3.4, its PDF is

r 1Fx(x)
‘/x(»\')={ : (
dx

(%
in

We might emphasize again that the PDF, fx(x), is not a probability but a probability
density; this is analogous to a mass density which contains no mass. However,

fx(x)dx = P(x < X < x +dx)
is the probability that X will be in the interval (x, x 4 dx].
The three types of probability distributions described above are illustrated graphically

in Fig. 3.2a—c.

“We have adopted the notation of using a capital letter to denote a random variable, and its possible values with

the corresponding lower case letter.
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Figure 3.2a Discrete probability distribution.
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Figure 3.2b Continuous probability distribution.
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Figure 3.2c Mixed probability distribution.
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It may be emphasized that any function used to represent the probability distribution

of a random variable must necessarily satisfy the axioms of probability theory, as described

earlier in Sect. 2.3.1. Accordingly, the function must be nonnegative and the probabilities

associated with all the possible values of the random variable must add up to 1.0. In other
words, if Fx(x) is the CDF of X, then it must satisfy the following conditions:

(i) Fx(—o0) =0; and Fy(oc) =1.0
(ii) Fy(x) = 0, forall values of x, and is nondecreasing with x.

(iii) Fy(x) is continuous to the right with x.

Conversely, any function possessing all the above properties can be a bona fide CDF.
By virtue of these properties and Eqs. 3.2 through 3.5, the PMF and PDF are nonnegative
functions of x, whereas all the probability masses of a PMF add up to 1.0, and the total area
under a PDF is equal to 1.0.

Figure 3.2 presents graphic examples of legitimate probability distributions, and also
illustrates the characteristics of the probability distributions of discrete, continuous, and
mixed random variables.

We observe that we can write Eq. 3.3 as

b a
Pla < X <b) :j [x(x)dx —[ fx(x)dx
(o v o0
Similarly, for a discrete X, we have

Pla<X<b= Y pxx)— D px(x)

all x;<b I x;i<a
Thus, by virtue of Egs. 3.2 and 3.4, we have

Pla < X <b) = Fx(b) — Fx(a) (3.6)

Let us again consider Example 2.1, which involves a discrete random variable. Using X as the random
variable whose values represent the number of operating bulldozers after 6 months, the events of
interest are mapped into the real line as shown in Fig. E3.1a. Thus, (X = 0), (XY —2) and
(X = 3) now represent the corresponding events of interest.

ONN | OON
NNN | NON | ONO | 00O | Sample space S
NNO | NOO
Mapping with r.v. X
| Y Y
0 1 2 3 real line x

Figure E3.1a Mapping events into real line.

Assuming again that each of the three bulldozers is equally likely to be operating or nonoperating
after 6 months, i.e., probability of operating is 0.5, and that the conditions between bulldozers are
statistically independent, the PMF:of X would be as shown in Fig. E3.1b.
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The corresponding CDF would appear as shown in Fig. E3.lc.

pX(X{)

3/8 a/8

1/8

Figure E3.1b PMF of X.

Fx(x) 4
7/8
1/2
1/8
i | | | |
0 1 2 o 4 X
Figure E3.1c CDF of X. <

For a continuous random variable, consider the 100-kg load in Example 2.5. If the load is equally
likely to be placed anywhere along the span of the beam of 10 m, then the PDF of the load position
X is uniformly distributed in 0 < x < 10; that is,

felx)=¢ 0=x=10
= {) otherwise
where ¢ is a constant. As the area under the PDF must be equal to 1.0, the constant ¢ = 1/10.

Graphically, the PDF is shown in Fig. E3.2a.
The corresponding CDF of X would be

i -

By = [, cdr=icx — T 0 =x=:10;
-1 .= 10:
=0 X 0

Graphically, the above CDF is shown in Fig. E3.2b.
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Figure E3.2a PDF of X,
Fy(x)
1.00
i
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|
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Figure E3.2b. CDF of X.

The probability that the position of the load will be between 2 m and 5 m on the beam is

;
29
PR<X=<5= [ 7p =030
, 10

Alternatively, using Eq. 3.6, we also obtain

5 2
PR2<X<5=F(5—Fs(2)=——— =030
e = X =) x(3) x(2) 5 0 <

The useful life, T (in hours) of welding machines is not completely predictable, but may be described
by the exponential distribution, with the following PDF:

At t=0

=0 (=0

fr(0)

in which A is a constant. Graphically, this PDF is shown in Fig. E3.3a.




88 Chapter 3. Analytical Models of Random Phenomena

0.25 T

015 ~—
(@]
E Mean of T = 50
[P —
0.05— =
0 { | | |
0 50 100 150 200 250 300

Values of T
Figure E3.3a Exponential PDF of useful life 7.

1 bion:
0.8} i ]
k_
B 06 =i
% Mean of T = 50
Mo L]
0.2+ .
0 | | | | |
0 50 100 150 200 250 300
Values of T

Figure E3.3b CDF of useful life T.

The corresponding CDF would be Fr(t) = j” re *dt =1~ e as shown graphically in
Fig. E3.3b. <

3.1.3 Main Descriptors of a Random Variable

The probabilistic properties of a random variable would be completely described if the form
of the distribution function, in terms of its CDF or PDF (for a continuous random variable)
or its PMF (in the case of a discrete random variable) and its associated parameters, are
specified. In practice, the exact form of the probability distribution function may not be
known; in such cases, approximate description of a random variable in terms of its main
descriptors can be useful and sometimes may be necessary.

Moreover, even when the distribution function is known, the main descriptors remain
useful, because they contain information on the properties of the random variable that are of
first importance in many practical applications. Also, the parameters of a known distribution
function may be derived as functions of these principal quantities, or in some cases may be
the pertinent parameters themselves (see Chapter 6).

Central Values
As there is a range of possible values of a random variable, some central value of this range,
such as the average value, would naturally be of special interest. In particular, because
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the different values of the random variable are associated with different probabilities or
probability densities, the “weighted average” (i.e., weighted by the respective probability
measures) would be of special interest; this weighted average is the mean value or the
expected value of the random variable.

Therefore., if X is a discrete random variable with PMF, px(x;), its mean value, denoted
E(X), 1s

E(X)= Z\ px(x;) (3.7a)

all x;

whereas if X is a continuous random variable with PDF, fx(x), its mean value is

l;'(X):] X fy(x)dx (3.7b)

» ol

Other quantities that may be used to designate the central value of a random variable include
the mode, or modal value, and the median. The mode, which we shall denote as ¥, is the
most probable value of a random variable; i.e., it is the value of the random variable with
the largest probability or the highest probability density. The median of a random variable
X which we shall denote as x,,, is the value at which the CDF is 50% and thus larger and
smaller values are equally probable; that is,

Fy(xm) = 0.50 (3.8)

In general, the mean, mode, and median of a random variable are different, especially if the
underlying PDF is skewed (nonsymmetric). However, if the PDF is symmetric and unimodal
(single mode), these three quantities will be the same.

Mathematical Expectation

The notion of an expected value, or weighted average, as described in Eq. 3.7, can be
generalized for a function of X. Given a function g(X), its expected valoe E[g(X)], can be
obtained as a generalization of Eq. 3.7 as

Elg(X)] = Z:’»’(,r,-}p,\'(.r,- ) (3.9a)
all x;

if X is discrete, whereas if X is continuous,

5

Elg(X)] = j 2(x) fx(x)dx (3.9b)
o0

In either case, E[g(X)] is known as the mathematical expectation of g(X) and is the weighted

average of the function g(X).

Measures of Dispersion

Again, as there is a range of possible values of a random variable associated with different
probabilities or probability measures, px(x;) or fx(x), some measure of dispersion is needed
to indicate how widely or narrowly the values of the random variable are dispersed. Of
special interest is a quantity that gives a measure of how closely or widely the values of the
variate are clustered around a central value. Intuitively, such a quantity must be a function
of the deviations from the central value. However, whether a deviation is above or below
the central value should be immaterial; therefore, the function should be an even function
of the deviations.
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If the deviations are defined relative to the mean value, then a suitable measure of the
dispersion is the variance. For a discrete random variable X with PMF py (x;), the variance
of X is

Var(X) = Z (x; — Ux 2 px(x;) (3.10a)
in which puy = E(X). We might observe that this is the weighted average of the squared
deviations from the mean, or with reference to Eq. 3.9 it is the mathematical expectation
of g(X)=(X— 1x)?. Therefore, according to Eq. 3.9b, for a continuous X with PDF fx(x),

the variance of X is

Var(X) = / (x — ,hf;;—)2 fx(x)dx (3.10b)

J—oc

Expanding the integrand of 3.10b, we have

oC
Var(x) = [ (x7 = 2pxx + ,tt._\;) Fx(x)dx
1.

= E(X?) — 2uxE(X) + py? = E(X?) = 2uy’ + iy
The same result would be obtained by expanding Eq. 3.10a. Thus, a useful relation for the
variance is
7 - 2+ 2
Var(X) = E(X7) — 1y (3.11)

In Eq. 3.11, the term E(X?) is known as the mean square value of X.

Dimensionally, a more convenient measure of dispersion is the square root of the
variance, which is the standard deviation o x; that is,

ox =/ Var(X) (3.12)

We might observe that based solely on the value of the variance or standard deviation, it may
be difficult to state the degree of dispersion; for this purpose, a measure of the dispersion
relative to the central value would be appropriate. In other words, whether the dispersion is
large or small is more meaningful if measured relative to the central value. For this reason,
for jux > 0, the coefficient of variation (¢.0.V.),

)
fy = — (3.13)
Hx

is often a preferred and convenient nondimensional measure of dispersion or variability.

In Example 3.1, the PMF of the number of operating bulldozers after 6 months is shown in Fig. E3.1b.
On this basis, we obtain the expected number of operating bulldozers after 6 months as

0(1/8) + 1(3/8) + 2(3/8) + 3(1/8)
=150

nx = E(X)

As the random variable is discrete, the mean value of 1.5 is not necessarily a possible value; in this
case, we may only conclude that the mean number of operating bulldozers is between 1 and 2 at the

end of 6 months.
The corresponding variance is

Var(X) = (0= 1.57(1/8) + (1 — 1.5)%(3/8) + (2 — 1.5)(3/8) + (3 — 1.572(1/8)
=075
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We may also compute the variance using Eq. 3.11, as follows:

Var(X) = [02(1/8) + 12(3/8) + 22(3/8) 4 3*(1/8)] — (1.5
— 0.75

The corresponding standard deviation is, therefore,

dy =i/ 0,15 = (1866
and the coefficient of variation, c.0.v., is

s 0.866 0.577

Oy = e — [},

wEal

which means that the degree of dispersion is over 50% of the mean value, a relatively large
dispersion. <

In Example 3.3, the useful life, T, of welding machines is a random variable with an exponential
probability distribution; the PDF and CDF are, respectively, as follows:

fr@)=2de™ and Fplfl=1-e"; t=0
These were also shown graphically in Figs. E3.3a and E3.3b.
The mean life of the welding machines is then
oo

iy =:E(T) :j the M di
0

Performing the integration by parts, we obtain pr = 1/A.

Therefore, the parameter % of the exponential distribution is the reciprocal of the mean value;
e, )= HECD)

In this case, the mode is zero, whereas the median life ¢, is obtained as follows:

fm
[ e dt = (150
v

obtaining the median life

—In0.50  0.693

A A

Im =
Therefore,
tm = 0.693 Uy
The variance of T is

i _
Var(T) = / 1 he N
JO

Integration by parts yields

1
Var(l) == v

A
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From which we obtain the standard deviation of T
1

ori— = = Ur
A

This shows that the ¢.0.v. of the exponential distribution is 100%.

y has an experience record showing that 60% of its projects were com-
vails, the probability of the number of on- -schedule completions

by the binomial distribution (see Sect. 3.2.3) as follows:
then (see

Suppose a construction company
pleted on schedule. If this recor d prev
in the next six projects can be described

If X is the number of projects completed on schedule among 6 future projects,

Eq.3.30),

6 _ . ;
PiXr=1) = ( )(0.0)‘(().4)- i =012, 4..,0
5

= otherwise

1
is known as the binomial coefficient. In the present problem, n = 6 and

n
the factor = —
t (r ) ri(n—r)!

r=2Xx.
The above PMF is shown graphically in Fig. E3.6.

pxlx)
0.311
0.276
0.187
0.138
0.037 0.047
0.004
| by b Ll
0 1 2 3 4 5 6 X

Figure E3.6 PMF of X, no. of projects completed on schedule.

The mean number of projects that will be completed on schedule is

: il 6!
MM—Y'——%WMH
e
i i L 8 (0.6%0.4)+ ) 8 067047
= (1)=—-{0D F@Qo—— ( 3)———(0.6)°(0.4)
E=1 Doe . TR T
(4) ii— m(;n4)+( —AL— 0.6°(04) 4+ (6)————(0.6)°(0.4)°
+(4)—— — (0.6 —(0.6)°(0.4) + (6 : .6)°(0.4)
A6 ~ Se=Bl T I T

= 0.03686 + 2{_0.13330] 4 3(0.27640) + 4(0.311 10) 4+ 5(0.18660) + 6(0.04666)
= 3.6l

Therefore, the expected number of projects among gix that can be completed on schedule by the

company is between three and four. The corresponding variance is
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6
o i E 2 6' ( X AND—X
Var(X) = Z{;(_\ —3.60) mw.m 0.4)

£ 3 60')3——«3'—(() 6)%04° L €1 =3 6(’))3L—(() 6)(0.4)°
i SRS oy IMe—D1" & =
(2 3600 $ (0.62(0.4)* + (3 — 3.60)° 2 (0.6)°(0.4)°
L ok -2yl o T e e
i 5! ; B i 6! L
(4 — 3.60) ————(0.6)*(0.4)*> + (5 — 3.60)) —————(0.6)°(0.4
( ) 4%“4),‘( 6)7(0.4)" + ( 60) 51(6w5)!( 5)°(0.4)

5ol
(6 — 3608 ————(0.6)°(0:4)°
“r # 5 e

0.0531 + 0.2482 + 0.3539 + 0.0995 + 0.0498 + 0.1626 + 0.2684

= 112385
The standard deviation, therefore, is
oy =+/1.2355 = 1.11
and the coefficient of variation, c.0.v., is
1Ll

$; = == = 0308
3.60

In this case, X = 4 has the highest probability of 0.311 as shown in Fig. E3.6. Therefore, the most
probable number of projects that will be completed on schedule s four. |

Measure of Skewness

Another useful and important property of a random variable is the symmetry or asymmetry
of its PDF or PMF, and the associated degree and direction of asymmetry. A measure of
this asymmetry or skewness is the third central moment; i.e.,

E(X — /“_]} = Z[_.\',- — x—)‘ﬁ' px(x;) for discrete X
all x;
and
E(X — uy ) = f (x — uy )} Fx(x)dx for continuous X

The above third moment would be zero if the PDF or PMF of the random variable is
symmetric about the mean value zx; otherwise, it may be positive or negative. It will be
positive if the values of X above px are more widely dispersed than the dispersion of the
values below jty. Conversely, this third moment will be negative if the relative degree of
dispersion is reversed.

Therefore, the skewness of the PDF or PMF of a random variable may be designated
as positive or negative in accordance with the sign of the third central moment E(X — wx);
the magnitude of this third moment also indicates the corresponding degree of skewness.
These properties are illustrated in Fig. 3.3.

A convenient dimensionless measure of skewness is the skewness coefficient

E(X — ux)
g = =L ‘H.\)_

o
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Positive skewness Negative skewness
3 3 _
[ [ [ | [ | | [ \ | T
2.5 PDF of X2 - 29[ PDF of X2 — =
2+ — 2~ —
1af “.__—PDF of X1 7 15[ PDFof X1 —_
1§ i - 1+ -
0.5 —{ 0.5 —
0 | | | S| olo=== 7
0 20 40 60 80 100 120 0O 20 40 60 80 100 120
E(Xp — tix,)® > E(Xq = ix,)° E(X; — py)® < E(Xq — p1)°

Figure 3.3 Properties of asymmetric PDFs.
g F )

The Kurtosis

Finally, another useful property is the fourth central moment of a random variable known
as the kurtosis. Extending what we have presented above for the second and third central
moments, the kurtosis is

E(X — uy = Z(,\‘, — iy ]‘1])_\-(1',) for discrete X
all x;
and
E(X — ,'1,\-)l = ] (x — px)* fx(x)dx for continuous X

Physically, the kurtosis is a measure of the peakedness of the underlying PDF of X.

Analogies with Geometrical Properties

The mean value and the variance of a random variable are analogous, respectively, to the
centroidal distance and the central moment of inertia of a unit area. To see this, we consider
a unit area with an irregular shape defined by the function y = f(x) as shown in Fig. 3.4.

y
y=1f(x)
Area=1.0
c.g.
O
0 X | X
|
X dx

Figure 3.4 An irregular unit area.
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The centroidal distance, x,,, of the area is

[ xf(x)dx -
Xy =" — = xf(x)dx 3.

area J a5

s
)]

which is also the first moment (about the origin) of the irregular-shaped unit area. The
moment of inertia of the area about the vertical axis through the centroid is

L= [ (x — x,)° f(x)dx (3.16)
Comparing Eq. 3.7b with Eq. 3.15, and Eq. 3.10b with Eq. 3.16, we see that the expected

value is equivalent to the centroidal distance, whereas the variance is equivalent to the
moment of inertia of a unit area.

We may, therefore, refer to the mean value as the first moment and the variance as the
second (central) moment of a random variable. Extending this terminology, we may define
the nth moment of a random variable X as

E(X")= [ x" fx(x)dx (3.17)

[o.®

Let us calculate the skewness of the PMF of Example 3.6. As this is a discrete random variable, we
calculate the sknewness as follows:
From Example 3.6, we have yuy =3.60 and oy = L.11.

6
E(X — jx) = Z(_\, = 3.60) prkxs)

i=0

(0 — 3.60(0.004) + (1 — 3.60)*(0.037) + (2 — 3.60)*(0.138) + (3 — 3.60)*(0.276)
+ (4 —3.60Y(0.311) + (5 — 3.60)°(0.187) + (6 — 3.60)°(0.047)

= —0.279

Il

Therefore, the distribution of X is negatively skewed with a skewness coefficient, according to
Eq. 3.14, of
0= — =-0204
i <

For the exponential distribution of the useful life of welding machines, T, of Example 3.5, the mean
life of the machines is pt7. Then, the third central moment of the PDF is (using p for pir),

oG - I : "
[ (r—p)y (wf’ ""‘) dt
Jo M

[ A L3 o )e A
J 0

E(T —u J‘{

Il

|
"

il e o GRS

o

iehg

3

i ek o0
4 iy 3 3
el [() +(L)+ 2] ot
M Iz I

Il
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We recall from Example 3.5 that the standard deviation of the exponential distribution is o = 1.
Therefore. the skewness coefficient of this distribution, according to Eq. 3.14, is & = 2.0, <4

» 3.2 USEFUL PROBABILITY DISTRIBUTIONS

Theoretically, any function possessing all the properties described earlier in Sect. 3.1.1 can
be used to represent the probability distribution of arandom variable. For practical purposes,
however. there are a number of both discrete and continuous distribution functions that are
especially useful because of one or more of the following reasons:
1. The function is the result of an underlying physical process and can be derived on
the basis of certain physically reasonable assumptions.
2. The function is the result of some limiting process.
3. Tt is widely known, and the necessary probability and statistical information (in-
cluding probability tables) are widely available.

Several of these probability distribution functions are presented, and their special properties
are described and illustrated in this section.

The Gaussian (or Normal) Distribution

The best known and most widely used probability distribution is undoubtedly the Gaussian
distribution. which is also known as the normal distribution. Its PDF for a continuous

random variable X, is given by

i | 1 % —g . .
fr(x) = ;mcxp E(_a) —00 <X <0 (3.18)

where, 0 and o are the parameters of the distribution. In this case, for the Gaussian dis-
tribution, these parameters are also the mean and standard deviation, respectively, of the
random variable X. A popular and convenient short notation for this distribution is N(jt, o),
which we shall also adopt in specifying the normal PDE.

The significance of the two parameters, j and o, may be observed graphically from
Fig. 3.5. In Fig. 3.5a, i is held constant at 60 and & varies with10, 20, and 30, whereas in
Fig. 3.5b,  varies with values of 30, 45, and 60 for a constant ¢ = 10.

W‘T TR T T ] M A AT
- ~ - \ .
s I\ 0.035 a0, 10) / N(80, 10)
0.03— JJ E—JN(GO\ 10) - 0.03 — —
% 0.025 I - <oosf ] Mo 14
g 0.02 I ‘\ - g 0.02 ’l ‘ -
T 00151 ) N(B0.20) | @ go15 f \ —
‘r’ "\.‘\ ) |\
0= ™\_-Neos) | 00t/ VT
0.005— ,’ \ N =] 0.005 — / BN N
) g T R (N - o 9 o LZ I
0 20 40 60 80 100 120 140 160 0 10 20 30 40 50 60 70 B8O 90 100
Value of X Value of X
(@) (b)

Figure 3.5 Gaussian PDFs (a) with varying o (b) with varying (L.
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The Standard Normal Distribution
A Gaussian probability distribution with the parameters ;1 = 0 and o = 1.0 is known as the
standard normal distribution and is denoted appropriately as N(0, 1), Its PDF is accordingly,

fx(x) = ——e /" 00 < X < 00 (3.18a)

Because of its wide usage, a special notation ®(s) is commonly used to designate the
cumulative distribution function (CDF) of the standard normal variate S; i.c.,

D(s) = F(s)

Referring to Fig. 3.6, we will denote the shaded area p under the PDF as ®(s,,).

fS(S}

Probability = P~
G

Figure 3.6 CDF of N(0.1).

Conversely, the value of the standard normal variate at a cumulative probability p would
be denoted as

5 = o (p)

These notations will be adopted throughout this book.

In Fig. 3.7, we can see that the areas (or probabilities) covered within &1, &2, and 43
o’s, 1.e., = number of standard deviations about the mean & = 0 of the standard normal
distribution are, respectively, equal to 68.3%, 95.4%, and 99.7%. The same probabilities
are also valid for any general normal distributions, i.e., N(jt. o). with the same £ number
of ¢’s about the mean pt.

The CDF of N(0, 1), i.e., ®(s), is tabulated widely as tables of normal probabilities,
such as Table A.1 of Appendix A. It is important to observe that the probabilities in Table
A.l start at x = (), and are given only for positive values of the random variable. By virtue
of symmetry of the standard normal PDF about zero, the probabilities for negative values
of the variate can be obtained as

P(—s5) =1 — D(s) (3.19)

Furthermore, values of s corresponding to probabilities p < 0.5 are negative and may be
obtained using Table A.1 as

s=07 Y (p)=—071(1 — p) (3.20)

The real utility of ®(s) as given in Appendix A.l is to calculate the probabilities of any

Gaussian distribution. That is, the probabilities of any normal distribution can be evaluated

readily using ®(s) as follows. Suppose a normal variate X with distribution N(u, o); the
probability of (a < X < b) is

Pla< X <b) : [ﬁ ](""_’“ N
: < A S D)= — CXP| —= — ax
SRR T TP TE\ . )
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06—

0.6
0.4 ; fs(s)
02 Area
. =0997
0 I et
5, =2 -4 6 1 & @4 @8

Figure 3.7 PDFs of N(0. 1) with areas covering 1, 2, Jos.

Clearly, this is the area under the general nor mal PDF between a and b as shown in Fig. 3.8,
Theoretically, the above probability can be obtained by performing the integral directly:
however. this can be evaluated more readily using the tabulated values of ®(s) given in
Table A.1. For this purpose. we make the following change of variables:

§=- and dx = ods

Then, the above integral becomes

w)/o

a2 Jia—p)fo

I p(h—p) /o R
—(1/2)s" 1
= e € s
\/2.'7. (a—u)/a

which we may recognize is the area under the PDF of N(0, 1) between (a — p)o and
(b — w)lo. Therefore, according to Eq. 3.6, the above probability may be evaluated as

b—pu a— u
Pla<X<b=0 ——)—m( ) (3.21)
3 o / a y

Pla<X<bh) e VDY o s
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fix)

—
0 X
Figure 3.8 Area of N(u, o) between a and b.
> EXAMPLE 3.9 The drainage from a community during a storm is a normal random variable estimated to have a mean

of 1.2 million gallons per day (mgd) and a standard deviation of 0.4 mgd; i.e.; N(1.2, 0.4) mgd. If the
storm drain system is designed with a maximum drainage capacity of 1.5 mgd, what is the underlying
probability of flooding during a storm that is assumed in the design of the drainage system?

Flooding in the community will occur when the drainage load exceeds the capacity of the drainage
system: therefore, the probability of flooding is

1.5 = 12

PX=13)=1—PX =1l3=1-2
0.4

) =1 - 9(0.75)
= ¥ 017734 = 0227

In the above, we obtained ®(0.75) = 0.7734 from Table A.1 in Appendix A,
Also of related interest are the following: (i) The probability that the drainage during a storm
will be between 1.0 mgd and 1.6 mgd, which is

Lo 12 0~ 1.2 -
P(1.0 <X51,6):(D( -0 )=¢(|.0)—®(—U,Dl
0.4 0.4

=0.8413 = [1 — ®(0.5)] = 0.8413 - (1 —0.6915)
=0 533

(ii) The 90-percentile drainage load from the community during a storm. This is the value of the
random variable at which the cumulative probability is less than 0.90, which we would obtain as

e ) (-"ﬂ.an =12 0.90
P < Xpo = —— = ().9f
= X090 04D

Therefore,

M0 5 e varlin o
0.40

from Table A.1, we obtain & '(0.90) = 1.28; thus,

Xoop = ]28([}4(]) i et 71 l'l']gd <
» EXAMPLE 3.10 Statistical data of vehicular accidents show that the annual vehicle miles (i.e., miles per vehicle
per year) driven between traffic accidents (of all severities) can be represented by a normal random
variable with a mean of 15,000 miles per year and a c.o.v. of 25%.
The standard deviation is o = 0.25 (15.000) = 3750 miles per year. Therefore. the distribution
of miles driven between accidents is N(15.000; 3750) miles per year.
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Then, for a typical driver who drives 10,000 miles per year, the probability of him/her having an
accident in a year is
10,000 — 15,000
P(X < 10,000) = ————"—'m——) = ®(—1.33) = | — ©(1.33)
3,750
= 1 — 09082
il
which means that the probability of accident of an individual driver is around 9% annually, or the
probability of no accident is 91%. If the driver has driven 8000 miles in a given year without encoun-
tering any accident, what is the probability of his/her having an accident for the remainder of that
year? In this case, we have a conditional probability as follows:

8,000 — 15,000
092 =l = =
B £ 10,000 | X 5 B000) = P(8,000 < X < 10,000) ( 3,750 )
i iead il B e P(X > 8,000) = i ('&000— 15,000)
3,759
0.092— ®(-1.87) _ 0.092 —(1-0.9692) _ 0.061
- o(=T80F . " =1+ 09692) . 0.9692
= 0.063

Therefore, the probability of accident-free driving for the remainder of the year would be around
94%: «

In the fabrication of steel beams and columns by a manufacturer, there are unavoidable variabilities
in the dimensions (for example, length) of the steel members. Suppose in a building construction, the
erection of the beams and columns for the building frame would require that the actual lengths be
within a tolerance of &5 mm of the specified dimensions with a probability or reliability of 99.7%.
What is the required precision, in terms of an allowable o, of the production process?

The variability in the fabrication of stecl beams may be assumed to be normally distributed
with zero mean (denoting no systematic bias in the fabrication process) and a standard deviation o,
representing the precision of the process, In this case, the reliability of 99.7% is equivalent to £3a’’s,
as shown in Fig. 3.7 for the normal PDF. Therefore, to satisfy the required reliability, the tolerance £

50 -5-0 3
a T,

o

must be,

or

J = .

— = ®7'(0.9985) = 2.97

o
From which we obtain o = 1.68 mm. Hence, the required precision, o, of the fabrication process is
determined to be 1.68 mm. This is an illustration of the 6-o rule in quality control. <4

322 The Lognormal Distribution

The logarithmic normal or simply lognormal distribution is also a popular probability
distribution. If a random variable X has a lognormal distribution, its PDF is

) I 1 /lnx—r\> -
fx = = -_—)c.xp o — x=0 (3.22)

e
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Figure 3.9 The lognormal PDFs for various values of .

where A = E(In X) and { = /Var(InX), are the parameters of the distribution, which means
that these parameters are, respectively, also the mean and standard deviation of 1n X. The
above PDF is illustrated graphically in Fig. 3.9 for various values of the parameter ¢. Observe
that this distribution is strictly for positive values of the variate X.

We may observe from Fig. 3.9 that as the parameter ¢ increases, the positive skewness
of the PDF also increases.

In Example 4.2 of Chapter 4, we shall show that if X is lognormal with parameters
A and ¢, then InX is normal with mean A and standard deviation ¢; i.e., N(A, ¢). Because
of this logarithmic relationship with the normal distribution, probabilities associated with
the lognormal distribution can be determined conveniently also from the table of standard
normal probabilities, such as Table A.1. We show this with the following: On the basis of
Egs. 3.3 and 3.22, the probability that X will assume values in an interval (a, b] is

LA [ /lnx —A\°
Pla<X<bh) = exp| — 5| ——— dx

Jo 2mix &
Inx — A
Let s = ———, such that dx = {xds.
Then, the above integral yields
I (In b—2)/C 4
—(1 772
Pla<X=<h)= e~V g

V21 Jiin a—\)[f¢

CD(M_}“) _q)(lnu;}.)
¢ ¢

which is analogous to Eq. 3.21, and the calculations involve the same standard normal
probabilities that can be obtained from Table A.1.

Inview of the convenient facility for calculating the probabilities of a lognormal random
variable, as indicated in Eq. 3.23, and also because the values of the random variable must
be positive (defined only for.x > 0), the lognormal distribution is especially useful in those
applications where the values of the variate are known, from physical consideration, to be
strictly positive; this includes, for example, the strength and fatigue life of materials, the

Il

intensity of rainfall, the volume of air traffic, etc.
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The parameters 2 and ¢ of the lognormal distribution are related to the mean and
standard deviation of the random variable X as follows:

E(X) | f\ l(m .\-—;_)'3 :
uxy = E(X) = —— expl —=z| ——— ax
Va2neJo 2 ¢ y

Now let y = In x, and dx = xdy, then

I i 1/y—AY\"
ty = \/ZTTC‘/—MP up[——( 7 ) ilc!\

1 .
= - =X P
LY 2w ¢ / 0 =R [ P

Expanding the square term in the exponential, we obtain

I BT ECET ) Y P A
Hx = T exp| =3 f N . x.+EC

—00

2

B -
W
=
]
-
N
)
| SRR |
A
-

We can recognize that the integral within the braces is the total area under the Gaussian
PDF of N(» + 72, ¢), which is equal to 1.0. Hence,

I 5
Uy = exp(}u + ;g") (3.24a)
from which we obtain the parameter
L i
A=Inpuy — ;(* (3.24b)

Similarly, we derive the variance of X as follows:

E(x?) = Jl_v: I F\C_xp[_ 1 (C_*” "

1 [\ { | [ 2 9()+3 w)+s-l]/
= cX et | P e ZC7) T AT | ay
\/2.7!’(':. —00 g 2(’ i . )

By completing the square term in the exponential, the above integral yields

E(XZ) _ 1 ]\ = _l('\‘ — (& -{--2(4))—0,—\‘ exp[l(h + (1)]

278 o0 & ¢

Again, we can recognize that the quantity inside the braces is the total area under the PDF
of N(A + 2¢2, £), which is equal to 1.0. Thus, we have

20 4 2 H | 3 P 5 e
E{X*) = cxp[E(A + C’)] = exp 2(.& + ;C') + (} =l €
Thence, according to Eq. 3.11 and using Eq. 3.24a, we obtain the variance of X as

Var(X) = E(X?) — iy = e — 1)
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from which we obtain the second parameter

(98]
(o]
n

>=In|1+ (U—\) = In(1 4 l‘.\-l) (

Hx

We should note that if the c.o.v. of X, 8y, is not large, say < 0.30, In(1 + 8x2) ~ 8x°. In
these cases,
28y (3.26)

The median, instead of the mean, is often used to designate the central value of a lognormal

random variable. By the definition of Eq. 3.8, the median x,, is P(X < x,,) = 0.50.
For the lognormal distribution, this means

In x, — A
o — %) =050
. £

Inx,, — A

Thus,

: =& 10.50)=0
4

Hence, in terms of the median of X, the parameter X is

A =Inx, (3.27)
Conversely,

Xy == (3.28)

Equating the right sides of Egs. 3.24b and 3.27, and using Eq. 3.25, we obtain the relation
between the mean and the median of a lognormal random variable as

px = Xy 1 4 8 (3.29)
which means that the mean value of a lognormal variate is invariably larger than the corre-

sponding median; i.e., (ty = Xp.

In Example 3.9, if the distribution of storm drainage from the community is a lognormal random
variable instead of normal, with the same mean and standard deviation, the probability of flooding
during a storm would be evaluated as follows.

First, we obtain the parameters 4 and ¢ of the lognormal distribution as follows: From Eq. 3.25,

: N4\ 1
=1+ (—) = In(1.E11) = 0. 105
1.2
Thus,
&= (324

And with Eq. 3.24b,
b 5 .
A=mnl.20— ;[0.324)‘ = (130
Therefore, the probability of flooding becomes

0 > (n.1.5—0.130 i
P(X = 150 =1—Pik= 150 = — (D( — — ] =1— ®(0.85) =1-—0.8023

0.198
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which may be compared with the probability of 0.227 from Example 3.9, illustrating the fact that the
result depends on the underlying distribution of the random variable.

Also, with the lognormal distribution, we obtain the probability that the drainage will be between
1.0 mgd and 1.6 mgd:

in E-6 0.13¢ In 1.0 — 0.130
P(l.()<,\”f_::l_(s}:q>(n J)fcp( i w

0.324 i 0.324
= (.8531 = [1 — ©(0.401)] = 0.8531 — (1 — 0.6554)
= £),509

) = ©(1.049) — ¢(—-0.401)

This may also be compared with the result of Example 3.9 which was 0.533. Finally, the 90% value
of the drainage load from the community, with the lognormal distribution, would be
In Xoon — 0.130
PX <o) = Pl = | =030
’ 0.324 :
from which

In xg00 — 0.130 .
LB e 090 =198

0.324
Therefore, the 90% drainage is
R T B 9]
Xoon = ¢ =172 mod.
With the normal distribution of Example 3.9, the 90% drainage is 1.71 mgd. <

The time T between breakdowns of a major equipment in an oil platform is defined by a lognormal
distribution with a median of 6 months and a c.o.v. of 0.30. In order to ensure a 95% probability that
the equipment will be operational at any time, the interval between inspections and repairs can be
determined as follows.

In this case, the parameters of the lognormal distribution are: A = In 6 = 1.792; and ¢ =~ 0.30;
then assuming that 7, = the time between inspection and repair, we would require

PIT =t =1= P =1)=089

or

('In t, — 1:792

- =005
0.30 )

from which, we have
Int, — 1.792 = 0.309 ' (0.05) = 0.30[—® '(0.95)] = 0.30(—1.65) = —0.495

Hence. the required inspection interval is
t, = e'??" = 3.66 months
If the equipment is in operational condition at the time it is scheduled for regular maintenance and
inspection, the probability that it will remain operational without breakdowns for another 2 months
would be
L P(F = 5:66)1 B(T > 3.60) BT = 5.60)
P(T = 5.66[T'>~3.60) — o = e :
il = 506) P(E > 3.66)
| In 5661792
. : 0.0 1—@(—0.195) 1 —(1-0.577)
0.95 % 0.95 o 0.95

= 0.61
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Therefore, the probability is 61% (better than a 50% chance) that the equipment will remain operational
without breaking down for 2 months beyond its scheduled regular maintenance. It may be observed
that the probability of the equipment operating for 5.66 months from the beginning is P(T > 5.66) =
0.423, which is less than 50%. <

3.2.3 The Bernoulli Sequence and the Binomial Distribution

In many engineering applications, there are often problems involving the occurrence or
recurrence of an event, which is unpredictable, in a sequence of discrete “trials.” For exam-
ple, in allocating a fleet of construction equipment for a project, the anticipated conditions
of every piece of equipment in the fleet over the duration of the project would have some
bearing on the determination of the required fleet size, whereas in planning the flood control
system for a river basin, the annual maximum flow of the river over a sequence of years
would be important in determining the design flood level. In these cases, the operational
conditions of every piece of equipment, and the annual maximum flow of the river relative
to a specified flood level constitute the respective rrials. We should point out that in these
problems, there are only two possible outcomes in each trial; namely, the occurrence and
nonoccurrence of an event—e.g., each piece of equipment may or may not malfunction
over the duration of the project; in each year, the maximum flow of the river may or may
not exceed some specified flood level.

Problems of the type that we just described above may be modeled by a Bernoulli
sequence, which is based on the following assumptions:

1. In each trial, there are only two possibilities—the occurrence and nonoccurrence
of an event.
2. The probability of occurrence of the event in each trial is constant.
3. The trials are statistically independent. h
In the two examples introduced above, we may model each of the problems as a
Bernoulli sequence as follows:

* Qver the duration of the project, the operational conditions between equipment are
statistically independent, and the probability of malfunction for every piece of equip-
ment is the same; then, the conditions of the entire fleet of equipments constitute a
Bernoulli sequence.

« If the annual maximum floods between any 2 years are statistically independent and
in each year the probability of the flood’s exceeding some specified level is constant,
then the annual maximum floods over a series of years can be modeled as a Bernoulli
sequence.

The Binomial Distribution

In a Bernoulli sequence, if X is the random number of occurrences of an event among » trials,
in which the probability of occurrence of the event in each trial is p and the corresponding
probability of nonoccurrence is (1 — p), then the probability of exactly x occurrences among
the n trials is governed by the binomial PMF as follows:

PX=x)=(" Pl =p) 2= 012 ....70 @i

S
(N ]

X
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» EXAMPLE 3.14

where n and p are the parameters, and

is known as the binomial coefficient.
The corresponding CDF is

Fy(x) :Z(z)p“(l s PR (3.30a)

k=0

Values of the CDFs of Eq. 3.30a are tabulated in Table A.2 for specified integer values of
n and given probability p.

We can get a better understanding of the basis of Eq. 3.30 by observing the following:
By virtue of statistical independence, the probability of realizing a particular sequence of
exactly x occurrences and (7 — x) NONOCCUITENCES of an event among n trials is p*(1 — p)" ™.

However. the x occurrences of the event can be permuted among the n trials, so that the
n

number of sequences with x occurrences 1s ( ); for example, if there are x malfunctions

X

' . . : . . : Fl
among a fleet of n pieces ot equipment, the x malfunctions may occur 1n (

) different

X
sequences among the n machines. Thus, we obtain Eq. 3.30.

Five road graders are used in the construction of a highway project. The operational life T of each
grader is a lognormal random variable with a mean life of 1500 hr and a cov of 30% (see Fig. E3.14).
Assuming statistical independence among the conditions of the machines, the probability that two of
the five machines will malfunction in less than 900 hr of operation can be evaluated as follows.

' | t hri
it Lognormal: pr = 1500
: = 5}' =030
900
o | 2l 0 .
0 50 t, hr 1. 2.3 A" 5
Operational Life in hours Machine No.

Figure E3.14 Operational life of road graders.
The parameters of the lognormal distribution are: ¢ =~ 0.30; and A = In 1500 — 3 0.3 =17.27.
Then, the probability that a machine will malfunction within 900 hr (see Fig. E3.14) is

In 900 — 7.27
0.30

For the five machines taken collectively, the actual operational lives of the different machines
may conceivably be as shown in Fig. E3.14: i.e.. as illustrated in the figure, machines No. 1 and
4 have operational lives less than 900 hr, whereas machines No. 2, 3, and 5 have operational lives
longer than 900 hr. The corresponding probability of this exact sequence is p*(1 — p)’. But the
two malfunctioning machines may happen to any two of the five machines; therefore, the number of
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sequences with two malfunctioning machines among the five is 5!/2!3! = 10. Consequently, if X is
the number of road graders malfunctioning in 900 hr,

P(X = 2) =10(0.0394)*(1 — 0.0594)° = 0.0294

Also, the probability of malfunction among the five graders (i.e., there will be malfunctions in one or
more machines) would be

P(X>1)=1—P(X:=0) = | — (0.9406)° = 0.264

whereas the probability that there will be no more than two machines malfunctioning within 900 hr
would be

)

5\ a1 . . .
P(X =2)=) |7 ]0.0594(0.9406)°* = (0.9406)° + 5(0.0594)(0.9406)" + 10(0.0594)*(0.9406)
ALY = 0.7362 4 0.2325 + 0.0294 = 0.9981

This last result involves the CDF of the binomial distribution, which is tabulated in Table A.2 for
limited values of the parameters. Using Table A.2 with n = 5, x = 2, and p = 0.05, we obtain a value
of 0.9988 from this table.* |

In spite of its simplicity, the Bernoulli model is quite useful in many engineering
applications. There are numerous problems in engineering involving situations with only
two alternative possibilities. Aside from those we have described and illustrated above, other
problems that can be modeled as respective Bernoulli sequences include the following:

* In a series of piles driven into a soil stratum, each pile may or may not encounter
boulders or hard rock.,

* In monitoring the daily water quality of a river on the downstream side of an industrial
plant, the water tested daily may or may not meet the pollution control standards.

* Theindividual items produced on an assembly line may or may not pass the inspection
to ensure product quality.

* In a seismically active region, a building may or may not be damaged annually.

In each of these cases, if the situation is repeated, the resulting series may be modeled as a
Bernoulli sequence,

We might emphasize that in modeling problems with the Bernoulli sequence, the in-
dividual trials must be discrete and statistically independent. In spite of this requirement,
however, certain continuous problems may be modeled (approximately at least) with the
Bernoulli sequence. For example, time and space problems, which are generally continuous,
may be modeled with the Bernoulli sequence by discretizing time (or space) into appropriate
intervals and admitting only two possibilities within each interval; what happens in each
time (or space) interval then constitutes a trial, and the series of finite number of intervals
is then a Bernoulli sequence. We illustrate this with the following example.

The annual rainfall (accumulated generally during the winter and spring) of each year in Orange
County, California, is a Gaussian random variable with a mean of 15 in. and a standard deviation of
41in.; i.e,, N(15, 4). Suppose the current water policy of the county is such that if the annual rainfall
is less than 7 in. for a given year, water rationing will be required during the summer and fall of that
year.

“Table A.2 is limited to specific values of # and p; for more general values of these parameters, it is more
convenient Lo use computers to evaluate the required probability (see Examples 5.2 and 5.11 of Chapter 5).
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Assuming X is the annual rainfall, the probability of water rationing in Orange County in any

given year is then

4

However, if the county wishes to reduce the probability of water rationing to half that of the current
policy, the annual rainfall below which rationing has to be imposed would be determined as follows:

7 =12
PiX = B — q)(.‘m_u_) = @(—20)=1—2.0)=1- 09772 = 0.0228

. x; — 15 I
P(X =x.)=1P 1 -~ ;((}.()228) = 0.0114
Thus,

x.—15 1 L . :
i =d(0.0114) = —@ (0.9885)= —2.28

Hence, with the new policy, the annual rainfall below which rationing must be imposed is
x, =15 — (4)(2.28) = 5.88 in,

Under the current water policy, and assuming that the annual rainfalls between years are statistically
independent, the probability that in the next 5 years there will be at least 1 year in which water
rationing will be necessary would be determined as follows.

Denoting N as the number of years when rationing would be imposed, the probability would be

5 i
; )(_0.0228)' (0.9772)° = 0.109

PN=D=1=PWN=0=1~—
0,

Finally, whenever the annual rainfall is less than 7 in. in any given year, the probability of damage
to the agricultural crops in the county is 30%. Assuming that crop damages between dry years (e,
with rainfall less than 7 in,) are statistically independent, the probability of crop damage (denoted D)
in the next 3 years may be of interest. In this case. the probability of crop damage would depend on
the number of years (between 0 and 3) that the annual rainfall will be less than 7 in.; therefore, the
solution requires the theorem of total probability, as follows:

P(D)

. 3 >
L= P =1~ [I 0000.9772) + (0.70) ( | ) (0.0228)(0.9772)

S o o ;
+(0.70) (7) (0.0228)* (0.9772) + (0.70)° ( %) (0.0228) }

= 1—(0.9331 +0.0457 + 0.0007 + 0) = 1 — (0.9795)
= 0.020
2%, |

Therefore, the probability of crop damage in the next 3 years is only

The Geometric Distribution

In a Bernoulli sequence, the number of trials until a specified event occurs for the first time s
governed by the geometric distribution. We might observe that if the event occurs for the first
time on the nth trial, there must be no occurrence of this event in any of the prior (n — 1)
trials. Therefore. if N is the random variable representing the number of trials until the
occurrence of the event, then

P(N =n) = pg"~! n=12 ... (3.31)

where g = (1 — p). Equation 3.31 is known as the geometric distribution.
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Recurrence Time and Return Period

In a time (or space) problem that is appropriately discretized into time (or space) intervals,
I'= N, and can be modeled as a Bernoulli sequence, the number of time intervals until the
first occurrence of an event is called the first occurrence time.

We observe that if the discretized time intervals in the sequence are statistically inde-
pendent, the time interval till the first occurrence of an event must be the same as that of the
time between any two consecutive occurrences of the same event; thus the probability dis-
tribution of the recurrence time is equal to that of the first occurrence time. Therefore, the
recurrence time in a Bernoulli sequence is also governed by the geometric distribution,
Eq. 3.31. The mean recurrence time, which is popularly known in engineering as the
(average) return period, therefore, is

T =E(T)= Zr -pg' Tt = p(1 4 2¢ + 3= g war)

r=1

Generally, as ¢ = (1 — p) < 1.0, the infinite series within the above parentheses yields
1/(1 — q)* = 1/p*. Hence, we obtain the return period
- 1 R
T = (3._‘!2)
7

which means that the mean recurrence time between two consecutive occurrences of an
event is equal to the reciprocal of the probability of the event within one time interval.

It is well to emphasize that the return period is only an average duration between
consecutive occurrences of an event and should not be construed as the actual time between
the occurrences; the actual time is 7, which is a random variable.

Suppose that the building code for the design of buildings in a coastal region specifies the 50-yr wind
as the “design wind.” That is, a wind velocity with a return period of 50 years; or on the average, the
design wind may be expected to occur once every 50 yr.

In this case, the probability of encountering the 50-yr wind velocity in any 1 yris p = 1/50 =
0.02. Then, the probability that a newly completed building in the region will be subjected to the
design wind velocity for the first time on the fifth year after its completion is

P(T = 5) = (0.02)(0.98)* = 0.018

whereas the probability that the first such wind velocity will occur within 5 yr after completion of the
building would be

B(T =.5.= Z((J.(D){(J.‘)H}" \

t=
= 0.02 +0.0196 + 0.0192 + 0.0188 + 0.0184
= 0,096

We might point out that this latter event (the first occurrence of the wind velocity within 5 yr) is the
same as the event of at least one 50-yr wind in 5 yr, which is also the complement of no 50-yr wind
in 5 years; thus, the desired probability may also be calculated as 1 — (0.98)° = 0.096. However, the
above is quite different from the event of experiencing exactly one 50-yr wind in 5 yr; the probability

J : :
in this case is given by the binomial probability which would be (1 ) (0.02) (0.98)* = 0.092.
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» EXAMPLE 3.17

E3.17, is designed for a wave height of 8 m above the mean

A fixed offshore platform, shown in Fig.
ng exceeded per year. The return

sea level. This wave height corresponds to a 5% probability of beir
period of the design wave height is therefore,
L |

e o = 00y
0.05 E

L]

Figure E3.17 An offshore platform.

The probability that the platform will be subjected to the design wave height w ithin the return

period is therefore,

20

P(H ~'8 in20yr)=1—P(H <8, in20yr) =1 - (0.95)
= (:3585
The probability that the first exceedance of the design wave height will occur after the third year is,
by the geometric distribution,
P(T > 3)=1— P(T <3) =1-[0.050.95)""" +0.050.957" + 0.05(0.95)*"]
=15 (0.05 +0.0475 4 0.0451) = 1 — 0.1426
= (.8574
If the first exceedance of the design wave height should occur after the third year as stipulated above,
the probability that such a first exceedance will occur in the fifth year is then
R . STpIT R SINT > 3F - BT =9 0A8(099)
HE=5T -3+ = i = (L048
Pl =3 Pl == 3) 0.8574

Observe next that the probability of no event occurring within its return period T is

P(no occurrence in T) = (1 — p)’
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where » = 1/T. Expanding the above with the binomial theorem, we have

- _— T(T - , T(T — 10T —2)
T 5 2 \ \
(1—p) =1-Tp+ 5 F -~ 3l

3

P+

Furthermore. for large T, or small p, we may recognize that the series on the right side is
approximately equal to e I'r Therefore, for large T,

Pino occurrence inT) = ¢ 7 = ¢~ ' = 0.3679
and

P(occurrence in 7) = 1 — 0.3679 = 0.6321

In other words, for a rare event that is defined as one with a long return period, T, the
probability of the event’s occurring within its return period is always 0.632. This result is a
useful approximation even for return periods that are not very long; for instance, for =720
time intervals, such as in Example 3.16, the probability is

20
P(no occurrence inT) =1 — (1 = j—(]) =1-—0.6415 = 0.359

which shows that the error in the above exponential approximation is less than 1.5%. |3

3.25 The Negative Binomial Distribution

The geometric PMF is the probability law governing the number of trials, or discrete time

units, until the first occurrence of an event in a Bernoulli sequence. The number of time i
units (or trials) until a subsequent occurrence of the same event is governed by the negative |

binomial distribution. That is, if T is the number of time units until the kth occurrence of
the event in a series of Bernoulli trials, then

T n—1 k. n—k g
Pl =n)= L1 »g forn =k, k+1,......

=0 forn < K (3.33)
The basis of Eq. 3.33 is as follows: If the kth occurrence of an event is realized at the nth
trial, there must be exactly (k — 1) occurrences of the event in the prior (n — 1) trials and at

the nth trial the event also occurs. Thus, from the binomial law, we obtain the probability

(e
Plh—=m)= & J,}t'»—lqn k p
k
thus obtaining Eq. 3.33.

» EXAMPLE 3.18 In Example 3.16, the probability that the building in the region will be subjected to the design wind
for the third time on the tenth year is, according to Eq. 3.33,

EEpa _ 9 i
P(Ty = 10) = ( L )((Jm)-‘ (0.98)19 3 = (j)((mz)‘ (0.98)’

= 72(0.00001)(0.8681) = 0.0005
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whereas the probability that the third design wind will occur within 5 years would be

“y [n - 1 e
P S (’; ; ) (0.02)? (0.98)"3
2 Lol . AL e e
= (5 ) ©002° 098y + ( ) 0027 (_0.98)-4‘()):0.03;- (0.98)

= (0.000008) + 3(0.000008)(0.98) 4 12(0.000008)(0.96040) = 0.00012 <

» EXAMPLE 3.19 A steel cable is built up of a number of independent wires as shown in Fig. E3.19. Occasionally, the
cable is subjected to high overloads; on such occasions the probability of fracture of one of the wires
is 0.05. and the failure of two or more wires during a single overload is unlikely.

Steel Cable

Load Load

Figure E3.19 A steel cable.

If the cable must be replaced when the third wire fails, the probability that the cable can withstand
at least five overloads can be determined as follows,

First, we observe that the third wire failure must occur at or after the sixth overloading. Hence,
using Eq. 3.33, the required probability is

:
P(T126)=1-P(l3<6)=1-=Y P(l=n)

2 _ 3 4 . 2
=] (j) (0.05)° {().95)“—( )(0.05)"- (0.95) — (7 ) (0.05) (0.95)?

A

=1-—0.00184 = 0.9982 <

3.26 The Poisson Process and the Poisson Distribution

Many physical problems of interest to engineers and scientists involve the possible occur-
rences of events at any point in time and/or space. For example, earthquakes could strike
at any time and anywhere over a seismically active region in the world; fatigue cracks may
occur anywhere along a continuous weld; and traffic accidents could happen at any time
on a given highway. Conceivably, such space—time problems may be modeled also with
the Bernoulli sequence, by dividing the time or space into appropriate small intervals, and
assuming that an event will either occur or not oceur (only two possibilities) within each
interval, thus constituting a Bernoulli trial. However, if the event can randomly occur at any
instant of time (or at any point in space), it may occur more than once in any given time
or space interval. In such cases, the occurrences of the event may be more appropriately
modeled with a Poisson process or Poisson sequence.
Formally, the Poisson process is based on the following assumptions:

1. An event can occur at random and at any instant of time or any point in space.

2. The occurrence(s) of an event in a given time (or space) interval is statistically

independent of that in any other nonoverlapping interval.
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3. The probability of occurrence of an event in a small interval At is proportional to Az,
and can be given by vAt, where v is the mean occurrence rate of the event (assumed
to be constant).
4. The probability of two or more occurrences in A/ is negligible (of higher orders of
Af).

On the basis of these assumptions, the number of statistically independent occurrences of
an event in ¢ (time or space) is governed by the Poisson PMF; that is, if X, is the number of
occurrences in a time (or space) interval (0, #), then

(ve)

2!

P(X; =x) = e B =0 D v (3.34)

where v is the mean occurrence rate, i.e., the average number of occurrences of the event
per unit time (or space) interval. It follows then that the mean number of occurrences in 7 is
E(X,) = vt: furthermore, it can be shown that the variance of X, is also vf. A mathematical
derivation of Eq. 3.34 is given in Appendix C. It may be emphasized that the process
underlying Eq. 3.34 is a counting process with a constant parameter v.

There are similarities and differences between the Bernoulli sequence and the Poisson
process. First of all, if a problem involves distinct entities, such as the number of operational
road graders in Example 3.13, the proper model is the Bernoulli sequence. However, in
space—time problems, either model may be applicable: in fact, we can show, as illustrated
below. that the Bernoulli sequence approaches the Poisson process as the time (or space)
interval is decreased. For this purpose, consider the following.

From previous statistical data of traffic counts, an average of 60 cars per hour was
observed to make left turns at a given intersection. Then, suppose we are interested in the
probability of exactly 10 cars making left turns at the intersection in a 10-min interval.

As an approximation, we may first divide the I-hr duration into 120 intervals of
30 sec each, such that the probability of a left turn (L.T)) in any 30-sec interval would be
p = 60/120 = 0.5. Then, allowing no more than one L.7. in any 30-sec interval, the problem
is reduced to the binomial probability of the occurrence of 10 L.7. among the maximum
possible of 20 L.T. in the 10-min interval, in which the probability of a L.T. in each 30-sec
interval is 0.5. Thus,

. 20 ) ,
P10 L.T.in 10 min) = o (0.5)'° (0.5 = 0.1762
1

The above solution is grossly approximate because it assumes that no more than one car
will be making L.T. in a 30-sec interval; obviously, two or more L.T.s are possible.

The solution would be improved if we selected a shorter time interval, say, a 10-sec
interval. Then, the probability of an L.7. in each interval is p = 60/36(0 = 0.1667, and

P(10 L.T.in 10 min) = 20 (0.1667)" (0.8333)"1" = 0.1370

10

Further improvements can be made by subdividing time into shorter intervals. If the time ¢
is subdivided into n equal intervals, then the binomial PMF would give

T n A\ AT
P(x occurrences int) = = e =
X n n
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where  is the average number of occurrences of the event in time 7. If the event can occur i
at any time (as in the case of left-turn traffic), the time # would need to be subdivided into
a large number of intervals, i.e., n — 00; then,

) ) n AN A\
P(x occurrencesint) = lim ( ) - | — —
n—o0 \ X R n
”| }_ X 4 }‘ n—x
lim — ) (l - )
n—o0 x(n —x)! \ n n

o oonnr-—1) (n—x+1) A A\ A
= lim — = il 1o 1 — —
n—oc i1 R n X1 n, n

We can observe that

) A\ LA
I1!n | == =l—=A+ z —gr toer =8

n— o< n

and all the other terms approach 1.0 as n — oc, except the term A*/x!. Therefore, in the
limit, as n — o0, we have b
' A
P(x occurrences inf) = —-e
x!
which is the Poisson distribution of Eq. 3.34, with A = vz. On this basis, with v =1 L.T. per
minute, the probability of 10 L.7% in 10 min is then

(1= 16"

i 0 =0,125

P(Xp=10)=

» EXAMPLE 3.20 Historical records of severe rainstorms in a town over the last 20 years indicated that there had been
an average number of four rainstorms per year. Assuming that the occurrences of rainstorms may
be modeled with the Poisson process, the probability that there would not be any rainstorms next
year is

(4 s 11%

i b i i )_'L =
ElXx =0 = ar = 0,018

whereas the probability of four rainstorms next year would be

o Ay =
P(X, =) = + - — e =0.195

We note from this last result that although the average yearly occurrences of rainstorms is four, the

probability of actually experiencing four rainstorms in a year is less than 20%. The probability of two
or more rainstorms in the next year is

rolls

=1-0.018 — 0.074 = 0.908



> EXAMPLE 3.21

3.2 Useful Probability Distributions 115

The different probabilities of the number of rainstorms in a year are tabulated below:

x No. of Rainstorms Probability of x x No. of Rainstorms Probability of x
0 0.018 7 0.060
1 0.074 8 0.030
2 0.146 9 0.013
3 LA95 10 0.005
4 us 11 0.002
2 0.156 12 0.001
6 0.104 13 0.000

The corresponding PMF is shown graphically in Fig. E3.20.

Px{x)
0.20—

0. 15—
0.10—

0.05

Grid=2. 00 4 Bl el B g R X

Figure E3.20 PMEF of no. of rainstorms in a year. <1

In designing the left-turn bay at a state highway intersection, the vehicles making left turns at the
intersection may be modeled as a Poisson process. If the cycle time of the traffic light for left turns is
| min, and the design criterion requires a left-turn lane that will be sufficient 96% of the time (which
may be the criterion in some states in the United States), the lane distance, in terms of car lengths, to
allow for an average left turns of 100 per hour, may be determined as follows.

As stated above, the mean rate of left turns at the intersection is v = 100/60 per minute. Let
us suppose the design length of the left-turn lane is k car lengths. Then, during a |-min cycle of the
traffic light, the design criterion requires that the probability of no more than k cars waiting for left
turns must be at least 96%; therefore, we must have

PlX o <A)=iL(@ X |)|« /s . 0,96
i !\ 60

By trial-and-error, we would obtain the following results:

S 7100
Ifk=3.P(X <3 = *(*f i—=100/60 g o1
e ?j.\". _ou)‘
whereas
ifk =4, P(X, <4)=0.968

Therefore, a left-turn bay of four car lengths at the intersection is sufficient to satisfy the design

I'C(,]Llil'c ment. <
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> EXAMPLE 3.22

A structure is located in a region where tornado wind force must be considered in its design. Suppose
that from the records of tornadoes for the past 20 years, the mean occurrence rate of tornadoes in the
region is once every 10 years, Assume that the occurrence of tornadoes can be modeled as a Poisson
process.

If the structure is designed to withstand a tornado force with an allowable probability of damage
of 20%. the probability that the structure will be damaged in the next 50 years is

i (0.1 x 50"
Pyl P(DI= 1 Zu 020y ) ~01x30)

50, (5:0)
=1- [f-» 70 40 8())1—.-"“” 1 u).xm-E :

(20
R k—((),h‘()a‘(uTv 294 ]

il Sl () L0
I —8 "kl A (().H())?- + (0.80)° = (0.80) o

we may recognize that the limit of the infinite series inside the brackets is the exponential 830,

Hence, the probability of damage in 50 years is
P(D) =] = o 01 AR ] o 30 10,868 = 0.632

Obviously, the above probability of damage is much too high. If the structure were to be upgraded
in order to reduce the 50-year probability of damage to 5%, what should be the allowable damage
probability against a tornado wind? In this case, we would have

P(D) = 0.05
which means

(0.1 x 10) e (0.1x50) _ i ﬁ(lﬁﬁ.u{l P) — 0.05.

[ —Zn S py i

Thus,
] —e " =0.05
or
p=0.010

which means that the original structure should be upgraded to reduce the damage probability against
a tornado wind of 0.010 or 1%.

Now \uppl)sc that the regional government plans to upgrade 10 similar structures to the above
standard. i.e.. that each structure should have no more than (.05 probability of damage against tornado
wind in 50 years. Then the probability that at most one of the ten upgraded structures will be damaged
in the next 50 years would be evaluated as follows.

Assuming that the damages between structures are statistically independent, the solution involves
the binomial probability in which the 50-year damage probability of each structure is 0.05. Denoting
X as the number of damaged structures in 50 years,

(10 )(ju.()s)“(:').%)'“ 1 (]0 (0.05)'(0.95)°
0 1

P(X £ 1)

= 0914
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On the other hand, the probability that at least one of the ten structures will be damaged by tornadoes
in the next 50 years is

10

P(X :>I)—I—P(X:[))_I(
0

)(nﬂﬁ)“(n.%_)'” = 0.401
|

In the next example, we illustrate a space problem that may be modeled with the Poisson

process.

A major steel pipeline is used to transport crude oil from an oil production platform to a refinery
over a distance of 100 km. Even though the entire pipeline is inspected once a year and repaired
as necessary, the steel material is subject to damaging corrosion. Assume that from past inspection
records, the average distance between locations of such corrosions is determined to be 0.15 km. In
this case, if the occurrence of corrosions along the pipeline is modeled as a Poisson process with a
mean occurrence rate of v = 0.15/km, the probability that there will be 10 locations of damaging
corrosion between inspections is
(0.15 x 100)'"

P(Xun) = W= Tf.’ Glsatn 0.049

whereas the probability of at least five corrosion sites between inspections would be

4 i
(0.15 x 100" iy
P(X\(M __’_, 5) e ] i P(Xi(m < _c;} il 1 i Z______ie 0. 15% 100
] n!
" (51 05 a0 W) HLSr = (o n €181 o
B il e e 31 £ T g e

=1—e (1 +154 112,54 562,54+ 2109.4) = 1 — 0.0009 = 0.9991
In any one of the corrosion sites, there may be one or more cracks that could initiate fracture failure.
If the probability of this event occurring at a corrosion site is-0.001, the probability of fracture failure
along the entire 100-km pipeline between inspection and repair would be (denote F for fracture

failure),
S i o JEEEE
P(F)y=1-P(F)=1-PFNXgz0=1-3 PF|Xin=nP(Xn=n)
n=0

fos g \2

A 1000 o5, s L o2 3 [30Y

= Zu“ - 0.001) Tt 1 % l+(()._)99)—ﬁ + (0.999) Fos

(15
HIS08) o

2 g R 00 s goR5. - (015 <

In the last 50 years, suppose that there were two large carthquakes (with magnitudes M > 6) in
Southern California. If we model the occurrences of such large earthquakes as a Bernoulli sequence,
the probability of such large earthquakes in Southern California in the next 15 years would be evaluated
as follows.

First, we observe that the annual probability of occurrence of large earthquakes is p = 2/50 =
0.04. Then,

5 : .
P(X=>=D=1-PX=0=1~— (" )(0.()4)“{0_%}'“ = 0.458
0
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Alternatively, if the oecurrences of large earthquakes in Southern California were modeled as a
Poisson process, we would first determine the mean occurrence rate as v = 2/50 = 0.04 per year, and
the probability of such large carthquakes in the next 15 years then becomes

(0.04 x 15)°

TIC
The maximum intensity of seismic ground shaking at a given site can be measured in terms of g
(gravitational acceleration = 980 cm/sec?). Suppose that during an earthquake of M = 6, the ground
shaking intensity ¥ at a particular building site has a lognormal distribution with a median of 0.20g
and a c.o.v. of 0.25. If the seismic capacity of a building is 0.30g, the probability that the building
will suffer damage during an earthquake of magnitude M = 6 would be

P(Xa=D=1_P(Xis=0 =+ T0elS . ().45]

P(D|M > 6) = P(Y > 0.30g) = 1 — P(Y <0.30g)

I 0.3g
; = [)4....._
In0.3g —In0.2g 7o
:1,¢(“_§J._A):|,¢ ()"‘*

0.25 0.25

Inl.5 L
1 — (D( - ) =1 —0947 = 0.053
0.25

Then, in the next 20 years, the probability that the building will not suffer damage from large earth-

quakes (assuming the Poisson process for occurrences of large earthquakes) would be

% (004 20" ' ooaion
S AL i

P(D in 20 years) (0.947)"
0

n!
n

Il

4 0.80 ' , (0.80)° 1 (0.80)"
ORI S T e BAOER e s
L . o

: 9475 20,042
— p—080,09470.80 _ ,—0.0424 _ () 058 =

We should emphasize that in both the Bernoulli sequence and the Poisson process, the
oceurrences of an event between trials (in the case of the Bernoulli model) and between
intervals (in the Poisson model) are statistically independent. More generally, the occurrence
of a given event in one trial (or interval) may affect the occurrence or nonoccurrence of the
same event in subsequent trials (or intervals). In other words, the probability of occurrence
of an event in a given trial may depend on earlier trials, and thus could involve conditional
probabilities. If this conditional probability depends on the immediately preceding trial (or
interval), the resulting model is a Markov chain (or Markov process); the essential principles
of the Markov chain are described in Ang and Tang, Vol. 2 (1984)."

3.2.7 The Exponential Distribution

We saw earlier that in the case of a Bernoulli sequence, the probability of the recurrence
time between events is described by the geometric distribution (see Sect. 3.2.4). On the
other hand. if the occurrences of an event constitute a Poisson process, the recurrence time
would be described by the exponential distribution.

In the case of a Poisson process, we observe that if 7 is the time till the first occurrence
of an event, then (T > 1) means that there is no occurrence of the event in (0, t); therefore,

*This reference is out of print, but is available by direct order from ahang2 @aol.com.
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according to Eq. 3.34.
P(Ti >t)=P(X;=0)=¢e"

Because the occurrences of an event in nonoverlapping intervals are statistically indepen-
dent, Ty 1s also the recurrence time between two consecutive occurrences of the same event.
The CDF of T'|, therefore, is the exponential distribution,

Frt)=P(Th =t)=1—e" (3.35)
and its PDF is
i dF e y
Jrnt) = — =ve (3.36)
dt

If the mean occurrence rate, v, is constant, the mean recurrence time, £(7';), or return period
for a Poisson process can be shown to be

E(T)=1/v (3.37)

This may be compared with the corresponding return period of 1/p for the Bernoulli se-
quence, Eq. 3.32. However, for events with small occurrence rate v, 1/v =~ 1/p. We can show
this by observing that in a Poisson process with occurrence rate v, the probability of an
event occurring in a unit time interval (i.e., = 1) is

L,
p=PXi=D=ve"=v(l—v+ v+

Hence, for small v, p =~ v,
Therefore, for rare events, i.e., events with small mean occurrence rates or long return
periods, the Bernoulli and the Poisson models should give approximately the same results.

According to Benjamin (1968), the historical record of earthquakes in San Francisco from 1836 to
1961 shows that there were 16 earthquakes with ground motion intensity in MM-scale of VI or higher.
If the occurrence of such high-intensity earthquakes in the San Francisco-Bay Area can be assumed to
constitute a Poisson process, the probability that the next high-intensity earthquake will occur within
the next 2 years would be evaluated as follows.
The mean occurrence rate of high-intensity earthquakes in the region is
16

o= 5 = 0.128 quake per year

Then, with Eq. 3.35,
P(T, <2)=1-—¢%28x2 — 0226

The above is equivalent to the probability of the occurrence of such high-intensity earthquakes (one
or more) in the next two years. With the Poisson madel, this latter probability would be

PG = 1)1 = PIX 2 D1 Pl

\0
_(0.128 x ) 012832 L {1 <0.18%2 | 90

0!

The probability that no earthquakes of this high intensity will occur in the next 10 years is
PO 10 we 270 T = GO7

Again, this probability may also be evaluated with the Poisson distribution as

0.128 x 10)° S
P(Xjp=0) = %e QD - 9278
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The return period of an intensity VI earthquake in San Francisco, according to Eq. 3.37, is
therefore,

I
] B
0.128 &

ﬂ:

In general, the probability of occurrence of large earthquakes within a given time 7 is given by the
CDF of T;; in the present case, this is

0.128¢

P(l st)=1—¢e

Graphically, the above CDF is shown in Fig. E3.25.
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Figure E3.25 CDF of large earthquakes in San Francisco.

In particular, the probability of high-intensity earthquakes occurring within the return period of
7.8 years in the San Francisco area would be

P < a2 o 063D |

In fact, as illustrated above, for a Poisson process the probability of an event occurring
(once or more) within its return period is always equal to I — ¢ 10 = (0.632. This may be
compared with the probability of events with long return periods of the Bernoulli model,
as discussed earlier in Sect. 3.2.3.

Of course, the exponential distribution is also useful as a general-purpose probability
function. We saw this as illustrated earlier in Example 3.3 to describe the useful life of
welding machines. In general, the PDF of the exponential distribution is

fx(x) =Xte ™ for x = 0 .
o o (3.38)
=0 for x <0
where X is a constant parameter. The corresponding CDF would be
Fx(x)=1—e™* for x = 0
S ( dei (3.39)
=0 for x <0

The mean and variance of X are, respectively,

-

- 2 i
wx = 1/A and oy =1/A"




> EXAMPLE 3.26

3.2 Useful Probability Distributions 121
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Figure 3.10 PDF and CDF of the Shifted Exponential Distribution

The Shifted Exponential Distribution

In Egs. 3.38 and 3.39, the PDF and CDF of the exponential distributions start at x = 0. In
general, the distribution can start at any positive value of x; the resulting distribution may
be called the shifted exponential distribution. The corresponding PDF and CDF starting at
a would be as tollows:

') = L p—AMx—a) =
fx(x) = Ae % >4 A0y
0 X <d
and
R e |G __ p—Alx—a) X
Fx(x)=1—¢ x=ua 341
=10 X <ig

Graphically, the above PDF and CDF are illustrated in Fig. 3.10.

The exponential distribution is appropriate for modeling the distribution of the opera-
tional life, or time-to-failure of systems under “chance” or constant failure rate condition.
In this regard, the parameter A is related to the mean life or mean time-to-failure E(T) as

I
Asm——
E(T)
whereas, for a random variable X with the shifted exponential distribution starting at
x = a, the mean value of X would be

1 1
EX)=a+ - or E(X —a)= -
A A

and its standard deviation is o, = 1/A.

Suppose that four identical diesel engines are used to generate backup electrical power for the emer-
gency control system of a nuclear power plant. Assume that at least two of the diesel-powered units
are required to supply the needed emergency power: in other words, at least two of the four engines
must start automatically during sudden loss of outside electrical power. The operational life T of each
diesel engine may be modeled with the shifted exponential distribution, with a rated mean operational
life of 15 years and a guaranteed minimum life of 2 years.

In this case, the reliability of the emergency backup system would clearly be of interest. For
example, the probability that at least two of the four diesel engines will start automatically during an
emergency within the first 4 years of the life of the system can be determined as follows.

First, the probability that any of the engines will start without any problem within 4 years is

1 v
P(T > 4) = ¢™3% * = (.8574
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Then. denoting N as the number of engines starting during an emergency, the reliability of the backup
system within 4 years is

& |
B(N = 7)) — 2(4 ){0.8574)” (0.1426)7" =1 — 2(4)((}.8574)“(0.%426)‘1”

n n=0.\M

n=2

Il

[t (4)(0.1426)‘ - (4)((1,8574)(0.11126)‘ = 1 — 0.0004 — 0.0099
‘ 1

0
= (.990
Therefore, the reliability of the backup system within 4 years is 99%, even though the reliability
of each engine is only about 86%. <

The Gamma Distribution
In general, the gamma distribution for a random variable X has the following PDF,

¥ (x) G NR 0
vix) = BT x>
Ix rk) 5 (3.42)

=i x<0

where v and k are the parameters of the distribution, and T'(k) is the gamma function

T'k) = / e dx where k > 1.0 (3.43)
Jo

We may recall that the gamma function is the generalization of the factorial to noninteger
numbers. In particular, we observe that integration-by-parts will yield, for k > 1.0,

Fky=Gk -DI'tk=1D=k—-Dk—=2)---(k=D)'(k—1)
The mean and variance of the gamma distribution, Eq. 3.42, are respectively,
wx =k/v and ay = kfrl

Calculation of the probability involving the gamma distribution can be performed using
tables of the incomplete gamma function, which are usually given for the ratio (e.g., Harter,
1963):

I(u, k)= . I
(k)

Then, the probability of (¢ < X < b) can be obtained as

K b
Pla<X<b= 1"l(k) / e dx

If we let y = vx, the above integral becomes

Pla < X <b) = : — l:["” Vi le Yy — /W yile "d\}
) - I'(k) 0 ) Jo ’ (3.43a)

= I(vb, k) — I(va, k)

Therefore, in effect, the incomplete gamma function ratio is also the CDF of the gamma
distribution.
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The gamma distribution may be used to represent the distribution of the equivalent uniformly dis-
tributed load (EUDL) on buildings. For a particular building, if the mean EUDL is 15 psf (pounds per
square foot) and the ¢.0.v. is 25%, the parameters of the appropriate gamma distribution are,

k/v I 1 1
{s:i:l/»l:7; thus, k=—=—— =16
v kv ik Az D asy
and
.6
y=—=— = 1.067
1 15

The design live load is generally specified (conservatively) to be on the high side. For instance, if the
design EUDLis specified to be 25 psf, the probability that this design load will be exceeded according
to Eq. 3.43a, is

P(L>25)=1- P =25 =1—1I(25 x 1067,16) = — 1(26.67, 16)

=1-0.671 =0.329 <

The Gamma Distribution and the Poisson Process
We should point out that the gamma distribution is related to the Poisson process. If the
occurrences of an event constitute a Poisson process in time, then the time till the kth
occurrence of the event is governed by the gamma distribution. Earlier, in Sect. 3.2.7, we
saw that the time until the first occurrence of the event is governed by the exponential
distribution.

Let 7, denote the time until the kth occurrence of an event; then (T} < t) means that
there were k or more occurrences of the event in time ¢, Hence, on the basis of Eq. 3.34, we
obtain the CDF of T}, as

0 )
[“TA(T):ZP(X, = X} .. 1 vt
X
x=k

|
|
Y

+ot

\2 (v)—2 . vy .
i ; . e
1! 2! (k—2) (k=1

Il
|
o,
+
| =
(S5
+
=

Taking the derivative of the above CDF, it can be shown that the PDF of T is as follows:

vyt
(k — 1!

fr®) = g fort =0 (3.44)

The above gamma distribution with integer k is known also as the Erlang distribution. In
this case, the mean time until the kth occurrence of an event is
E(Ty)=k/v
and its variance 15
Var(T,) = k/v?
We can see that for k = 1, i.e., for the time until the first occurrence of an event, Eq. 3.44

is reduced to the exponential distribution of Eq. 3.36.

Suppose that fatal accidents on a particular highway occur on the average about once every 6 months.
If we can assume that the occurrences of accidents on this highway constitute a Poisson process, with
occurrence rate of v = 1/6 per month, the time until the occurrence of the first accident (or

mean
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between two consecutive accidents) would be described by the exponential distribution, specifically
with the following PDF:

. I -1/6
fr.(t) = il
0.16 -
\
\ f
0121\ 7, (1)
| \/
=z \
0.081— \ fr(t)
'A‘\‘
1 May (1)
0.04 N s
r’ \ T
/ o
i ~ i
0 | [~ mmmedaoms \ L
0 8 16 24 32 40 48 56
t, months

Figure E3.28 PDFs of times until the occurrences of first, second, and third accidents on a highway.

The time until the occurrence of the second accident (or the time between every other accidents) on
the same highway is described by the gamma distribution, with the PDF

l /
fl‘;(ﬁ) = g(_rfé){, /6

whereas the time until the occurrence of the third accident would also be gamma distributed, with the

PDF
, LUoy
f‘['\(.") = ET(’
The above PDFs are illustrated graphically in Fig. E3.28, and the corresponding mean occurrence
times of T, T, and T3 are, respectively, 6, 12, and 18 months. <4

We might recognize that the exponential and gamma distributions are the continuous
analogues, respectively, of the geometric and negative binomial distributions; that is, the
geometric and negative binomial distributions govern the first and kth occurrence times
of a Bernoulli sequence, whereas the exponential and gamma distributions govern the
corresponding occurrence times of a Poisson process.

The Shifted Gamma Distribution
We might point out that most probability distributions are described with two parameters,
or even with one parameter, such as the exponential distribution. The shifted gamma distri-
bution is one of the few exceptions with three parameters. A three-parameter distribution
may be useful for fitting statistical data in which the skewness (involving the third moment)
in the data is significant: in particular, the third parameter would be necessary in order to
explicitly include the skewness in the observed data.

As an extension of Eq. 3.42, the PDF of the three-parameter shifted gamma distribution,
for a random variable X, may be expressed as

vivix — ¥

fx(x) = Texp[fr(,\' - x>y (3.45)
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in which v, k = 1.0, and y are the three parameters of the distribution. We observe that Eq.
3.45 is reduced to Eq. 3.42 if y = 0.

The mean and variance of X are, respectively,
k i k
Wy =—+y and Oy = —

:

The three-parameter gamma distribution can be shown to give better fit with statistical data when there
is significant skewness in the observed data. For instance, shown below in Fig. E3.29 is the histogram
of measured residual stresses in the flanges of steel H-sections. The mean, standard deviation, and
skewness coefficient of the measured ratios of residual stress/yield stress are, respectively, 0.3561,
0.1927, and 0.8230.
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Figure E3:29 Fitting distributions to histogram of residual stresses (after Zhao & Ang, 2003).

Clearly, because the data show significant skewness, a three-parameter distribution is necessary
in order to include the skewness for adequately fitting the histogram of the measured residual stresses.
As shown in Fig. E3.29, the three-parameter gamma PDF (solid curve) that includes the skewness
of 0.8230 has a much closer fit to the histogram than the normal or lognormal distributions which

are, of course, two-parameter distributions. This is further verified later in Example 7.10 with the K-§
goodness-of-fit test. <
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3.29 The Hypergeometric Distribution

» EXAMPLE 3.30

» EXAMPLE 3.31

The hypergeometric distribution arises when samples from a finite population, consisting
of two types of elements (e.g., “good” and “bad™), are being examined. It is the basic
distribution underlying many sampling plans used in connection with acceptance sampling
and quality control.

Consider a lot of N items, among which m are defective and the remaining (N — m)
items are good. If a sample of » items is taken at random from this lot, the probability that
there will be x defective items in the sample is given by the hypergeometric distribution as
follows: )

m N—m
X n—Xx
PiX=x)=—"—F——— = 1D wuny m (3.46)
N

N

The above distribution is based on the following: In the lot of N items, the number of

samples of size n 18 ( ; ): among these, the number of samples with x defectives is

m N —m

A n X

Therefore, assuming that the samples are equally likely to be selected, we obtain the hyper-
geometric distribution of Eq. 3.46.

In a box of 100 strain gages, suppose we suspect that there may be four gages that are defective. If
six of the gages from the box were used in an experiment, the probability that one defective gage was
used in the experiment is evaluated as follows (in this case, we have N = 100, m = 4, and n = 6);
thus,

(4 100 — 4

1 61
P(X =1)= v = 0205

100
O

whereas the probability that none of the defective gages in the box was used in the experiment is

4\ {100—4
0/\e6

Pl L0778
100

6
and at least one defective gage was used in the experiment would be

P> =1—P(X=0)~1-=0778 =0202

In a large reinforced concrete construction project, 100 concrete cylinders are to be collected from
the daily concrete mixes delivered to the construction site. Furthermore, to ensure material quality,
the acceptance/rejection criterion requires that ten of these cylinders (selected at random) must be
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tested for crushing strength after curing for 1 week, and nine of the ten cylinders tested must have a
required minimum strength, Is the acceptance/rejection criterion stringent enough?

Whether the acceptance/rejection criterion is too stringent, or not stringent enough, depends on
whether it is difficult or easy for poor-quality concrete mixes to go undetected. For example, if there
is d percent of defective concrete, then on the basis of the specified acceptance/rejection criterion, the
probability of rejection of the daily concrete mixes would be (denoting X as the number of defective
cylinders in the test)

PIX =18 0] o P EXe o 1)

1004 \ {10001 — o) 100d \ {100(1 — &) )
0 10 I 9
i : ;
100 ( mu)
10 10

For example, if there is 5% defectives in the daily concrete mixes, or d = 5%.

P(rejection) —1 —

[ fos ('5
10 1
it

I

100
L \10

whereas if d = 2%,

bl
ekl

=1 = (0.5837 + 0.0034) = 0.413

;

Plrejection) =1 =

100
L \10

J]

100
10

= 1 - (0.8091 + 0.1818) = 0.009

Therefore, if 5% of the concrete mixes were defective, it is likely (with 41% probability) that the
defective material will be discovered with the proposed acceptance/rejection criterion, whereas if 2%
of the concrete mixes were defective, the likelihood of the daily mixes being rejected is very low (with
0.009 probability).

Hence, if the contract requires concrete with less than 2% defectives, then the proposed accep-
tance/rejection criterion is not stringent enough; on the other hand, if material with 5% defectives is
acceptable, then the proposed criterion may be satisfactory. <4

3.210 The Beta Distribution

Most probability distributions are for random variables whose range of values are unlimited
in either one or both directions. Indeed, thus far all the continuous probability distributions
we have seen (except for the uniform PDF) have this characteristic. In some engineering
applications, there may be problems in which there are finite lower and upper bound values
of the random variables; in these cases, probability distributions with finite lower and upper
limits would be appropriate.

The beta distribution is one of the few distributions appropriate for a random variable
whose range of possible values are bounded, say between a and b. Its PDF is given by

1 (x —a)? (b — x)!

fx(x) = — = — a<x<bh
e B(g.r)  (b—a)it! (3.47)

=) otherwise
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Figure 3.11 The beta distribution with ¢ = 2.0 and r = 6.0 for (2 < x < 12).
in which ¢ and r are the parameters of the distribution, and B(g, r) is the beta function

.
B(g,r)= / 27— e (3.48)
J()

which is related to the gamma function of Eq. 3.43 as follows:

B(g,r)= Lgf)[h(j—) (3.49)
g +r)
Depending on the two parameters ¢ and r, the PDF of the beta distribution will have
a different shape. In Fig. 3.11 we show the PDF of a beta distribution for 2 < x < 12 with
g =2.0and r = 6.0.
If the lower and upper values of the variate are bounded between 0 and 1.0, i.e.,a =0
and b = 1.0, Eq. 3.47 becomes

fx(x) = ELERVEES 0<x<10
‘ B(g,r) (3.47a)
=) otherwise
which may be called the standard beta distribution.
Figure 3.12 shows the standard beta PDFs with different values of ¢ and #» From this
figure, we can observe that the beta PDF assumes different shapes depending on the values

fi(x)

0 |
0 0.5 1.0 X

Figure 3.12 The standard beta PDFs with different values of ¢ and r.
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of the two parameters g and r. In particular, we also observe that for ¢ < r, the PDF is
positively skewed, whereas for ¢ = r it is negatively skewed, and for ¢ = r the PDF is
symmetric. With these characteristics, the beta distribution is quite versatile and can be
used to fit a wide range of histograms of observed data.

The probability associated with a beta distribution can be evaluated in terms of the
incomplete beta function, which is defined as

B.(q.r) :] yI 11—y~ ldy D<x<1.0 (3.50)
0

and values of the incomplete beta function ratio B,(g.r)/B(g,r) have been tabulated, for
example, by Pearson (1934) and Pearson and Johnson (1968). In particular, the CDF of the
standard beta distribution is

: 1 . B.(q,r)

Fy(x) = 7[ 2 =2 de = #

B(g.r) /o Big,r)

Therefore, the incomplete beta function ratio is the CDF of the standard beta distribution,
which we shall denote as

B.(g.,r)

3.51)
Blg,r)

Blx|g,r) =

We should point out that the incomplete beta function ratio is generally given for g > r. For
g =< r, the ratio can be obtained from
Bxlg.r)=1—B(x|rq)

For a general beta distribution of Eq. 3.47, the probability between x = x| and x = x, may
be evaluated as follows:

Al fo g—1 __ wAr=l
Plxi <X <x)= : j %l ('b, : 'I\) dx
Blg.r)J,, (b—a)™—

If we substitute

x—a
.\‘ =
b—ua
we also have
b—x dx
l =y = and dy =
b—a b—a

Hence, the above integral becomes

] (x2—a)/(b—a) (x;—a)/(b—a)
Pxi<X=x)=—— |:[ Y= yy' '(."_\'—] ¥ (] = _\")"[c."_\‘:|
B(g,r)[Jo 0

Therefore, denoting u = (xo — a)/(b — a) and v = (x; — a)/(b — a), the above probability
can be evaluated in terms of the CDF of the standard beta distribution, Eq. 3.51, as

P(x; < X <x3) = Blulg,r)— B(vlg,r) (3:52)

The mean and variance of X with a beta distribution between a and b are
Iy :('«Jrq;r(hfa) (3.53)
0_\3 = bl (b —a) (3.53a)

T @+rg+r+1)
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» EXAMPLE 3.32

» EXAMPLE 3.33

and its coefficient of skewness is
2ir —gq) (b—a)
S (gtr)g+r+2) oy

Ox

Also, the mode of X is

. l—¢q
i=a+——(®hH—a) (3.5°
2—qg-—r

s}
L
L

The duration required to complete an activity in a construction project has been estimated by the
subcontractor to be as follows:

Minimum duration = 5 days
Maximum duration = 10 days
Expected duration = 7 days
The coefficient of variation of the required duration is estimated to be 10%.
In this case, the beta distribution may be appropriate with @ = 5 days and b = 10 days. The
parameters of the distribution would be determined as follows: With Eq. 3.53, we have

LB LG
qg4r

giving

Then, substituting this into the expression for the variance. Eq. 3.53a, we have
ﬁ%?“muo ~ 52 =(0.1 x 77
yielding
g =3.26. and " r=1d:4d0
The probability that the activity will be completed within 9 days is then given by
P(T = 9) = £.(3.26, 4.89)

in which u = (9 — 5)/(10 — 5) = 0.8. From tables of the incomplete beta function ratios (e.g., Pearson
and Johnson, 1968) we obtain after suitable interpolation

P(T £9) = Pps(3.26, 4.89) =0.993 <«

Inevaluating the reliability of steel bridge components against fatigue damage, the stress range (i.e.. the
maximum minus the minimum applied stresses) in each loading cycle is the principal load parameter.
For this purpose, it is reasonable to assume that the stress range has finite lower and upper bound
values.

As a specific example, consider the strain-ranges measured at a particular interstate highway
bridge in Illinois under heavy traffic as shown in Fig. E3.33. The corresponding stress ranges (in psi)
can be obtained by multiplying the strain range, in micro in./in. of Fig. E3.33 by 30,000 psi/1000 =
30 psi. On this basis, we may model the applied stress ranges. S, on the particular highway bridge
with a beta PDF with parameters ¢ = 2.83 and r = 4.39, and a lower bound value of 0 and an upper
bound value of 10,000 psi.

Suppose a steel-wide flange beam of the bridge is subjected to the beta-distributed stress ranges
of Fig. E3.33. The fatigue life of metal structures may be described with the so-called SN relation
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14.0 N = 541
M = 1176

L o =50.6

140k c.ov. =043

Beta (q=2.83: r=4.39)

Density x 1000
[99]
Y
\
\
A
A}
| S
i
!
7
’\
5

L
@

2.0
max.

A L] WMW' l |

0.0 40.0 80.0 120.0 160.0 200.0 240.0 280.0 320.0
Strain range (nicroin./in)

Figure E3.33 Histogram of measured strain range of a beam, Shafter Creek Bridge, IL under heavy
traffic (after Ruhl and Walker, 1975).

specified by two parameters ¢ and m. In the present case of the steel-wide flange beam, these SN
parameters are
c =398 x 10°cycles and m =2.75
The mean fatigue life when subjected to random stress ranges is given by
-
E(S")

in which E(S™) is the mth moment of §; for a beta-distributed S, this is (see Ang, 1977)

v Cim+q)C(g +7r)
b R i £ L Sl
T(@)C(m+q +r)
In the case of the above wide flange beam,
[(5.58)I'(7.22)
83

E(S il
[r(z

5
Bt 90 496
8 )1'{9.97)}

Thus, the mean fatigue life of the beam is
3.98 x 10°

l= ————— =445 x 10° cycles
89.486

3.211 Other Useful Distributions

The probability distributions that we have described thus far are among the most useful
and important for practical engineering applications. However, these are far from inclusive;
for specific applications other distributions may be more appropriate and useful, including,
e.g., the uniform and triangular PDFs. In particular, the class of distributions relating to
the extreme values (the maximum and minimum values) are of special significance to
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many problems in engineering; this class of extreme value distributions is presented in
Chapter 4. Also, there are special distributions that are of significance in statistical analysis,
including the Student -distribution, the chi-square ( x*) distribution, the F-distribution, and
the Pearson system (Elderton, 1953). Forexample, the f-distribution is useful for determining
the confidence interval of the population mean when the variance is unknown, whereas the
chi-square distribution is useful in the interval estimation of the population variance (see
Chapter 6).

3.3 MULTIPLE RANDOM VARIABLES

The essential concepts of a random variable and its probability distribution can be extended

to two or more random variables and their joint probability distribution. In order to identify

events that are the results of two or more physical processes in numerical terms, the events in
‘ a sample space may be mapped into two (or more) dimensions of the real space; implicitly,
! we can recognize that this requires two or more random variables. Consider, for example,
the rainfall intensity at a gage station and the resulting runoft of a river; we may use a
random variable X whose values x denote the possible rainfall intensities, and another
random variable ¥ whose values y are the possible runoffs of the river. Accordingly, we
shall denote (X =x, ¥ = y)and (X < x, ¥ < y) as the joint events (X =xNY = y) and (X
< xNY < y)defined by the random variables in the xy space. Obviously, this concept can
also be extended to multiple random variables.

3.3.1 Joint and Conditional Probability Distributions

As any pair of values of the random variables X and ¥ represents events, there are probabil-
ities associated with given values of x and y; accordingly, the probabilities for all possible
pairs of x and y may be described with the joint distribution function, CDF, of the random
variables X and ¥; namely,

' Fyyx, V=PX =x,Y <y (3.56)
which is the CDF of the joint occurrences of the events identified by X < xand ¥ < y. In
order to comply with the fundamental axioms of probability, the above CDF must satisfy
the following:

5 Fxy(=o0,y)=0 Fy y(oo, y) = Fr(y)
F_\_) (x,—o0)=0 F\'_) (x, ) = F.\ (x)

3. Fy.y(x, y)is nonnegative and is a nondecreasing function of x and y.
For discrete X and ¥, the probability distribution may also be described with the joint PMEF,
which is simply

S57)

[

! px.ylxi, yi) = P(X = x;, Y =y;) (

1 and the CDF becomes

[¥'%]
n

Fryx. )= > pxr.) (3.58)
[ =x.¥; =¥}

whereas, if the random variables X and Y are continuous, the joint probability distribution

may also be described with the joint PDF, fx y(x,y), defined as follows:

Sxyx.Vdxdy =Px < X =x+dx,y <Y <y+dy)
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fy y(x.Y)

Surface f(x,y)

X
Figure 3.13 Volume under the PDF fy y(x,v).
Then,
"X v
Fyy(x,y)= / [ fxy(u,v)dvdu (3.59)
v —00 W oo
Conversely, if the partial derivatives exist,

'(iz ]\ ylx, _\:_]

fxr(x,y)= — (3.60)
dxdy

Also, we observe the following probability:

3] d
Pla<X<bc<Y<d= / f Fxy(u, v)dvdu
vl (¢4
which is the volume under the surface f(x,y) as shown in Fig. 3.13.

The Conditional and Marginal Distributions
For discrete X and Y, the probability of (X = x;) may depend on the values of Y, or vice
versa; accordingly, by virtue of Eq. 2.11, we have the conditional PMF,

px.y(xi,¥;)

pxiy(xily;)= P(X =x|Y = y;) = - _ (3.61)
’ py(y;)

if py(y;) # 0. Similarly,
px.v{xi, ¥;)

px(x;)

(3.61a)

pyix(yjlxi) =
if])x(_\',:) ?£ 0
The PMF of the individual random variables may be obtained also from the joint PMF.

Applying the theorem of total probability, Eq. 2.19, we obtain the marginal PMF of X as

px(x;) = Z P(X =xi|Y =y P(Y = y))

all v; .
(3.62)
all ¥j all v,

By the same token, the marginal PMF of Y is

pr(y;) = Z Px.y(Xi, ¥j) (3.62a)
E'l” X;
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If the random variables X and Y are statistically independent, meaning the events X = x;
and Y-= y; are statistically independent, then

pxiv(xily;) = px(x;) and  pxy(y;lx;) = pr(y;)

and Eqg. 3.57 becomes

Px.y(xi, yi) = px(xXi)pyr(y;) (3.63)

If the random variables X and Y are continuous, the conditional PDF of X given Y is

; fxy(x,¥)
(x]y) = ——— (3.64)
Txpr(x]; £ o)
from which we also have
Fxy(x,¥) = fxp(xly)fyr(y) (3.65)

or
Fxv(x, ¥) = frix(yx) fxlx)

However, if X and Y are statistically independent, i.e., fxy(x|[y) = fx(x) and fy;x(v|x) =
fy(v), then the joint PDF becomes

Fxr(x, ¥y = fx(x)fL(y) (3.66)

Finally, through the theorem of total probability, we obtain the marginal PDFs,

o0 e
,le'(-\'):[ Sxp(x|y) fr(ydy = / Txylx, y)dy (3.67)

oo

= Fdy)

fy(a) = area

Surface = fy y(X, y)

Figure 3.14 Joint and marginal PDFs of two continuous random variables.
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3.3 Multiple Random Variables 1
Similarly,

=

fr(v) = / Sx.y(x, v)dx (3.68)
—00

The characteristics of a joint PDF for two random variables, X and ¥, and the associated

marginal PDFs, are portrayed graphically in Fig. 3.14,

Based on a survey of construction labor and its productivity, the work duration (in number of hours per
day) and the average productivity (in terms of percent efficiency) were recorded as tabulated below.
For simplicity, the data for work duration are recorded as 6, 8, 10, and 12 hr, whereas the average
productivity is recorded as 50%, 70%, and 90%. Denoting X = duration, and ¥ = productivity, the
recorded data are as follows:

Duration and Productivity (x, y) No. of Observations Relative Frequency
6, 50 2 0.014
6,70 5 0.036
6,90 10 0.072
8. 30 5 0.036
8, 70 30 0.216
8,90 25 0.180

10, 50 8 0.058
10, 70 25 0.180
10, 90 11 0.079
12, 50 : 10 0.072
12, 70 6 0.043
12,90 2 0.014

Total =139

Py v(xy)

0.3 e / I/
50

n" // l, t/
0.2+ A i
P - = -
= / ’ #
I/l /// /// ’/,
071 =N = - o >
e s ' Fei
/’ /, /, /’
- - - -
0
6 8 10 12 X

Duration, hours
Figure E3.34a Joint PMF py y(x,v).
The above data can be portrayed graphically as the joint PMF of X and Y, as shown in Fig,

E3.34a.
The marginal PMF of X, the work duration, is

px(x) = Z Pxrfx, y)

(y;=50.70,90)

and would appear as shown in Fig. E3.34b.
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0.317

0.129

0
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Figure E3.34b  Marginal PMF py(x).

0.475

xhr

0.345

0

Py|x(¥18)
0.5

0.4
0.3
0.2

0.1

0

50

0.083

90
Figure E3.33¢ Marginal PMF py(y).

¥ Yo

Prix(90%| 8 hr) =

0.500

0.417

For example, the ordinate at X = 8 is obtained as

px(8)=10.036 + 0.216 + 0.180 = 0.432

Similarly, the marginal PMF of ¥, for productivity, would be as shown in Fig. E3.34c.

Finally, if the work duration is 8 hr/day, the probability that the average productivity will be 90%
is given by the conditional probability of Eq. 3.614 as

pxy(8.90) _ 0.180

Px(8)

50

70

Figure E3.3d4d Conditional PMF pyx(v(8).

90

¥ %

0432
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Therefore, the probability of achieving 90% efficiency for an 8 hr/day work duration is less than 42%.
The probabilities of other productivity levels for an 8-hr work day are shown in the conditional PMF
of Fig. E3.34d. B

An example of a joint PDF of two continuous random variables X and Y is the bivariate normal
density function given by

; 1 -1 X iy
Far p(x, ¥)= e eXp | = .
2naxayl1 — p? 261 — p*) oy

in which p is the correlation coefficient between X and Y (as defined in Sect. 3.3.2). We can show
that the above joint PDF may be written also as

: 1 i rpile L 1
S Y1 Samvtionp =gl —) e

V2may /1 — p?

2
1o[ v~ p, = ploy/ox)x ~ tix)
exp | —= .
2 ! oy 1 — p?

Then, in light of Eq. 3.64, we see that the conditional PDF of ¥ given X = x is

2

; 1 Iy —uy — ploy/ox)x — px) \
Tz x) = ——— —eXpl == = el
V27 oyl — p* 2\ oy/1 — p? :

whereas the marginal PDF of X is

both of which are Gaussian. In particular, we can observe that the conditional PDF is normal with a
mean value of

E(¥Y|X =x) = puy — ploy/ox)(x — ftx)
and variance of
Var(Y|X = x) = oy (1 — p*)
Similarly, we can show that the conditional PDF of X given ¥ = y s

9

T 1 [ x—px — plox/oyXy — uy) Y
frir@y) s e expl o | - e e
2naxsyl— pr “

oxy b —p?

and the marginal PDF of Y is

2

| . 1 /(v —py\~
fry) = —_‘"'*.’é‘,\p 2-'(—)

\;”‘2}'!’0) Ty
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3.3.2 Covariance and Correlation

When there are two random variables X and ¥, there may be a relationship between the vari-
ables. In particular, the presence or absence of a linear statistical relationship is determined
as follows: First, we observe the joint second moment of X and Y as

E(XY)= [ / xyfyy(x, y)dxdy (3.69)

s RYY oC

whereas if X and ¥ are statistically independent, Eq. 3.69 becomes

e oC ges] a'e
E(XY) = ] [ xyfx(x) fy(Vdxdy = / xfx(x lu'_\'/ viy(y)dy = E(X)E(Y)
o0 o oo o

N o (3.70)
The joint second central moment is the covariance of X and ¥; i.e.,
Cov(X,Y)=E[(X — ux)Y — uy) = E(XY) — E(X)E(Y)] (3.7

Therefore, in light of Eq. 3.70, Cov(X,Y) = 0if X and Y are statistically independent.

The physical significance of the covariance may be inferred from Eq. 3.71. If the Cov
(X, Y)is large and positive, the values of X and ¥ tend to be both large or both small relative
to their respective means, whereas if the Cov (X.Y) is large and negative, the values of X
tend to be large when the values of ¥ are small, and vice versa, relative to their respective
means. But if the Cov (X,Y) is small or zero, there is weak or no (linear) relationship between
the values of X and Y; or the relationship may be nonlinear. The Cov (X,Y), therefore, is a
measure of the degree of linear relationship between two random variables X and Y. For
practical purposes, however, it is preferable to use the normalized covariance, or correlation
coefficient, which is defined as

Cov(X.Y)
6= RS (3.72)
TxOy
Observe that p is dimensionless; its values range between —1.0 and 1.0; i.e.,

which we can verify as follows: Schwarz’s inequality (Kaplan, 1953; Hardy, Littlewood,
and Polya, 1959) says

A 0 o 2
{/ / (x — pux Xy — puy) fxylx,y )dm’_\}
e s

O poC ) 0 X
< / / (x — px)” fxy(x, yydxdy / / (v — py)” fxy(x, v)dxdy

00 v & 20 o0

Cov (X, ¥)]*, whereas each of the two double
integrals on the right-hand side are, respectively,

We can recognize that the left-hand side is the

e "
[ (x — pux)” fx()de = ay”

o0

and

(5]

[ (y — my llj‘}-(r\'JdA\‘ =0,

Hence, we have

[Cov (X. Y))* < o,%0,°
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Figure 3.15 Significance of correlation coefficient p.

or
p’ < 1.0

thus verifying Eq. 3.73.

The significance of the correlation coefficient, p, is illustrated graphically in Fig. 3.15.
In particular, we observe that when p = % 1.0, the random variables X and Y are linearly
related as shown in Fig. 3.15(a) and 3.15(b), respectively. whereas when p = 0, values of
(X, ¥) pairs will appear as in Fig. 3.15(c). For intermediate values of p, values of (X, ¥)
pairs will appear as shown in Fig. 3.15(d): the “scatter” in the data points will decrease
as p increases. Finally, we should also observe from Figs. 3.15(e) and 3.15(f) that when
the relation between X and Y is nonlinear, p = ) even though there is a perfect functional
relationship between the variables.

Therefore, the magnitude of the correlation coefficient, p (between 0 and 1), is a
statistical measure of the degree of linear interrelationship between two random variables.

Note: Tt is also well to point out that although p is a measure of the degree of linear rela-
tionship between two variables, this does not necessarily imply a causal effect between the
variables. Two random variables X and ¥ may both depend on another variable (or variables),
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> EXAMPLE 3.36

such that the values of X and ¥ may be highly correlated, but the values of one variable may
have no direct effect on the values of the other variable. For instance, the flood flow of a river
and the productivity of a construction crew may be correlated because both depend on the
weather condition; however, the flood flow may have no direct influence on the productivity
of the construction crew, or vice versa. For another illustration, consider the next problem in
Example 3.36 from the field of mechanics.

A cantilever beam, shown in Fig. E3.36 below, is subjected to two random loads, §; and §,, that are
statistically independent with respective means and standard deviations of 111, ; and p,, a,. The
shear force Q and bending moment M at the fixed support of the beam are both functions of the two
loads, respectively, as follows:

Q=58+5
and M = a8, +2a5;

which are also random variables with respective means and variances as follows (see Sect. 4.3.2):

o = juy + p2 6y =07 Los
o = Ay + 2ats (IM: = u?'(fll + 4(1:()“::
S, Sy
a a Y
M

Figure E3.36 A cantilever beam subjected to two loads.
Although the two loads, S, and S, are statistically independent, Q and M will be correlated; this
correlation can be evaluated as follows:
E(QM) = E[(5; + $:)aS) +2a85)] = aE(S)) + 3aE(S$5) + 2aE(S,})

But E(5;5,) = E(S)E(S2), and E(S,%) = o2 + 1% E(85:%) = a2% + pp?. Thus,

E(OM) = alo? + u )+ 2a(oy” + p15) + 3au s

= (fl(T]g 1. erjj'] + o
Therefore,
Cov(Q, M) = E(QM) — potty = a(rﬂ2 + 203:)

from which we obtain the corresponding correlation coefficient,

Cov(Q, M) a,? + 20,
Pom = T U = 3
e lef”, vio 4o, Mo”4+ do57)
andifo; =oa3,
> 0.948
Ppom T &= =)
V10

indicating a strong correlation between the shear force Q and bending moment M at the support. This
correlation arises because both O and M are functions of the same loads S, and S»; however, there is
no causal relation between (0 and M. <
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3.4 CONCLUDING SUMMARY

The principal concepts introduced in this chapter include the notions of a random vari-

able and its associated probability distributions. A number of the more useful probability

distribution functions and their properties are described and illustrated. Foremost among

these are the normal (or Gaussian) and lognormal distributions which are widely used in

practical applications. Because of their special significance in several areas of engineering,

particularly to applications in natural hazards, the fundamental elements of the probability |
distributions of extreme values, including the respective asymptotic distributions, will be
presented subsequently in Chapter 4.

A random variable would be completely described by specifying its probability dis-

tribution, either with its PDF or its CDF, including its parameters. However, a random

ariable may also be described approximately through its moments, such as the mean-value
and variance (or standard deviation), which may be called the main descriptors of a random
variable. For two (or more) random variables, the main descriptors must also include the
covariance or correlation coefficient between the variables.

Thus far, and this will continue through Chapter 5, we have been dealing with idealized
theoretical models. In particular, we have assumed, tacitly at least, that the probability
distribution of a random variable and its parameters, or its main descriptors, are known. In
a real problem, of course, these assumptions need to be verified and the parameters must
be estimated on the basis of real-world data and information. The principal concepts and

methods for these latter purposes are the subjects of Chapters 6 through 8. b

".

14

3.1 The duration in days of two activities A and B in a construc- ;
. = - . | !

tion project are denoted as T, and Ty, whose PMFs are given i

graphically below as follows,

Profit, x i
($1000) i
f
P(Ta=1) p(Tg=1) 66 -10 70 |
0.5

(a) What is the probability that the contractor will lose money i
0.3 on this job? (Ans. 0.2). f
0.2 0.2 0.2 (b) Suppose the contractor declares that he has made money on g
this project. What is the probability that his profit was more than l
forty thousand dollars? (Ans. 0.1875) 1

3 4 5 f 4 5 6 3.3 The storm runoff X (in cubic meters per second, cms) from
Activity A Activity B ! ; . y
a subdivision can be modeled by a random variable with the |
following probability density function: ‘

Assume that T and Ty are statistically independent, and activity Jxlx) = ('(,\‘ ~ 5 ) for0<x <6

B will begin as soon as activity A has been completed. Deter-
mine and plot the PMF of the total time T required to complete
both activities.

= otherwise

(a) Determine the constant ¢ and sketch the PDF. (Ans. 1/6).
3.2 The profit (in thousand dollars) of a construction project is  (b) The runoff is carried by a pipe with a capacity of 4 cms.
described by the following PDF: Overflow will occur when the runoff exceeds the pipe capacity.
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If overflow occurs after a storm, what is the probability that the

runoff in this storm is less.than 5 cms? (Ans. 0.714)
replacing the current pipe by a larger

(¢) An engineer considers
pipe having a capacity of 5 cms. Suppose there is a probability of
60% that the replacement would be completed prior to the next
storm. What is the probability of overflow in the next storm?
(Ans. 0.1)

3.4 Severe snow storm is defined as a storm whose snowfall
exceeds 10 inches. Let X be the amount of snowfall in a severe
snow storm. The cumulative distribution function (CDF) of Xin

10y
X

=03
median of X.

a given town is

forx = 10

Jer(,t‘)

forx < 10

(a) Determine the
(b) What is the expected amount of snowfall in the town in a
severe snow storm?
(¢) Suppose a disastrous snow storm is defined as a storm with
over 15 inches of snowfall. What percentage of the severe snow
storms are disastrous?
(d) Suppose the probability that the town will experience 0, 1,
and 2 severe snow storms in a year is 0.5, 0.4, and 0.1, respec-
tively. Determine the probability that the town will not experi-
ence a disastrous snow storm in a given year. Assume the amounts
of snowfall between storms are statistically independent.
3.5 Suppose X is a random variable defined as

final cost of project

" estimated cost of project

which has a PDF as follows:

0 g =l
Fx(x)=13/x> l]<x<a
0 e

(a) Determine the value of a (Ans. 1.5)

{(b) What is the probability that the final cost of a project will
exceed its estimated cost by 25%7 (Ans. 0.4)

(¢) Determine the mean value and standard deviation of X. (Ans.
1.216, 0.143)

3.6 The duration of a rainstorm at a given location is described
by the following PDF:

)
2

x/8 D<cx <2
Fx(x) = 92/x2 A
0 elsewhere

(a) Determine the mean duration of a rainstorm. (Ans. 3.106)

(b) If the current rainstorm started two hours ago, what is the

probability that it will be over within another hour? (Ans. 4/9)

3.7 The annual maximum snow load X (in 1b/ft*) on buildings
with a flat roof in a northern U.S. location can be modeled by a
random variable with the following CDF:

0 forx <0

()

(a) Anengineer recommends a design snow load of 30 Ib/ft? for
a building. What is the probability of roof failure (design load
being exceeded) in a given year? Probability that failure will

forx = 0

occur for the first time in the fifth year?

(b) If roof failure should occur during 2 or more years over the
next 10 yr, the design engineer will face a penalty. What is his
chance of going through the next 10 yr w ithout a penalty?

3.8 The CDF of the daily progress in a tunnel excavation project
is described graphically below

Fydx)

1.0

0.6
0.4

]
10

x, length in meters

(a) What is the probability that the progress in tunnel excavation
will be between 2 and 8 m on a given day”

(b) Determine the median length of tunnel excavated in 1 day.
(¢) Plot the probability density function (PDF) of the daily
progress in tunnel excavation.

(d) Determine the mean length of tunnel excavated in 1 day.

3.9 The maximum load S (in tons) on a structure is modeled by
a continuous random variable § whose CDF is given as follows:

0 fors <0
Fo(s)= { — \_ b forQ <5 <12
864 48
1 fors > 12

(a) Determine the mode and mean value of §.

(b) The strength R of the structure can be modeled by a discrete

random variable with the following probability mass function.
Determine the probability of failure, i.e., the probability

that loading S is greater than the strength R.



0.3

10 13 r, tons

3.10 The annual maximum flood level of a river at a given mea-
suring location has the following CDF:

0 ¥ <0
Fy(x) = { —0.0025x2 + 0.1x 0<x <20
I v = 20

(a) Determine and sketch the PDF fy(x).

(b) What is the median annual maximum flood level?

3.11 The size (in millimeter) of a crack in a structural weld is
described by a random variable X with the following PDF:

x/8 D<x<?2
Ix(x)=131/4 2<x =<5
0 elsewhere

(a) Sketch the PDF and CDF on a piece of graph paper.

(b) Determine the mean crack size.

(¢) What is the probability that a crack will be smaller than
4 mm?

(d) Determine the median crack size.

(e) Suppose there are four cracks in the weld. What is the prob-
ability that only one of these four cracks is larger than 4 mm?

3.12 The total load, X (in tons), on the roof of a building has the
following PDF:
24/x* 3<x<6

0 elsewhere

(a) Determine and plot the CDF of X, i.e., Fy(x).

(b) What is the expected total load?

(c) Determine the coefficient of variation of the total load.

(d) Suppose the roof can carry only 5.5 tons before collapse.
What is the probability that the roof will collapse?

3.13 Suppose an offshore platform is designed against the 200-
yr wave (i.e., a wave height corresponding to a return period of
200 yr), but it is intended to operate for 30 yr only.

(a) What is the probability that it will be subjected to waves ex-
ceeding its design value during the first year of operation? (Ans.
0.005)
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(b) What is the probability that the platform will not be sub-

jected to waves exceeding its design value during its lifetime of

30 yr? (Ans. 0.860)

3.14 A structure with a design life of 50 yr is planned for a site
where high-intensity earthquakes may occur with a return period
of 100 yr. The structure is designed to have a 0.99 probability
of not suffering damage within its design life. Damage effects
between carthquakes are statistically independent.

(a) If the occurrence of high-intensity earthquakes at the site
is modeled by a Bernoulli sequence. what is the probability of
damage to the structure under a single earthquake?

(b) Using the damage probability to a single earthquake from
Part (a), what would be the probability of damage to the structure
in the next 20 yr, assuming that the occurrences of earthquakes
constitute a Poisson process?

3.15 Mechanical failures of a certain type of aircraft constitute
a Poisson process. On the average, based on past records, an
aircraft will have a failure once every 5000 hr of flight time.
(a) If such aircraft are scheduled for inspection and maintenance
after every 2500 flight hours, what is the probability of mechan-
ical failure of an aircraft between inspections?

(b) In a fleet of ten aircraft of the same type, what is the proba-
bility that not more than two will have mechanical failures within
the above scheduled inspection/maintenance interval? Assume
that failures between aircraft are statistically independent.

(¢) As the engineer in charge of aircraft safety, you wish to en-
sure an acceptable probability of failure of no more than 5% for
each aircraft. How should the inspection/maintenance schedule
in (a) be revised? That is, what should be the revised inspec-
tion/maintenance interval (in flight hours).

3.16 In the fabrication of steel beams, two types of flaws may
occur: (1) the inclusion of a small quantity of foreign matter
(“slag™): and (2) the existence of microscopic cracks. It has been
found by careful laboratory investigation that for a certain size
I-beam from a given fabricator, the mean distance between mi-
croscopic cracks is 40 ft along the beam, whereas the slag inclu-
sions exist with an average rate of 4 per 100 ft of beam. Each of
these types of flaw follows a Poisson process.

(a) Fora 20-ft I-beam of this size from this fabricator, what s the
chance of finding exactly two microscopic cracks in the beam?
(Ans. 0.076)

(b) For the same 20-ft beam, what is the chance of finding one
or more slag inclusions? (Ans. 0.551)

(c) Ifa20-ft beam contained more than two flaws, it would be re-

jected. What is the probability that a 20-ft beam will be rejected?

(Ans. 0.143)

(d) Four 20-ft I-beams were supplied to a contractor by this fab-
ricator last year. Assume that the flaw conditions among the four
beams are statistically independent. What is the probability that
only one of the beams had been rejected? (Ans. 0.360)

3.17 The air quality in an industrial city may become substan-

dard (poor) at times depending on the weather condition and
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the amount of factory production. Suppose the event of poor air
quality occurs as a Poisson process with a mean rate of once per
month. During each time period when the air quality becomes
substandard, its pollutant concentration may reach a hazardous
level with a 10% probability. The pollutant concentrations bet-
ween any two periods of poor air quality may be assumed to be
statistically independent.

(a) What is the probability of at most two periods of poor air
quality during the next 4-1/2 months? (Ans. 0.174)

(b) What is the probability that the air quality would reach a
hazardous level during the next 3 months? (Ans. 0.259)

3.18 A country is subject to natural hazards such as floods, earth-
quakes, and tornadoes. Suppose earthquakes occur according to
a Poisson process with a mean rate of 1in 10 yr: tornado occur-
rences are also Poisson-distributed with a mean rate of (.3 per
year, There can be cither one or no flood each year: hence the
occurrence of a flood each year follows a Bernoulli sequence,
and the mean return period of floods is 5 yr. Assume floods,
earthquakes, and tornadoes can occur independently.

(a) If no hazards occur during a given year, it is referred to as a
“good” year. What is the probability of a “good” year?

(b) What is the probability that 2 of the next 5 yr will be good
years? (Ans. 0.287)

(¢) What is the probability of only one incidence of natural haz-
ard in a given year? (Ans. 0.349)

3.19 The occurrence of traffic accidents at an intersection may
be modeled as a Poisson process, and based on historical records
the average rate of accidents is once every 3 yr.

(a) What is the probability that there will be no accident at the
intersection for a period of 5 yr?

(b) Suppose that in every accident at the intersection. there is
a 3% probability of fatality. Based on the above Poison model,
what is the probability of traffic fatality at this intersection over

a period of 3 yr?

3.20 A highway traffic condition during a blizzard is hazardous.
Suppose one traffic accident is expected to occur in each 50
miles of highway on a blizzard day. Assume that the occurrence
of accidents along the highway is modeled by a Poisson pro-
cess. For a stretch of highway that is 20 miles long, consider the
following:

(a) What is the probability that at least one accident will occur
on a given blizzard day? (Ans. 0.33)

(b) Suppose there are five blizzard days this winter. What is the
probability that two out of these five blizzard days are accident
free? Assume that accident occurrences between blizzard days
are statistically independent. (Ans. 0.16)

3.21 The occurrence of accidents at a busy intersection may be
described by a Poisson process with an average rate of three
accidents per year.

(a) Determine the probability of exactly one accident over a
2-month period. Would this be the same as the probability of
exactly two accidents in a 4-month period? Explain.

(b) If fatalities are involved in 20% of the accidents, what is
the probability of fatalities occurring at this intersection over a
period of 2 months? Assume that events of fatalities between
accidents are statistically independent.

3.22 A town is bordered by two rivers as shown in the follow-
ing figure. Levees A and B were constructed to protect the town
from high water in the rivers. The levees were both designed for
floods with return periods of 5 and 10 yr, respectively. Assume
that the events of flooding from the two rivers are statistically
independent.

(a) Determine the probability that the town will encounter flood-
ing in a given year. (Ans. 0.28)

(b) What is the probability that the town will be flooded in at
least 2 of the next 5 yr? (Ans. 0.43)

(¢) Suppose the townspeople desired to reduce the annual prob-
ability of flooding to at most 15%. Levee A may be improved
to be capable of floods with return periods of 10 or 20 yr with

an investment of 5 or 20 million dollars, whereas levee B may
be improved for floods with return periods of 20 or 30 yr with
corresponding investment of 10 or 20 million dollars. What is
the optimal course of action? (Ans. A to 10 years and B to

20 years)

3.23 The exterior of a building consists of one hundred 3 m x
5 m glass panels. Past records indicate that on the average one
flaw is found in every 50 m? of this type of glass panels; also a
panel containing two or more flaws will eventually cause break-
age problems and have to be replaced. The occurrence of flaws
may be assumed to be a Poisson process.

(a) What is the probability that a given panel will be replaced?
(Ans. 0.037)

(b) Replacement of glass panel is usually expensive. If each
replacement costs $5,000, what is the expected cost for replace-
ments of the glass panels in the building? (Ans. $18,500)

(c) A higher-grade glass panel, which costs $100 more each, has
on the average one flaw in every 80 m”. Should you recommend
using the higher-grade panel, if the objective is to minimize the
total expected cost of the glass panels (initial cost and replace-
ment cost)?

3.24 The truck traffic on a certain highway can be described as
a Poisson process with a mean arrival rate of 1 truck per minute.
The weight of each truck is random, and the probability that a
truck is overloaded is 10%.



(a) What is the probability that there will be at least two trucks
passing a weigh station on this highway in a 5-min period? (Ans.
0.96) '

(b) What is the probability that at most one of the next five
trucks stopping at the weigh station will be overloaded? (Ans.
0.92)

(¢) Suppose the weigh station will close for 30 min during lunch
hour. What is the probability of overloaded trucks passing the
station during the lunch break? (Ans. 0.95)

3.25 The occurrence of tornadoes in a county can be modeled
as a Poisson process. Twenty tornadoes have touched down in a
county within the last twenty years. If there is at least one occur-
rence of tonadoes in a year, that year is classified as a “tornado
year.”
(a) What is the probability that next year will be a “tornado
year”?
(b) What is the probability that there will be 2 “tornado years”
within the next 3 yr?
(c) On the average, over a 10-yr period,

(i) How many tornadoes are expected to occur?

(ii) How many “tornado years” are expected to occur?

3.26 Strong earthquakes occur according to a Poisson process
in a metropolitan area with a mean rate of once in 50 yr. There
are three bridges in the metropolitan area. When a strong earth-
quake occurs, there is a probability of 0.3 that a given bridge will
collapse. Assume the events of collapse between bridges during
a strong earthquake are statistically independent; also, the events
of bridge collapse between earthquakes are also statistically in-
dependent.

(a) What is the probability of at most one strong earthquake
occurring in this metropolitan area within the next 20 yr? (Ans.
0.938)

(b) During a strong earthquake, what is the probability that ex-
actly one of the three bridges will collapse? (Ans. 0.441)

(c) What is the probability of “no bridge collapse from strong
earthquakes™ during the next 20 yr? (Ans. 0.769)

3.27 One of the hazards to an existing underground pipeline
is due to improperly conducted excavations. Consider a system
consisting of 100 miles of pipeline. Suppose the number of exca-
vations along this pipeline over the next year follows a Poisson
process with a mean rate of 1 per 50 miles. Forty percent of the
excavations are expected to result in damage to the pipeline. As-
sume the events of damage between excavations are statistically
independent.

(a) What is the probability that there will be at least two exca-
vations along the pipeline next year?

(b) Suppose that two excavations will be performed. What is the
probability that the pipeline will be damaged?

(c) What is the probability that the pipeline will not be damaged
from excavations next year?

3.28 Flaws in welding may be assumed to occur according to a
Poisson process with a mean rate of 0.1 per foot of weld.
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(a) Suppose a typical structural connection requires 30 inches
of weld and acceptance of such a connection requires the weld
to be flawless. What is the probability that a welded connection
will be acceptable? (Ans. 0.779)

(b) For a welding job consisting of three similar structural con-
nections, what is the probability that at least two connections
will be acceptable? (Ans. 0.875)

(c) Whatis the probability that there is altogether only one flaw
in the three structural connections? (Ans. 0.354)

3.29 The following is the 10-yr record of floods between 1994
and 2003 in Town A.

Year Number of Floods Year Number of Floods
1994 ] 1999 0
1995 0 2000 2
1996 ] 2001 0
1997 ] 2002 0
1998 0 2003 l

The occurrences of floods in the town may be modeled as a
Poisson process.

(a) On the basis of the above historical flood data, determine
the probability that there will be between one and three floods
in Town A over the next 3 yr.

(b) A sewage treatment plant is located on a high ground in the
town. The probability that it will be inundated during a flood is
0.02. What is the probability that the treatment plant will not be
inundated for a period of 5 yr?

3.30 Highway traffic accidents can be classified into either in-
jury (I) or noninjury (N) accidents. In a given year, the occurrence
rates of these two types of accidents along a stretch of highway
are 0.01 and 0.05 per mile, respectively. Assume that the oc-
currence of each type of accidents along the highway follows
a Poisson process. Consider a highway that runs between two
cities that are 50 miles apart.

(a) Determine the probability that there will be exactly two
noninjury accidents in a given year.

(b) Determine the probability that there will be at least three
accidents in a given year.

(c) Suppose that exactly two accidents occurred last year. What
is the probability that both of them involved injuries?

3.31 The occurrence of thunderstorms in Peoria, Illinois, may
be assumed to follow a Poisson process during each of the two
seasons, namely,

I. Winter (October to March)

II. Summer (April to September)

A 21-yr record reveals that a total of 173 thunderstorms have
taken place during the winter seasons, whereas 840 thunder-
storms have occurred during the summer seasons.

(a) Estimate the mean rate of occurrence of thunderstorms per
month for the
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(i) winter season

(ii) summer season (Ans. (i) 1.37, (i) 6.67)
(b) What is the probability that there will be a total of four thun-
derstorms during the 2 months of March and April next year?
(Ans. 0.056)
(¢) What is the probability that there will be no December thun-
derstorms during 2 out of the next 5 yr? (Ans. 0.267)

3.32 Geomembrane is often used to provide an effective im-
pervious barrier in a waste containment lining system. The ge-
omembrane has to be sewn together to cover the entire site:
defects can thus occur along the seams. Consider a landfill con-
struction project that requires 3000 m of seams and the quality
of the seaming operation is such that defects will occur along the
seams at a mean rate of one per 200 m. The geomembrane layer
is inspected after the installation, and those defects that are de-
tected will be repaired. However, some of the defects will not be
detected during the inspection; they will remain and can cause
unsatisfactory performance of the lining system. Suppose the
current inspection procedure fails to detect 20% of the defects.
(a) What is the mean rate of defects along the seams that remain
in the system after an inspection?

(b) Assume that the defects that remained undetected occur ac-
cording to a Poisson process. What is the probability that there
will be more than two defects remaining in the lining system?
(¢) Consider a similar but smaller project involving only 1000 m
of seams. However, defects in the geomembrane seams are very
undesirable for this project. Itis required to achieve a 95% proba-
bility that the geomembrane lining system will be free of defects
after the inspection. Assume that the quality of seaming oper-
ation is the same as the uninspected seam (i.e., the same mean
rate of defects before inspection), but the inspection effort can
be improved to reduce the percent of undetected defects. What
is the allowable fraction of undetected defects for this improved
inspection procedure?

3.33 Thedelay time fora given flight is exponentially distributed
with a mean of 0.5 hr. Ten passengers on this flight need to take
a subsequent connecting flight. The scheduled connection time
is either 1 or 2 hr depending on the final destination. Suppose
three and seven passengers are associated with these connection
times, respectively.

(a) Suppose John is one of the ten passengers needing a connec-
tion. What is the probability that he will miss his connection?
(Ans. 0.053)

(b) Suppose he met Mike on the plane, and Mike also needs
to make a connection. However, Mike is going to another des-
tination and thus has a different connection time from John’s.
What is the probability that both John and Mike will miss their
connections? (Ans. 0.018)

(¢) A friend of John's, named Mary, happens to live close to the
airport where John makes his connection. She would like to take
this opportunity to meet John at the airport. Suppose she has
already waited for 30 min beyond John’s scheduled arrival time.
What is the probability that John will miss his connection so

that they could have a leisurely dinner together? Assume John’s
scheduled connection time is 1 hr in part (c). (Ans. 0.368)

3.34 Suppose rebars from a supplier are suspected to contain 2%
that are below specification. 1000 rebars were delivered by the
supplier for the construction of a reinforced concrete structure.
To ensure the quality of the rebars, the construction company
randomly selected 20 rebars and tested them for specification
compliance. Based on the suspected 2% defective rebars, an-
swer the following:

(a) What is the probability that all the 20 rebars tested will pass
the test?

(b) What is the probability that at least two of the rebars tested
will fail the test?

(¢) How many of the rebars delivered need to be tested without
a single failure if the construction company wish to have a 90%
probability of assurance of the quality of the rebars from the
supplier?

3.35 The traffic on the one-way main street shown below may
be satisfactorily described by a Poisson process with an average
rate of arrival v = 10 cars per minute. A driver (indicated by the
box) on the side street is waiting to cross the main street. He will
cross as soon as he finds a gap of 15 sec.

—  One way

’

(a) Determine the probability, p, that a gap will be longer than
15588

(b) What is the probability that the driver will cross at the fourth
gap?

(¢) Determine the mean number of gaps he has to wait until
crossing the main street.

(d) What is the probability that he will cross within the first four
gaps?

3.36 Suppose cracks exist in a certain material, and the crack
length [in micrometers (um)] of a randomly selected crack is
normally distributed with an average length of 71 and a variance
of 6.25.

(a) What percentage of cracks are over 74 um long?

(b) What percentage of cracks exceeding 72 pm are over
77 pm?

3.37 Aprojectisdescribed by the simple activity network shown
below, consisting of directed branches representing activities,
and nodes representing the beginning/termination of activities.



Activities A and B are independent activities and are sched-
uled to start simultaneously at day 0. Node “a” represents com-
pletion of both activities A and B, and node “b" represents com-
pletion of the project. Activity C can start only when both A
and B are completed. All durations (in days) required for the
respective activities are normal random variables as defined in
each of the branches in the figure below.

A
N(50, 10)
C
@ N(80, 25) @
B Day 60 Completion:
N(45, 15) day 150
Start:
day 0

Activity Network

At node “a,” activity C is scheduled to start at day 60; however,
if there is delay, it cannot start until 15 days beyond its scheduled
starting date (e.g., because of reallocation of resources to other
projects).

(a) What is the probability that activity C will start on schedule,
i.e., 60 days after the starting date of the project?

(b) What is the probability that the project will be completed on
target, i.e., 150 days after the starting date?

3.38 The current traffic volume at an airport (number of take-
offs and landings) during the peak hour of each day is a normal

variate with a mean of 200 planes and a standard deviation of

60 planes.

(a) If the present runway capacity (for landings and take-offs)
is 350 planes per hour, what is the current probability of traffic
congestion at this airport? Assume that there is one peak hour
per day. (Ans. 0.0062)

(b) If the mean traffic volume is increasing linearly at the annual
rate of 10% of the current volume, with the ¢.o.v. remaining con-
stant, what would be the probability of congestion at the airport
10 yr hence?

(c) If the projected growth of traffic volume is correct, what air-
port capacity will be required 10 yr from now in order to maintain
the present service condition, i.e., to maintain the current prob-
ability of congestion?

3.39 Anairport has two runways, one is North—South (N-S), and
the other is East-West (E-W). Because of the prevailing winds,
the N-S runway is used 80% of the days, and the E-W one the
remainder of the time. The selection of the runway for a given
day is based on the wind at the beginning of the day, and once
selected will not be changed for the entire day. The airport has
a single peak period each day; this is the hour between 4:00 and
5:00 pm. During this peak hour, the volume of air traffic varies

day to day and may be described with a normal variate N(100,
10). The N-S runway is considered overcrowded if more than
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120 planes use it during this period, whereas the E-W runway
is considered overcrowded if more than 115 planes use it during
the peak period.

(a) What is the probability that the N-S runway is going to be
overcrowded on a given day. if at the beginning of the day this
runway is selected to be used?

(b) What would be the probability of overcrowding, if at the
beginning of a given day the E-W runway were selected to be
used?

(¢) What is the probability of overcrowding at the airport, if
there is no advance information as to which runway will be used
on a given day?

3.40 A foundation engineer estimates that the settlement of a
proposed structure will not exceed 2 in. with 95% probability.
From a record of performance of many similar structures built
on similar soil conditions, he finds that the coefficient of varia-
tion of the settlement is about 20%. If a normal distribution is
assumed for the settlement of the proposed structure, what is the
probability that the proposed structure will settle more than 2.5
in.? (Ans. 0.00047)

3.41 A student has submitted a concrete cylinder to the “strength
contest” in Engineering Open House. Suppose the strength of her
concrete cylinder is normally distributed as N(80, 20) in kips.
She was scheduled to be the last contestant for load testing.
Immediately prior to her cylinder being tested, the two highest
strengths in the contest thus far are 100 and 70 kips.

(a) What is the probability that she will be the second-place
winner?

(b) Suppose her cylinder is being tested, and it has not shown
any sign of distress at a load of 90 kips. What is the probability
that she will win first place?

(c) Suppose she submitted a similar cylinder to another contest.
Her boyfriend used an alternative procedure to make his concrete
cylinder, such that the strength is expected to be only 1% higher
than hers, but the c.o.v. is 50% higher. Who is more likely to
score a higher strength in that contest? Justify.

3.42 An offshore platform is built to withstand ocean wave
forces.

(a) The annual maximum wave height of the ocean waves (above
mean sea level) is a random variable with a Gaussian distribution
having a mean height of 4.0 m and a c.o.v. of (.80. What is the
probability that the wave height will exceed 6 m in a given year?
(b) If the platform were to be designed for a wave height (above
mean sea level) such that it will not be exceeded by ocean waves
over a period of 3 yr with a probability of 80%, what should
be the platform height above the mean sea level? Wave height
exceedances between years are statistically independent.

(¢) Suppose that ocean waves exceeding 6 meters will occur ac-
cording to a Poisson process and that each of these waves could
potentially cause damage to the platform with a probability of
0.40. What is the probability that there will be no damage to the
platform in 3 yr? Damages to the platform between waves are
statistically independent.
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3.43 The daily SO, concentration in the air for a given city is
normally distributed with a mean of 0.03 ppm and a c.0.v. of
40%. Assume statistical independence between the SO, concen-
tration for any 2 days. Suppose the criteria for clean air standard
require that:

1. The weekly average SO, concentration should not exceed
0.04 ppm.

2. The SO, concentration should not exceed 0.075 ppm on more
than | day during a given week.

Determine which one of these two criteria is more likely to be
violated in this city. Substantiate your answer with calculated
probabilities.

3.44 The daily flow rate of contaminant from an industrial plant
is modeled by a normal random variable with a mean value of
10 units and a c.o.v. of 20%. When the contaminant flow rate ex-
ceeds 14 units on a given day, it is considered excessive. Assume
that the contaminant flow rate between any 2 days is statistically
independent.

(a) Whatis the probability of having excessive contaminant flow
rate on a given day? (Ans. 0.02275)

{(b) Regulation requires the measurement of contaminant flow
rate for 3 days. The plant will be charged with a violation if
excessive contaminant flow rate is observed during the 3-day
period. What is the probability that the plant will not be charged
with violation? (Ans. 0.933)

{¢) Suppose there is a proposal to change the regulation such that
contaminant flow rate will be measured for 5 days and the plant
will be charged with a violation if excessive contaminant flow
rate is observed in more than one of the 5 days. Will the plant be
better off with the proposed change? Justify your answer. (Ans.
yes)

{(d) Return to Part (b). Although the plant cannot reduce the stan-
dard deviation of the daily contaminant flow rate, it can reduce
the mean daily contaminant flow rate by improving the chem-
ical process. Suppose the plant decides to limit the probability
of violation to 1%. What should be the daily mean contaminant
overflow rate? (Ans. 8.58)

3.45 The time between severe earthquakes at a given region
follows a lognormal distribution with a coefficient of varia-
tion of 40%. The expected time between severe earthquakes is
80 yr.

(a) Determine the parameters of this lognormally distributed re-
currence time T. (Ans. 4.308, 0.385)

(b) Determine the probability that a severe earthquake will occur
within 20 yr from the previous one.

(¢) Suppose the last severe earthquake in the region took place
100 yr ago. What is the probability that a severe earthquake will
occur over the next year?

3.46 The daily average concentration of pollutants in a stream
follows a lognormal distribution with a mean of 60 mg/l and a
c.o.v. of 20%.

(a) What is the probability that the average concentration of pol-
lutant in the stream will exceed 100 mg/l (a critical level) on a
given day”?

(b) Suppose the pollutant concentration between days are statis-
tically independent. What is the probability that the critical level
of pollutant concentration will not be reached during a given
week?

3.47 Because of spatial irregularities, the depth, H, from the
ground surface to the rock stratum may be modeled as a lognor-
mal random variable with a median depth of 20 m and a c.o.v. of
30%. In order to provide satisfactory support, a steel pile must
be embedded 0.5 m into the rock as indicated in the figure below.

Ground surface

Pile

0.5 m/

(a) What is the probability that a 25-m-long pile will not anchor
satisfactorily in the rock stratum?
(b) If a 25-m pile has been driven 24 m and has not encoun-
tered rock, what is the probability that an additional 2 m of pile
welded to the original length will be sufficient to anchor this pile
satisfactorily in the rock stratum?

3.48 The capacity of a pile supporting a transmission tower is
modeled with a lognormal random variable with a mean of 100
tons and a c.o.v. of 20%.

(a) What is the probability that the pile will survive a load of
100 tons?

(b) During the installation of the pile, a pile load test indicated
that the pile can support at least a load of 75 tons. What is now
the probability that the pile will survive a 100-ton load?

(¢) If the pile has survived a recent hurricane during which the
load transmitted to the pile is estimated to be 90 tons, what is the
probability that the pile can carry a 100-ton load?

3.49 The maximum wind velocity in a tornado at a given city
follows a lognormal distribution with a mean of 90 mph and a
c.0.v. of 20%.

{(a) What is the probability that the maximum wind velocity will
exceed 120 mph during the next tornado?

(b) Determine the design tornado wind velocity whose return
period is 100 yr. Assume one tornado will strike this city each
year.

3.50 Statistical data of breakdowns of computer XXX show that
the duration for trouble-free operation of the machine can be de-
scribed as a gamma distribution with a mean of 40 days and
a standard deviation of 10 days. The computer is occasionally
taken out for maintenance in order to insure operational condi-
tion at any time with a 95% probability.




(a) How often should the computer be scheduled for mainte-
nance? (Hint: Should it be shorter or longer than the
40 days?)

(b) If the computer is in good operational condition at the

mean of

tlime
it is scheduled for regular maintenance, but no maintenance was
performed, what is the probability that it will break down within
another week beyond its regular maintenance schedule?

(€} Three XXX computers were acquired at the same time by
an engineering consulting firm. The computers are operating un-
der the same environment, workload, and regular maintenance
schedule. The breakdown times between the computers, how-
ever, may be assumed to be statistically independent. What is
the probability that at least one of the three machines will break
down within the first scheduled maintenance ime?

3.51 The capacity of a building to withstand earthquake forces
without damage has a gamma distribution with a mean of 2500
tons and a c.o.v. of 35%.

(a) If the building has survived a previous earthquake with a
force of 1500 tons without damage, what is the

it

probability that
can withstand a future earthquake with a force of 3000 tons?
(b) The occurrences of carthquakes with a force of 2000 tons
conslitute a Poisson process with an expected occurrence rate of
once every 20 yr. What is the probability that there will be no
damage to the building over a life of 50 yr?

(¢) In a complex of five similar buildings, each with the same
earthquake resistance capacity as described above. what is the
probability that at least four of them will not be damaged under
an carthquake force of 2000 tons? Assume that the occurrences

of damage to the different buildings are statistically independent.

3.52 In a harbor, a merchant ship may need to wait for dock-
ing at a quay for loading and unloading operations. The load-
ing/unloading operation of each ship can be either 2 or 3 days
with relative likelihoods of 1 to 3, and the operation times be-
tween ships are statistically independent. There is only one load-
ing crane and three mooring berths in the quay. Assume the fol-
lowing probabilities for the queue size:

Queue Size (no. of ships) Probability
0 0.1
| 0.3
2 0.4
3 0.2

(a) What is the probability that the total waiting time of a mer-
chant ship upon arriving at the harbor has to wait longer than
5 days before loading and unloading can commence at the quay,
if there are two ships in the queue and the loading/unloading
operations are just starting for the first ship in the queue?
(b) What is the probability that the total waiting time of the
in (a) will be longer than 5 days without knowing
when it arrives at the harbor?

ship
the queue size

(¢) Finally, suppose that the loading/unloading operation time
for a ship is a beta-distributed random variable with minimum
and maximum operation times of 1.5 days and 4 days, respec-
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tively, and shape parameters of 3.00 and 4.50. The operation
times between the ships are statistically independent. In this case,
what would be the answer (o Part (b)? For this part, consider the
computer-based methods of Chapter 5.

3.53 A bridge connects two cities A and B. The bridge has a
capacity to handle 1000 vehicles per hour. Normally, on

a given
day, the peak volume of traffic using the b

ridge can be modeled
by a beta distribution with lower and upper bound traffic of 600
and 1100 vehicles per hour and a mean hourly traffic of 750 ve-
hicles and a c.o.v. of 0.20. A jamming condition will

develop on
the bridge

if its capacity is exceeded by the traffic volume, or
if'an accident should occur on the bridge. The probability of
accident on the bridge is estimated to be 0,02 duri ng
of peak traffic. It may be assumed that peak traffic v
the occurrence of an accident are st

an
any period
olume and
atistically independent.

(a) What is the probability that the bridge will be j
given day?

(b) If the bridge is jammed, what is the probability that it w
caused by an accident on the bridge?

ammed on a
as

3.54 Statistics show that 20% of freshmen students at an engi-
neering school fail after 1 yr. In a class of 30 students, what is the
probability that among eight students selected at random, two of
them will fail after 1 yr?

3.55 A highway contractor orders the delivery of ten road
graders from an equipment rental company. Record shows that
the trouble-free operational time of a road grader h
time of 35 days with a c.o.v. of 0.2

as a mean
5. If the distribution of the
trouble-free operational time can be represented by a gamm
distribution,

d

(a) What s the probability that a road grader will be operational
without problem for 40 days?

(b) If the rental company has an inventory of 50 road graders,
and assuming that 10% of them will have trouble-free opera-
tional life of less than 4() days, what is the probability that two
among the ten graders will have operational lives less than 40
days?

3.56 An office building is planned and designed with a lateral
load-resisting structural system for earthquake resistance in a
seismic zone. The seismic capacity (in terms of force factor) of
the proposed system is assumed to have a lognormal distribu-
tion with a median of 6.5 and a standard deviation of 1.5. The
2round motion expected to be generated by the maximum possi-
ble earthquake at the building site will have an equivale
factor of 5.5.

nt force

(a) What is the estimated probability of damage to the office
building when subjected to the maximum possible earthquake?
(b) If the building should survive (without any damage) a previ-
ous moderate earthquake with a force factor of 4.0, what would
be its future failure probability under the maximum possible
earthquake?

(¢) The future occurrences of the maximum possible earth-
quakes may be modeled by a Poisson process with a return pe-
riod of 500 yr. If the damage effects between carthquakes are
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statistically independent, what is the probability of the proposed
building surviving a life of 100 yr without damage?

(d) Suppose that the office building will be part of a complex
of five identical structures designed with the same carthquake
resistance. What is the probability that at least four of the five
buildings will survive a life of 100 yr without damage? Sur-
vivals among the buildings may be assumed to be statistically
independent.

3.57 A water distribution network is shown in the figure below.
For a given rate of flow through the network, the performance at
a given node is measured by the head pressure at the node. Satis-

factory performance at a node requires that its pressure be within
a normal range, between 6 and 14 units. Suppose the pressure
at node A is a lognormal random variable with a mean value of
10 units and a c.o.v. of 20%.

(a) What is the probability of satisfactory performance at node
A? (Ans. 0.955)

(b) Suppose a city is served by nodes A and B. Ordinarily, the
pressure at B has a 90% probability of falling within the normal
range. However, the pressure at B is dependent on the pressure
at A. In the event that the pressure at A falls outside the normal
range, the pressure at B will fall outside of the normal range with
twice its ordinary probability. Satisfactory water service to the
city requires that at least one of the nodes A and B has normal
water pressure. What is the probability of unsatisfactory water
service to the city? (Ans. 0.0089)

(c) Suppose resources arc available to improve the water-
distribution systems by either one of the following options:

(I) Reduce the c.o.v. of pressure at A to 15%.
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(II) Increase the original probability of satisfactory pressure at
B (i.e., within the normal range) to 95%.

Which option is better in terms of minimizing the probability of
unsatisfactory water service to the city? (Ans. 1) Explain.

3.58 The daily water levels (normalized to the respective full
condition) of two reservoirs A and B are denoted by two random
variables X and ¥ having the following joint PDEF:

]

flx, y)=(6/5)(x + y°). O<x<l;0<y<l

(a) Determine the marginal density function of the daily water
level for reservoir A.

(b) If reservoir A is half full on a given day, what is the proba-
bility that the water level will be more than half full?

(¢) Is there any statistical correlation between the water levels
in the two reservoirs?

3.59 The joint PMF of precipitation, X (in.) and runoff, ¥ (cfs)
(discretized here for simplicity) due to storms at a given location
is as follows:

X=1 X=72 X=3
Y =10 0.05 0.15 0.0
Y= 2 0.10 0.25 0.25
Y= 30 0.0 0.10 0.10

(a) What is the probability that the next storm will bring a pre-
cipitation of 2 or more in. and a runoff of more than 20 cfs? (Ans.
0.2)

(b) After a storm, the rain gauge indicates a precipitation of 2
in. What is the probability that the runoff in this storm is 20 cfs
or more? (Ans. 0.7)

(c) Are X and Y statistically independent? Substantiate your an-
swer. (Ans. no)

(d) Determine and plot the marginal PMF of runoff.

(e) Determine and plot the PMF of runoff for a storm whose
precipitation is 2 in.

(f) Determine the correlation coefficient between precipitation
and runoff. (Ans. 0.35)
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] » 41 INTRODUCTION

3 [n this chapter, we introduce the function of one or more random variables. Engineering
problems often involve the determination of functional relations between a dependent vari-

) able and one or more basic or independent variables. If any one of the independent variables

are random, the dependent variable will likewise be random; its probability distribution,
as well as its moments, will be functionally related to and may be derived from those of
the basic random variables. As a simple example, the deflection, D, of a cantilever beam
of length I subjected to a concentrated load, P, applied at the end of the cantilever (as
discussed earlier in Example 1.2) is functionally related to the load P and the modulus of
elasticity £ of the beam material as follows:

rPL}
) D=—
3E]

in which /7 is the moment of inertia of the beam cross section. Clearly, we can expect that

if P and E (such as construction timber) are both random variables, with respective PDFs,
F fr(p) and fg(e), the deflection D will also be a random variable with PDF, fn(d), that can
be derived from the PDFs of P and E. Moreover, the moments (such as the mean and
variance) of D can also be derived as a function of the respective moments of P and E. In
this chapter, we shall develop and illustrate the relevant concepts and procedures for these
purposes.

e
= 4.2 DERIVED PROBABILITY DISTRIBUTIONS
4.21 Function of a Single Random Variable

Let us first consider the function of a single random variable,

t

Y = g(X) (4.1)

In this case, when ¥ =y, X = g~ '(v), in which g ! is the inverse function of g. If the inverse
function g~'(y) has a single root, and therefore is single valued, then

f P(Y =y) = PIX =g~ ()]

: That is, the PMF of ¥ is

d

! pr(y) = pxlg I(_'\_'}] 4.2)
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g
_1 We can demonstrate Eq. 4.2 graphically for the variable ¥ as a function of the discrete
{ random variable X with the following function:

¥ = X2 forx >0

' and the PMF of X is as shown in the figure below on the left.
_i Pyix
| :
§|
i
i 0.50
% 0.25 | 0.25
| ¢ 1 2 4 x
In this case, we can see that according to Eq. 4.2, when y=1, x=1 and py(l) =
px(1) = 0.25, whereas when ¥ = 4, py(d) = px(2) = 0.50, and when y =9, py(9) =
px(3) =0.25. At all other values of Y the PMF is zero; €.g., py (5) =px(v5) =
px(2.24) = 0. Graphically, the PME of Y is shown in the figure above on the right.
: Also, it follows that
!‘ P(Y <y)=P[X = g‘l(_\')l if g(x)is an increasing function of x
| whereas if g(x) is a decreasing function of x, P(Y = y) = PIX = gt
] Thus, when y increases with x, the CDF of Yis
‘.“ Fr(y) = Fxlg ' (0] (4.3)
; Therefore for discrete X, we have
; Fyly) = Z px(x;) (4.4)
‘ all x;<g~'(y)
whereas for a continuous X with PDF fx(x), Eq. 4.3 would be
i g !E_\'J
‘ F(y) = f fx(x)dx = ] fx(x)dx (4.5)
h [x<g~ (W} -
|
| In this latter case, for a continuous X, we recall from calculus that by making a change in
5 the variable of integration, Eq. 4.5 becomes
| ] gy vy ) . Ll’g 1
: Fy(y) = fx(x)dx = fx(g™) dy
L e dy

| — g~!(y). From which we obtain the PDF of ¥ as
diy(y) _.dg”

Jr(y) = e Ix(8

| in which g~
1

dy

l In the above, when y increases with x, dg~ !/ dy is positive; however, when y decreases with
x, Fy(y) = 1 — Fx(g™"), and then,
dg™!

fry)=—rfx(g™"

dy
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dg~' . f : ; o s
but s 1s negative. Therefore, properly the derived PDF of ¥ is
dy
3 NP dg l ;
Jr(y) = fx(g )|—— (4.6)
dy

Let us first illustrate the transformation of a discrete distribution as indicated in Eq. 4.2. Consider a
cantilever beam with a length L that is subjected to a concentrated load F applied at the free end of
the beam as shown in the figure below,

Suppose that the load F consists of a number of boxes each of the same weight of one unit; the number
of boxes loaded on the beam, x. varies from 0 to n and is distributed as a binomial distribution in
which the probability of a box being loaded is p; this means that the load F has a binomial PMF as
follows:

Drlx) = i )p'(l —p) F=01" n

X

in which x is the number of boxes loaded on the beam. Under a load of x boxes, the bending moment
at the fixed support of the cantilever beam is

M

and the inverse functionis g~ = x = m/L. Then, according to Eq. 4.2, the distribution of the bending

moment 1s

milm) = pele '(m)] = P(F— ”5)
v = PRl e i

il n !).‘;.'.'[,( ] - ;7
m/L

)n—.w.L

Since m = xL, we can easily see that the distribution of the bending moment, M, at the fixed end of
the beam has the same binomial PMF as the applied load F. 4

Consider a normal variate X with parameters p and o; i.e., N(, o) with PDE

. 1 lfx—

Jx(x) = ——exp| —= | ——

- X o ; i
lety — . Using Eq. 4.6, we determine the PDF of ¥ as follows.
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First. we observe that the inverse function is g '(y) = oy + 4, and d‘i’;“_ = ¢. Then, according to
Eq. 4.6, the PDF of ¥ is i
e e —*%(ZO}‘-{—,{.! —,u}: : 1 1,2
frly) = \Eampl: - :lln = \/g[: 3
which is the PDF of the standard normal distribution, N(0, 1). <4

Suppose a random variable X has a lognormal distribution with parameters A and . According to
Eq. 4.6, we derive the PDF of the function Y =1InX as follows.
In this case, the PDF of X is

bt 11 l(mﬂ—x)3
(x)y= ————exp| ~=| ——
A ey | g\ .,

and the inverse function is

g =¥
and
de k.
r[\‘

Therefore, according to Eq. 4.6,

e e I(yk)3V| 1 l(ywk):
AY) = e e G | i e e | = =X e =
L T e N LS ST

which means that the distribution of ¥ = In X is normal with a mean of A and a standard deviation of
£;i.e., N(&, ¢). This result also shows that

E(lnX) =4

and

Var(In X) = 2. |

The inverse function g~ '(y) may not be single-valued; i.e., for a given value y there may

be multiple values of g '(y). For instance, if g L3 = Zis#ps o i v, then we would have
k
(Y =y)= U(X =%z
i=1

And if X is discrete, the PMF of ¥ is
k
pr(y) = Z,n.\-(.\',-) 4.7)
i=l
whereas if X is continuous, the PDF of ¥ would be
. ‘—j'-o_l ¢ (4.8
Jely)i= L.f.x (& )| b ‘ (4.8)

in which ,_t.;f' = x; is the ith root of g L(y).
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The strain energy in a linearly elastic bar subjected to an axial force S is given by the equation

T L 2
U= =5
2AE
where:
L = length of the bar
A = cross-sectional area of the bar
E = modulus of elasticity of the material
Using ¢ = L/2AE, we can rewrite
U=cs

In this case, the inverse function has two roots which are

£ 00

.S — - | Y

Ve

with derivatives

ds.| 1

du| ~ 2/cu

ds & | o)
—_— anc
du 2./cu

Now. if S is a lognormal variate with parameters A and ¢, the PDF of U, according to Eq. 4.8, is

.f}:(ff):[ (\(_)“*( \7)]—]7

But fs(s) =0 for s < 0; therefore,

1 1= =1 o[ bt ay |
ff“”*f‘(\”f‘)e\/m «/anvjﬂffe}\p{z(_ ¢ ):|2\/r_u

From which we obtain
b 1 | I %nufln('f'l}._)g
' e 4 8 el |
e ,f_?_'r(["l(] ue P 2 b

which means that the PDF of U is also lognormal with parameters

by =Ine+ 2i and b= 2 «

In Example 4.4, if the applied force S is a standard normal variate with the PDF N(0, 1), the PDF of
the strain energy U, according to Eq. 4.8, would become as follows:

o=[52) Dl

In this case, because of the symmetry of the PDF of § about 0. fs(—s) = fs(s). Hence,

folu) = f(q.( : ' (—5) >0
u) =< = expl — u =
r 2 \/L u v 2meu : 2c B
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which is a chi-square distribution with one degree-of-freedom (see Chapter 6). Graphically, this PDF
would be as shown in Fig. E4.5.

fdu)

0 u

Figure E4.5 PDF of U under S with N(0, 1). <4
» EXAMPLE 4.6 The overall height of earth dams must have sufficient freeboard above the maximum reservoir level in

order to prevent waves from washing over the top of the dam. The determination of the overall height
must include the wind tide and wave height.
In particular, the wind tide, in feet above the still-water level is given by

il et
~ 1400d
where
V = wind speed in miles per hour
F = fetch, or length of water surface over which the wind blows, in feet

d = average depth of reservoir along the fetch, in feet.
Suppose the wind speed, V. is exponentially distributed with a mean wind speed of v ke its

PDF is

T
) e B s e

15
=1[) v <0
Then, according to Eq. 4.8, the distribution of the wind tide, Z, is determined as follows:
Denoting ¢ = F/1400d, we have Z = aV?

and the inverse functions, v = £

Va

and

Then, Eq. 4.8 yields

| e
i’
-+
—
i,
|
-
|
o
| ST |
i e
b
Sl
1
N

f2(2) = {f‘.- ( \ =

However, since fy(v) = 0 for v < 0, we have

fo(z) = f ( "I‘T) ] : ( Vi ) 0
()= frl /2 ) —— = ——exp| - 7>
44 i VNa 2/az 2u..faz f ! 5 5 >
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4.2.2 Function of Multiple Random Variables

A dependent variable may be a function of two or more random variables, in which case
it is also a random variable and its probability distribution will depend on those of the
independent random variables through the specified functional relationship.

Consider first the case of a function of two random variables X and Y,

Z=gX.Y) (4.9)
If X and ¥ are both discrete random variables. we would have
Z=9=kX.VN=z10= |J X=x,Y=y)
glxi,y;)=z

from which the PMF of Z is
])2(3} = Z ]Jxly(_,\'," _\"’,') (4 10)

8%, ¥)=¢
The corresponding CDF of Z would be
Fz) = Y pxy(x,y;) (4.10a)

8lx;. ¥z

Sum of Discrete Variates—Consider first the sum of two discrete random variables

Z=X+Y .
in which case, Eq. 4.10 becomes
pz(z) = Z Pxy(xi, yj) = ZP};})'(.’(,‘. =X} (4.11)
X;+y;=z all x;

Sum of Independent Poisson Processes—As an exam ple of the sum of two discrete random ,
variables, consider the sum of two statistically independent variates X and ¥ that are Poisson-
distributed with respective parameters, v and y, as follows:
RN .
_ o,

pPx(x) = T
X2

and
o)’
pr(y) = el ') e M

According to Eq. 4.11, and since X and ¥ are statistically independent, we have

(vt .l( .I):_—r —
Pz(z) =) px(x)py(z —x) = Zi‘ A el

= T
all x arx Xz —x)!
r I—X
; Vel e
= (,4\‘—4 T8 r:§ ' f :
Xz — )]

But the above sum for all x is the binomial expansion of (v + ()*/z). Hence, we obtain the
PMF of Z,
I_(." 4+ tu)"]: (J-—r|"f‘,‘£)"

-1
Z:

pz(z) =

which means that Z also has a Poisson distribution with parameter (v + ). Generalizing
this result, we can infer that the sum of n independent Poisson processes is also a Poisson
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process; specifically, if

where each X; has a Poisson PMF with parameter v;, the PMF of Z is also Poisson with

parameter

Ttisimportant to point out, however, that the difference of two independent Poisson processes
is not a Poisson process. That is, if X and Y are individually Poisson distributed, the PMF
of Z=X — ¥ does not yield a Poisson distribution.

A toll bridge serves three suburban residential districts A, B, and C as shown in Fig. E4.7. During
peak hours of each day, the estimated average volumes of vehicular traffic from the three districts
are, respectively, 2, 3, and 4 vehicles per minute. If the peak hour traffic from each district can be
assumed to be a Poisson process, with respective parameters of vy =2, vg = 3, vc =4, the total peak
hour traffic at the toll bridge would also be a Poisson process with parameter

v = 2+ 3 +4 = 9 vehicles/min
The probability of more than nine vehicles crossing the bridge in 1 minute would be
2. (9 % 1)"

P(X;>%N=1- ZT = 1—0.5874 =0413
n=0 )

Toll

bridge
on -

Figure E4.7 Toll bridge serving traffic from three districts. <

Now. if the basic random variables X and Y are continuous, the CDF of Z would be

o g
Fz(z) = f[ frylx, y)dxdy = [ [ fxy(x, y)ydxdy

glx.,y)=z

where ¢! = g~ !(z, y). Changing the variable of integration from x to z, the above integral
becomes
1

w ] i . | dg ' .
Fz(z) = fxy(g ', W|——|dzdy (4.12)
J oo J =00 0z |

Taking the derivative of Eq. 4.11 with respect to z, we obtain the PDF of Z,

: Jeg lag!|
]r/(:]: / f\)(},’ |\)‘{_‘i7‘d\ (4.13)
J =00 azZ

>0
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Alternatively, taking the inverse for y, i.e.. g=' = g7 '(x, z), we also have for the PDF of Z,
. L - .
Jz(z) = Jxv(x, g7 )| —|dx (4.13a)
J—o0o | 0z

Sum of Continuous Variates—Consider the sum of two continuous random variables X
and Y,

Z=aX +bY

in which a¢ and b are constants. Then we have

z— by dg! ox 1
X = — and =—=-
a 0z az a
and Eqg. 4.13 would be
o =1 z—by _
fz(z) = *‘f.\(.} - \) (!_\‘ (4.14)
Joss @ a
or with Eq. 4.13a,
i et I z—ax’
fz(z2) = - fxrl|=x, )d.\' (4.14a)
S B b
If X and Y are statistically independent variates, the above Eq. 4.14 becomes
p L £ =8y .
fz(2) = — .fx( — ) fy(y)dy (4.15)
7 5] a
or
. I 2 fz—ax
Jz(z) =— fx(x)fy ) dx (4.15a)
bl b

Figure E4.8 shows a frame building subjected to earthquake forces. The building mass m is assumed
to be concentrated at the roof level. When subjected to ground shaking during an earthquake, the
building will vibrate about its original (at rest) position, inducing velocity components X and ¥ of the
mass, with a resultant velocity Z = /X2 + V2,

Assuming that X and Y are statistically independent and are, respectively, standard normal
variates with distribution N(0, 1), the probability distribution of the resultant kinetic energy of the
building mass during an earthquake would be determined as follows:

The resultant kinetic energy is

W =mZ" =m(X*+ ey

mass m
! Y Bl Z
f—— X

m

Elevation Plan

Figure E4.8 Kinetic energy of building under earthquake load.
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Denoting U = mX? and V = mY?, the resultant kinetic energy is then
W=U+V

From the results of Example 4.5, the PDF of U and V are, respectively,

1 )
¥ " 2 wlzm -
folu) = —= € u=0
V2mmu
2 1 — 1 2m A
V) = — gL v=0
2mmu

Then, according to Eq. 4.15a, and assuming U and V are statistically independent (based on indepen-
dence between the velacity components X and ¥), we obtain the PDE of W as follows:
Withv=w—u,

!

|

: 1 o .1 1 i

| fw ( H‘} ¢ uf2m = _e (w—uy2m du
0

2em Jo 0 W=

! I W

/2m 2/, 12
; e e / u Etw ) du
{ 0

2mrm

Now. let r = w/w, and du = wdr. Then, |

1
Im 2 /
é n,_u‘[ r L"(i =) !"(JI'
0]

Jwlw) = 350

We may observe that the above integral is the beta function B(% 1), which is

(W)

1N ) _
‘z)_ (1)
. |

wf 2m

=
7 e
b | —

Hence,

; 1
_fu-( W)= _i'—(*

which is a chi-square distribution with two degrees-of-freedom (see Chapter 6). >

Sum (and Difference) of Independent Normal Variates—For two statistically independent
normal variates, X and ¥, with respective means and standard deviations gy, iy and oy,
oy, the distribution of the sum Z =X + Y would be, according to Eq. 4.15,

o 1 i | fz—v—px Loy —py 2
fz(z) = — exp|—z| —— - —| - — dy
2moxoy, 2 ax , 2\ oy '

> &

1 U\ 'z —1x \ e 1 1
= — expl —= (“—) + ( i ) / exp| —=(uy” —2vy) | dy
2}'!'0’\\'0')- 2 ay ax y J —x 2

where

and V=
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Then substituting,
v

w=y——

the integral above becomes

oc | S 5. L | 5
f exp[—;(u_\s“ — 21.‘\:}:| dy = eV [ exp(—;zm"')dw
e 2 J e 2
ffT v? )
= exp| —
Vou J 2u

After appropriate algebraic reduction, we obtain the PDF of Z as

_ |
f/(:) = :CXP —

v-"ﬂZIT (0\2’ T (I;)

z—(ux + py)

1
2\ Joitod

which we can recognize is also a normal PDF with a mean of
Mz = Jtx + My
and variance,
. 2 2
oz =0x +0oy
With the same procedure, we can show that Z=X — Y is also Gaussian with a mean of
iy — Wy and the same variance U;’_ i O’;‘; -+ crf..
We might point out that the above results remain valid even if the variates are correlated,
except that the variance must include the covariance between X and Y.
On the basis of the above results, we can infer inductively that if
n
= Z(J,‘X,
i=1
where a; are constants, and X; are statistically independent Gaussian variates N(ity,. ox, ),
then Z is also Gaussian with mean,

n

nz = foz Lx, (4.10p)

i=1
and variance,

afi= wng (4.10q)

The last result above shows that any linear function of Gaussian variates is also a Gaussian
variate. The relationships of Egs. 4.10p and 4.10q, for the mean and variance, however, are
not limited to Gaussian variates. We shall observe later in Sect. 4.3.1 that these equations
are, in fact, valid for linear functions of any statistically independent random variables
irrespective of their distributions.

The storm drain of a city is a normal variate with a mean capacity of 1.5 million gallons per day (mgd)
and a standard deviation of 0.3 mgd; i.e., the capacity is N(1.5, 0.30). The storm drain serves two

 independent drainage sources within the city that are also normally distributed as follows: drainage
source A = N(0.70, 0.20) mgd, and drainage source B = N(0.50, 0.15) mgd.
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The probability that the storm drain capacity D will be exceeded during a storm would be

determined as follows:
P(D <A+ B)=P|D—(A+ B) <0]

Since D, A, and B are independent normal variates, the sum S = D — (A + B) is also normal with
mean and variance, according to Egs. 4.10p and 4.10q,

s = pp — (s +pp) = 1.5—(0.70 + 850 =023

and

o5 = /o3 + 03 + 0} = (0.3 + (0.20)° + (0.15)* = 0.39

Therefore, the probability that the drain capacity will be exceeded is

=03
0.39

B <D= Cb( ) = &(—0.769) = | — ©(0.769) = 1 — 0.779 = 0.221
Suppose from prior storms, it has been shown that the existing storm drain can carry at least 1.2 mgd.
Given that this information is reliable, what is the probability that the storm drain will be able to carry
a total drainage of 1.9 mgd during a severe storm?

Clearly. this probability is conditioned on the information that the capacity of the storm drain is

= 1.2 mgd. Hence, we have

| (1)(].9— 15
PiD=19:"1 P(D =190} 0.3

P(D>19|D > 12) = i s e B
A P A PB sl 12y 1.3)
03
] — ®(2.00) 109772 :
— e s

L e i) T (088

Therefore. there is very little likelihood that the storm drain can carry a drainage of 1.9 mgd.

Now, if another drainage source C = N(0.8, 0.2) mgd is to be added to the existing storm drain,
how much must the mean capacity of the current storm drain be increased in order to maintain the
same probability of exceedance (i.c., of 0.221) of the existing system? Assume that the standard
deviation of the new storm drain will remain at 0.3 mgd.

Denoting the new capacity as D', we must have

P(S <0)=P[D'—(A+B+C) <0]=022]

and
s = pp — 0.70 —0.50— 0.80 = pip — 2.0
o5 = \,#‘(().30)3 + (02002 £ (0.15)* +(0.20)* = 0.44
Therefore,
0 (pp.— '3.0))
PiS- M-l "= ¥, §I3]
sy ( 0.44
Qr

2.0 — Uy
0.44

=& 1(0.221) = -0.77
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from which we obtain
pp = 2.040.77 x 0.44 = 2.34 mgd

Hence, the mean capacity of the existing storm drain must be increased by 2.34 — 1.5 =
0.84 mgd.

A

Products can be transported by rail or trucks between New York and Los Angeles; both modes of
transportation go through the city of Chicago. The mean travel times between the major cities for
each mode of transportation are indicated in Fig. E4.10.

\ Rail route

Figure E4.10 Rail and truck routes between New York and Los Angeles

The c.0.v.s of the travel times for the two modes of transportation are 15% and 20%, respectively, for
rail and truck, Assume that the travel times between any two cities are statistically independent normal
variates. The means and standard deviations of the travel times for the two modes of transportation
are, respectively,

wy =404+30=T0ht,. . gr = \:‘(0.2 x 409 4 (0.2 x 30> = 10 hr

and

pr=36+24=60hr  og = /(0.15 x 36) + (0.15 x 24) = 6.49 hr

If the loading and unloading times in Chicago are 10 hr for trucks and 15 hr for rail, the probabilities
that the actual travel times will exceed 85 hr between New York and Los Angeles are as follows.

The loading/unloading times in Chicago are assumed to be deterministic (¢.0.v. =0); and must
be added to the respective mean travel times. Therefore,

85— 80
10

for trucks, P(Tr > 85)=1— P(Tr. <85)=1— d)( ) =1—®(0.5)=1-0.691 =0.309;

: ; i : ‘8515
whereas forrail, P(Tp > 85)=1—-P(Tr <85 =1- L’D( T

=1-10.938=0.062.

)z 1 — ®(1.54)

Therefore, the probability that merchandise shipped by rail from New York to Los Angeles will arrive
within 85 days is 0.938, whereas by trucks the corresponding probability is 0.691. <

The integrity of the columns is essential to the safety of a high-rise building. The total load acting on
the columns may include the effects of the dead load D (primarily the weight of the structure), the live
load L (that includes human occupancy, furniture, movable equipment, etc.), and the wind load W.
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These individual load effects on the building columns may be assumed to be statistically inde-
pendent Gaussian variates with the following respective means and standard deviations:

wp = 4.2 tons; op.—.03ton
L. = 0.3 tons: op = 0.8 ton
Ly = 3.4 tons; aow = 0.7 ton

The total combined load § on each of the columns is
S=D+L+W
which is also Gaussian with mean and standard deviation
Hy=pp+pur +uyw =42+6543.4= 14.1tons

and

7

oy = \.‘."!(rf_, + o} + oy = \.""'('0‘3)2 +(0:8)° + (0.7)° = 1.1 tons

The individual columns were designed with a mean strength that is equal to 1.5 times the total mean
load that it carries, and may be assumed to be also Gaussian with a c.o.v. of 15%. The strength of
each column R is clearly independent of the applied load. A column will be over-stressed when the
applied load § exceeds the strength R; the probability of this event (R < S) occurring is, therefore,

0—(15x14.1)—14.1

PR =Sy =P(K -8 <) =) = o
DI %X ES x 14 Ly 1)

—7.05
i q)( ) B R

3.36

If we wish to decrease the probability of the event (R < 5), and thus increase the safety of the column,
we need to increase the strength of the column. «

The framing of a house may be done by subassembling the components in a plant and then delivering
them to the site for framing. Simultaneously, while this subassembly of the components is being
fabricated, the preparation of the site, which includes the excavation of the foundation through the
construction of the foundation walls, can proceed at the same time. The different activities and their
sequence may be represented with the activity network shown in Fig. E4.12; the required work
durations for the respective activities are also shown in the table below.

Completion Time (days)

Activity Description Mean Std. Dev.
1-2 Excavation of foundation 2 I
2-3 Construction of footings | s
3-5 Construction of foundation walls 3 1
1-4 Fabrication and assembly of components 5 I
4-5 Delivery of assembled components to site 2 iy

Assume that the required completion times for the different activities are statistically independent
Gaussian variates, with the respective means and standard deviations shown in the above table. Clearly,
to start framing the house, the foundation walls must be completed and the assembled components
must be delivered to the site. The probability that framing of the house can start within 8 days after
work started on the job can be determined as follows.
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Framing

Fig. const. Wall const.
3

Figure E412 House framing activity network.

Denote the durations of the activities listed in the abovetableas X, X,, X5, X and Xs, respectively,
and let

L =X+ X+ X»
and
=X+ Xs
In which 7 and 1, are also statistically independent. Then, the required probability is
P(F) = PI(T) < ) N(5 < 8)] = P(T) <8)P(T; < 8)

in which

B2 113 ‘ 2
(T, =8) = tb(—-ﬁ:i Je b ) o cb(l-‘f) — ®(1.33) = 0.907
5

and

\‘f"(':'| 0+ (0.5)2 F12

el 1.0
Pl = 8) = q»( { 2??) ! @(—) = ®(0.89) = 0.813

Hence, the probability that framing can start within 8 days is

P(F)=0.907 x 0.813=0.74

Products and Quotients of Random Variables—If the function is the product of two random
variables, say

Z=XY

then

) ) ax 1
X =2Z)Y and — = -
dz bY

and Eq. 4.13 yields the PDF of Z as

_ % 3] ,
fz(z) = / = _J[_\‘)(*.\')(f_\' (4.18)
S [3 715

Similarly, if the function is a quotient of two random variables. say

Z = XJY

I
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The PDF of Z would be

-
fz(2) = / |v| fx.y(zy, v)dy (4.19)

o0
From a practical standpoint, the product (and quotient) of lognormal random variables is
of special interest. In particular, we observe that the product or quotient of statistically
independent lognormal variates is also lognormal. This can be shown as follows.
Suppose

L= li[){',
=l

where the X;’s are statistically independent lognormal variates, with respective parameters
Ax, and {y,; then

InZ = Zln X
=1

But each of the In X; is normal (as shown in Example 4.3) with mean A; and variance (,1:
hence, In Z is the sum of normals and, therefore, is also normal with mean and variance as
follows:

n

rz=E(Z)=>) iy, (4.20)

=1
We might also recall from Eq. 3.27 that Ay, = Inx,, ;, in which x,, ; is the median of X;;
therefore, Az is also

]
)‘Z - Zln Xin, i (4.20a)

i=l

and, the variance
4‘3 = Var(In Z) = Z(i (4.21)
i=1

Hence, Z is lognormal with the above parameters Az and £ .
The annual operational cost for a waste treatment plant is a function of the weight of solid waste, W,
the unit cost factor, F, and an efficiency coefficient, E, as follows:

o WF
vE

where W, F, and E are statistically independent lognormal variates with the following respective
medians and coefficients of variation (c.0.v.):

Variable Median .0V
W 2000 tons/yr 20%
F $20 per ton 15%
E 1.6 12.5%
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As C is a function of the product and quotient of lognormal variates, its probability distribution is
also lognormal, which we can show as follows:

1
lnC:inW—i—lnF—;lnE

1
According to Eqs. 4.20a and 4.21, InC is normal with mean Ac = Ay + Ap — ;lﬁ and variance

4 5 1 u : ; !
g;(_% =+t + (Eg‘f_;) . Therefore, C is lognormal with

Ac =1 2000+ 1020 —In 1.6 =:10.13

and

o= \/(j0.20)3 + (0.15)% + (1/2 x 0.125)*> = 0.26

On the basis of the above, the probability that the annual cost of operating the waste treatment plant
will exceed $35,000 is

_ In 35,000 — 10.13
P(C = 35,000) = 1 —P(C < 35,000} = | — CD(—)

0.26
= 1— ®(1.28) = 1 — 0.900 = 0.100 <
» EXAMPLE 4.14 The structure and foundation of the high-rise building shown in Fig. E4.14 are both designed to

withstand wind-induced pressures with the respective pressure capacities as follows:

Superstructure, Rs = 40 psflb/ft®)
Foundation, Ry = 30 psf

The peak wind pressure Py on the building during a wind storm is given by

Pw = 1.165 x 10 *CV?2, - inpsf

where:
V' = maximum wind speed, in fps
C = drag coefficient

Superstructure

L i
Foundation

Figure E4.14 A high-rise building.
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During a 50-year wind storm, the maximum wind speed V may be assumed to be a lognormal variate
with a mean speed of £y = 100 fps and a c.0.v. 8y = 0.25. The drag coefficient C is also lognormal
with a mean of pc = 1.80 and 6, =0.30.

Clearly, the distribution of the wind-induced pressure, Py, is also lognormal with the following

parameters for the 50-year wind:

Ap, =In 1.165 x 107 4 A¢ + 24y = —6.755 + (In 1.80 — 0.30%) + 2(In 100 — 0.25%)
~6.755 + 0.498 + 2(4.543) = 2.829

Il

and

Zpy =/ (0.25) +(0.30)° = 0.39

Whenever the maximum wind pressure exceeds the design pressure capacity of the superstructure
or the foundation, there may be damage to the corresponding substructure. These probabilities are,
respectively, as follows.

For the superstructure,

‘In40 — 2.829

P(Py >40)=1~— P(Py <40) = 1 — CEJ( 039 ) =1-—9(2.20)=1-0.986 =0.014

whereas for the foundation,

In 30 — 2.829

) =] ®(1.47) = 1. — 0.929 = 0.071
0.39

PPy >30)=1—P(Py <30)=1— <D(

i In this case, because the wind resistances of the superstructure and foundation are deterministic, the ‘
i probability of damage to the high-rise system when subjected to the 50-year wind would be

P{damage) = P(SU F) = P(P, = 30) = 0.07]
Finally, if the occurrences of 50-year wind storms constitute a Poisson process, and damages to 1

the building between storms are statistically independent, the probability of wind damage. D, to the
high-rise building for a period of 20 years would be |

n!

L A 002 20
P(D in20years) = 1 — [[P(D)i Z!m—’—e-’“* '}

n=0

o 1 : :
1~ rf‘”*“*"*"[l 4 0.929 % 0.02 x 20 + ;(_0.929)4(0.(}'2 x 20)° + .- }

= ] — ¢ 002x20  L0929x0.02x20 _ | _ p~0071x0.02x20
=1—e 00— | _0972 =0.028 <
: The Central Limit Theorem—One of the most significant theorems in probability theory

pertains to the limiting distribution of the sum of a large number of random variables

known as the central limit theorem. Stated loosely, the theorem says that the sum of a large
| number of individual random components, none of which is dominant, tends to the Gaussian
| distribution as the number of component variables (regardless of their initial distributions)
increases. Therefore, if a physical process is derived as the combined totality of a large
number of individual effects, then according to the central limit theorem, the process would
tend to be Gaussian.
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The rigorous proof of the theorem is beyond our scope of interest; however, the essence
of the theorem may be demonstrated with the following example. Take, for example, the
following sum

i L oxg
S = ,;;X*

where the X,'s are statistically independent and identically distributed random variables
with PMF

e
>
I
I

B[ =

and
P(X; = x) = 0, otherwise

According to the central limit theorem, the sum S will approach the Gaussian distribu-
tion N(0, 1) as n — oc. This is demonstrated in Fig. 4.1 for the above initial PMF of the
X;’s as n increases from 2 to 20.

By virtue of the above central limit theorem, we can infer that the product (or quotient)
of independent factors, none of which is dominating, will tend to approach the lognor-
mal distribution. That is, regardless of the distributions of the X;'s, the distribution of the
product

n
] L'| l X,‘
i=1

will approach the lognormal distribution as n — 00.

A
4.4
ol =
; n=2
A - T3 \
! V[N(O,1)
/
; r2| \
/ k
\
// T >

0 2hn  4/n s =

n=5
\
(-N(O,U
2
\
N\
B s pohegalea] .
0 4in ®

Figure 4.1 A demonstration of the central limit theorem.
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Let us consider the product of a number of n random variables

n
p— 1—[\
jaxl
in which each X, has the following exponential distribution:
‘ =
fxlx)=—e % x =0
A

Using ¥; =In X;, we have

n

nP = Z}n X = iyf
g

i=l1
Therefore, as n — 0o, the distribution of 37 In X; will approach the Gaussian distribution accord-
ing to the central limit theorem. We show this numerically for increasing n (through Monte Carlo
simulation as presented in Chapter 5) for the exponential distribution with parameter & = 2 as follows:
Let

¥i —1in X

With a sample of 10,000, we generate the histogram of ¥, and the corresponding statistics as shown

below.

Histogram of Y1
1400 T T T T T T

1200

Y1 =log X
1000  Sample size, n= 10,000 mealh( Y.} 0166
std(Yq) = 1.276;

71 skewness(Y;)=-1.207

800 -
600 -

Frequency

400
200 -

0
-12 =10 -8 . 6. 4 -2
Values of Y1

For n=35, the sum of A =Y  ¥;: the histogram and corresponding statistics are as follows:
Histogram of A

800 g T T i = T
700

Sum of Y1 to Y5
600 [~ sample size, n = 10,000

500 -
400 -
300 -
200 -
100

B mean(A) = 0.571;
i std(A) = 2.873;
skewness(A) = —0.465

Frequency

0
Values of A
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and for n= 100, the sum of B = X‘,'E(; ¥; we obtain the histogram and corresponding statistics as

follows:

Histogram of B

900 T T T T T
800 L

700
600
500
400 -
300 -
200 -

100 .

0 ! skl L

-60 —40 -20 0 20
Values of B

Sum of Y1 to Y100

Sample size, n = 10,000
. mean(B) = 11.670;

- std(B) = 12.755;
skewness(B) = -0.054

Frequency

From the above, we see that as n increases from 1 to 5 to 100, the sum 2 i1 Y; becomes
more symmetric as indicated by the skewness coefficient, and approaches zero for n=100. We
can also show that the kurtosis approaches zero for increasing n, indicating therefore that the sum
i1 Y: approaches the Gaussian distribution, Therefore, the product P = []7_, X; approaches the
lognormal distribution. <

Finally, consider the sum of » uniformly distributed random variables X; each ranging between 0 and

2;ie.

D= i:X;
ii=]

Forn=2, 5, 10, and 100, the respective histograms of § (all normalized with a mean of 100), and
the corresponding superimposed PDFs, with the same means and standard deviations, are shown

below:
Histogram and PDF of S : Histogram and PDF of S
250 T T T T T 250 T T T T

EL: n=2 L n=5

E 2001 Sample size = 1,000 f% 200 Sample size = 1,000 @A _‘
& 2

o] N -

o 150 - 150+ %

c o

. i 1
%100+ 5100

o O 1

7150, © .50

Q e .

2 : = P

0 1 L : ! i i ity
0 an’a1o0 80 100 120 140160180 200

150 200

0 20 40 60
Valuesof S - 5

Values of S

All the histograms shown above are generated with 1000 or 10,000 repetitions (sample size). The
convergence to the normal PDF for increasing 7 is clearly demonstrated.
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' - Histogram and PDF of $
- ' _ 1600 S BT "

Histogram and PDF of S
1

300 T T T e e

L i EL n=100

L n- . B o sizo = 10, .
E_ 250 ggalr\l;.?le size = 1,000 7 8 k SRmpic. slze= 10000
i 5 1200 -
o 200+ T — 1000 - 1
T =
& 150 4 £ 800}
& 100} - il
e 5 400 _
5.3 2 20}

O == i - : a_ s : i ! L i i

40 60 .80 . 100" 120 140 160 § Q?S_.BO 85 90 95100 105 110 115120 125
Values of S e L . Values of S

<

Generalization—The function of two random variables described above in Eq. 4.13 can be
generalized to derive the distribution of the function of n random variables. In particular, if
Z:‘L_{{XLX:...HX,,) (4.22)

then, generalizing Eq. 4.13, we have

Fz(z) = [ / sqas [ Tx 35, G5 e g W JAX 00000 dx,

Elx) X2, Xpn)=2 (423)
X g
= / - / Fri o i Fiy o g )l vy dx,
 —0C v =00
in which g=' = g7 '(z, x;., x2, ..., x,,). Changing the variable of integration from x; to z,

we have

o Je'e vz o 1
oy . —1 s
[’/[:}: [ / / f\ ....X',.(.‘:&' s X2y e nn s Xn)|
J —00 J—00 J—00 | (3:

from which we obtain

dzdx, - dx,

=
——|dx;...dx, (4.24)

423 Extreme Value Distributions

The extremes (i.e., the maximum and minimum values) of natural phenomena are often
of special interest and importance in engineering. The statistics of such extremes are of
special significance to many problems involving natural hazards, such as the maximum
flood of a river in the next 100 years, the maximum earthquake intensity expected at a
building site in the next 50 years, and the minimum flow (drought) of a river in the next
25 years. For this purpose, we will summarize here the basic fundamentals of the topic
(more complete discussion of the topic can be found in Ang and Tang, Vol. 2, 1984)."
Moreover, we shall emphasize here only those elements that are particularly of practical
importance.

When we speak of extreme values, we are considering the largest and smallest values
from a sample of size n within a known population. In this regard, each of the largest or

“This book is out of print but is available for direct order from ahang2 @aol.com.
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smallest value will have its own probability distribution, which may be an exact distribution
or an asymptotic distribution.

Exact Distributions—Consider a random variable X (or population) with known probability
distribution fx (x) or Fx(x). A sample of size n from this population will have a largest and
a smallest value; these extreme values will also have their respective distributions which
are related to the distribution of the initial variate X.

A sample of size nis a set of observations (x;, xa, .. ., . x,) representing, respectively, the
first, second, . .., and nth observed values. Because the observed values are unpredictable,
they are a specific realization of an underlying set of random variables (X, X, ..., X
Therefore, we are interested in the maximum and minimum of (X7 Xgpwne 3 X,);1.e., the
random variables

Y, =max(Xy, Xo,- .. ; X)
and

Yy = min(X,, X», ..., X,)
Under certain assumptions, the exact probability distributions of ¥, and Y, can be derived
as follows.

We may observe first that if ¥, is less than some specified value y, then all the other
sample random variables X, X5, ..., X,, must individually be less than v. Then with the

assumption that X, X,, ..., X, are statistically independent and identically distributed as
the initial variate X, i.e.,

Fx,(x) = Fx,(x) = - - = Fy,(x) = Fx(x)
The CDF of Y, therefore, is

Fr(y)=PXi =y, X2<y,...,] Xp <y) (4.25)
= [FxI"
and the corresponding PDF is
. dFy(y) W ;
fr(y) = N = n[Fx()1" 7 fx(y) (4.26)
dy

where Fx(y) and fx(y) are, respectively, the CDF and PDF of the initial variate X.

Similarly, the exact distribution of ¥y, can be derived as follows. In this case, we
observe that if ¥, the smallest among X, X», .. ., Xu, 1s larger than y, then all the sample
random variables must be individually larger than y. Hence, the survival function which is
the complement of the CDF, is

| = Fr(y)=PXj =X 5 Voo oy X, >y)
= [1 — Fx(»)]"
Thus, the CDF of ¥, is
Fr(ul=l =]l —d(pl’ (4.27)
and the corresponding PDF is
() = nll = B fx(y) (4.28)

Clearly, from Eqgs. 4.25 through 4.28, we see that the exact distribution of the largest
and smallest values from samples of size n is a function of the distribution of the initial

variate.
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Consider the initial variate X with the exponential PDF as follows:
frlx).=Are™™ s )

The corresponding CDF of X is

Therefore, the CDF of the largest value from samples of size n, according to Eq. 4.25, is
FO)=1—e™)
and the corresponding PDF is
i gyt Ay
Fedv =dn(l v 1) .'g
Graphically, the above PDF and CDF of ¥, are shown (for A = 1.0) in Fig. E4.17 for different sample
sizes n from 1 to 100.
From Fig. E4.17, we can see that the PDF as well as the CDF shift to the right with increasing n.
Also, as expected, the mode of the largest value increases with increasing n.
Expanding the above Fy, (v) by the binomial series expansion, we obtain the series

nn—1)
21 €

Ay 24y

-V —=1_ne

For large n the above series approaches the double exponential exp(—ne=*"). Hence, for large n the
CDF of the largest value from an exponential population approaches the double exponential

Fy,(y) = exp(—ne ™)

N=5 n=10 n=25 n=50n-=100
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Figure E4.17 PDFs and CDFs of ¥, for different n (A = 1.0). «
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The Asymptotic Distributions—In Example 4.17, we observed that in the case of the expo-
nential initial distribution, the CDF of the largest value from samples of size n approaches
the double exponential distribution as n increases; in this case, this double exponential dis-
tribution is the asymptotic distribution of the largest value. This characteristic is shown also
in Fig. 4.2, illustrating the convergence of the exact distribution of ¥, to the asymptotic
double exponential distribution as n — oc.

The characteristics illustrated in Fig. 4.2 for the initial exponential distribution actually
apply also to other initial distributions; i.e., the distribution of an extreme value converges
asymptotically in distribution as n increases. According to Gumbel (1954, 1960), there are
three types of such asymptotic distributions (although not exhaustive) depending on the tail
behavior of the initial PDFs; namely, as follows:

Type I  The double exponential form.
Type II: The single exponential form.

Type HI: The exponential form with an upper (or lower) bound.

The extreme value from an initial distribution with an exponentially decaying tail (in the
direction of the extreme) will converge asymptotically to the Type [ limiting form. This
was illustrated earlier in Example 4.17 and demonstrated graphically in Fig. 4.2. For an
initial variate with a PDF that decays with a polynomial tail, the distribution of its extreme
value will converge to the Type [T limiting form, whereas if the extreme value is limited, the

fyr cn

wml L Exact distribution
0‘51, —— Asymptotic distribution
0.4 n=10 25 50 1q0

92",

0 1 2 B 4 5 6 7 8
(a) Asymptotic and exact PDFs

L f ’| 1 ]
% : 2 3 4 5 6 7 g Y

(b) Asymptotic and exact CDFs

Figure 42 Exact and asymptotic distributions of ¥, from an exponential initial distribution.
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corresponding extremal distribution will converge asymptotically to the Type [I1 asymptotic

form.

Parameters of the Asymptotic Distributions—Even though the forms of the asymptotic
distributions do not depend on the distributions of the initial variates, the parameters of the
asymptotic distributions, such as u, and «, of the Type I asymptote, will depend on the
distribution of the initial variate. We shall limit our illustrations below to the parameters of
the Type I asymptotic form (a more complete discussion of the other asymptotic forms can
be found in Ang and Tang, Vol. 2, 1984).

The Gumbel Distribution—The CDF of the Type I asymptotic form for the largest value,
well known as the Gumbel distribution (Gumbel, 1958), is

Fy,(y) = exp[—e sl (4.292)
and its PDF is
fy,‘,(.” =€ o, (v —r-ﬂ.J}CXp[ _{)ﬂx,i V—1y |] (42‘)11)

in which
u, = the most probable value of ¥,
@, = an inverse measure of the dispersion of values of ¥,
Moreover, the mean and variance of the largest value, Y, and smallest value, ¥, are related
to the respective parameters as follows (see Ang and Tang, Vol. 2, 1984):
¥ -
MKy, = Uy -t == (41“Ll]
n

in which y =0.577216 (the Euler number); and
s B

Oy = — (4.30b)
bo,;
whereas for the smallest value, the corresponding mean and variance are
2
> i1

i 2
Py Sy —=— and s =—=
1 Yy 3
o (1(J’|

Consider an initial variate X with the standard normal distribution, i.e., N(0,1), with the PDF

|
fx(x) = =7

Nirs

In this case, the tail of the PDF is clearly exponential; hence, the asymptotic distribution of the largest
value is of the double exponential form (ZType I); specifically, the CDF of I, is

Fy (v) =expl—e Yy —Hn]

and its PDF 15

fl‘{i (7‘:) —a,e o (¥ —liy lexpl A(,—u,,c» —1y n-]
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with parameters
— nlnn+Indx
Uy =~2Inn — —————
2/21nn

and
o, =~21nn

Explanation of the derivation of the above parameters may be found in Ang and Tang, Vol. 2 (1984).
The mean and standard deviation of the largest value can then be obtained. respectively, from Egs.
4.30a and 4.30b.

If the initial variate X has a general Gaussian distribution, N(i. o), we observe from Example 4.2
that (X — p)/e will be N(0.1). Then, the asymptotic distribution of the largest value from (X — p)lo
will be of the double exponential form with the parameters u, and «, obtained above. Therefore. if
¥, is the largest value from the initial Gaussian variate X, then it follows that

v
K = =

X — L - E :
is the largest from — —f and the CDF of ¥/ is, therefore,
a

i (Ve e
Fy(y) = Fy (— —i=eipli=e 9\
‘ PERL

} e = S (v —a )
/| =exp|=e =Y

Hence. the CDF of Y/ is of the same double exponential form as ¥, with the parameters

U =cou,+ u
o, = a,fo P
In the case of the smallest value from samples of size n, the corresponding distributions,
PDF and CDF, would shift to the left as n increases. Similar to the largest value, the
distribution of the smallest value will also converge (in distribution) to one of the three
types of asymptotic distributions depending on the tail behavior (in the direction of the
smallest value) of the PDF of the initial variate.

Consider an initial variate with the standard Gaussian distribution N(0, 1). The tail behavior in the
lower end of this PDF is obviously also exponential: thus, the CDF of the smallest value from this
initial variate will also converge to the Type I asymptotic form as follows:

Fy,(v) = | — exp[—e*1711)]

and the corresponding PDF is

¥ 01 (Yeup)

Jri(y) = o etV exp[—e

in which the parameters u; and o, are

Inlnn + Indx
—_— and

U = —~v/2lan+

~

[ o]

/

2/2Inn

Pz B
o = w2ine <

[f the initial variate X is described by the Rayleigh distribution with PDF,
ol T

fy(x) = —e x =)

in which o =the modal value, Although the tail behavior of this PDF may not be obvious, it is
exponential (see Ang and Tang, Vol. 2, 1984), and thus the distribution of the largest value will
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converge asymptotically to the Type [ form with the following parameters:

L
u, =—a~N2lnn

and
V2Inn
2 At e g
o
Then, according to Eqs. 4.30a and 4.30b, the mean and standard deviation of Y, are, respectively,
iy =ty 2inp + ().5772( R 7)
V2Inn,
and
1 o o
Oy = TET —— T & £ ‘
V6 v2Inn  24/3Inn

The Fisher-Tippett Distribution—The Type I asymptotic distribution of the largest value
is often referred to as the Fisher—Tippett distribution (Fisher and Tippett, 1928). Its CDF is

k

- V) 2
Fy(y) =exp —(1-) (4.31)
y
The corresponding PDF is
k41 , k
5 k Vi Vn p )
s =—\ - exp| —| — (4.32)
\"H \, \ \ /
where the parameters
v, = the most probable value of Y,
k = the shape parameter, which is an inverse measure of the dispersion of values of
¢

The mean and standard deviation of the variate Y, are related to the above parameters
| 1
wy, = valI'\ 1 = .
f 2/ / 13
oy =W (I 7)—-I'1(l-77)
oy k k

The Type I and Type Il asymptotic forms are related through a logarithmic transformation
as follows: If ¥, has the Type Il asymptotic distribution of Eq. 4.31, with parameters v, and
k. the distribution of In ¥, will have the Type I asymptotic form with parameters

as follows:

u, =Iny, and o,=%k

The above logarithmic transformation applies also to the smallest value of ¥y andIn Y.

If the initial variate X is lognormal, with parameters Ay and &y, ln X is normal with parameters & = Ay
and o = &. Then, according to the results of Example 4.17. the largest value of In X will converge
asymptotically to the Type I distribution with parameters

v2inn

{x

Inlnn 4+ Indm ;
W, — Ly 2lnn — — e iy and @, =

24/2Inn
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Therefore, according to the above logarithmic transformation, the largest value of the initial lognormal
variate X will converge to the Type /T asymptotic form with parameters

v, =€ ‘and & = @, <

The Weibull Distribution—For the Type Il asymptotic form, the asymptotic distribution
of the smallest value is of greater interest. In engineering, it is well known as the Weibull
distribution (Weibull, 1951), which was discovered by Weibull for modeling the fracture
strength of materials. Its CDF is given by

Vo NI
Fy(y)=1—exp —(—) . N (4.34)

where
wy = the most probable smallest value
k = the shape parameter

e = the lower bound value of v

The mean and standard deviation of ¥ is related to the above parameters as follows:

1
My, = € + (W —z—‘-]F(] + : ):

and (4.35)

) ; I
(J;-Iﬁ(n'l—F)\.'l"(lJrA)—l‘-(l*—/_)

Suppose the lower-bound fracture strength of a welded joint is 4.0 ksi. If the actual strength of the joint
Yy is modeled with a Type 111 smallest asymptotic distribution, Eq. 4.34, with parameters w; = 15.0
ksi and k= 1.75, the probability that the strength of the joint will be at least 16.5 ksi is

3 = it e .
P =116.5) = exp|— I 4—) = 0.286

The mean and standard deviation of the joint strength are, according to Eq.+ 435,
respectively,

My, :4+(|5—4")1'(i = =44 11 x T(1.5714) =4 + 11 x 0.8906

il

13.80 ksi;

and

2
\

o = (15 = DT +2/1.75) — L1 + 1/1.75)]'72 = 11 x [['(1.1429) — T3(1.5714)]'2
= 11[0.9354 — (0.8906)*]"/* = 4.15 ksi

The values of the respective gamma functions indicated above were evaluated through
MATIAB. |
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43 MOMENTS OF FUNCTIONS OF RANDOM VARIABLES

In Sect. 4.2 we derived the probability distribution of a function of one or more random
variables; theoretically, such a derived probability distribution of several random variables
is analytically possible under certain conditions. For instance, the linear function of normal
variates remains normal, whereas the product (or quotient) of lognormal variates will also
be lognormal. However, in general, such derived probability distributions of the function
(especially if nonlinear) may be very difficult (or even impossible) to derive analytically;
in such general cases, Monte Carlo simulations would be necessary.

In these latter circumstances, we may use the moments, particularly the mean and the
variance, of the function as an approximation of the probability distribution. This approxi-
mate approach may be sufficient for practical purposes even if the correct probability dis-
tribution must be left undetermined. Such moments are functionally related to the moments
of the individual basic variates, and therefore may be derived approximately as functions
of the moments of the basic variates.

431 Mathematical Expectations of a Function

The expected value of a function of random variables, called the mathematical expecta-
Iirm can be derived as a generalization of Eq. 3.9b. That is, for a function of » variables,
=Xy Xy X)), its mathematical expectation is

E(Z) [ f (X3 Koy o vy s \',_,)'f.xl x:“m_\‘”(v-‘ﬂ P o RPN o) )('f.\‘|(}",1'3 . .a’.\',,
(4.36)

A similar generalization of Eq. 3.9a will yield the corresponding mathematical expectation
E(Z) of the function for discrete variates.

Below, we shall use Eq. 4.36 to derive the moments of linear functions of random
variables, as well as the first-order approximate moments of nonlinear functions.

Mean and Variance of a Linear Function—Consider first the moments of the linear
function
Y =aX+Db

According to Eq. 3.9b, the mean value of ¥ is
E(Y)=E(@X +b) = f (ax +b)fx(x)dx =a [ xfx(x)dx + h[ fx(x)dx
—0a J —00 oQ
=aE(X)+b (4.37)

whereas the variance is

Var(Y) = E[(Y —uy)*] = E[(aX +b —auyx — n = (!2f (x — ux)* fx(x) dx

= a’Var(X) (4.38)

For Y = a, X + a>X>, where a| and a, are constants

E(Y)

/ j (ayx1 + axx2) fx, . x, X2)dx dxs

tfj/ X fx, (x1)dx +£fzj X2 fx,(x2)dxa

o0
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We can recognize that the last two integrals above are, respectivel Y, E(X) and E(X>); hence,
we have for the sum of two random variables

E{Y)ZﬂlE(X])—I-HgE(Xg) (4.39)

and the corresponding variance is

Var(Y) = E[(a; X; + a,Xz) — (aypy, +Hzﬁixz)]2
= Elai(X; — Mx, )+ ay( X, — HX;J]E
= Elaj(X; — px,)* + 2a1a5(X, — mx (X2 — ux,) +a3(Xa — uy,)?)

We may recognize that the expected values of the first and third terms within the
brackets are variances of X, and X>. respectively, whereas the middle term is the covariance
between X; and X,. Hence, we have

Var(Y) = a;Var(X,) + a2Var(X) + 2a1a;Cov(Xy, X») (4.40)
Similarly, if Y =a,X | — a,X5. the results would be
E(Y)=ajuy, —axpuy, (4.41)
whereas the corresponding variance would be
Var(Y) = ajVar(X ) + a3 Var(X,) — 2a,a,Cov(X ;. X) (4.42)

If the variates X and X, are statistically independent, Cov (X1, X2) =0; thus, Egs. 4.40 and
4.42 become

Var(Y) = ajVar(X,) + a2 Var(X,)

The results we obtained above in Eqs. 4.39 through 4.42 can be extended to a general linear
function of n random variables, such as

) = iﬂ,‘ X;
i=]

in which the g;’s are constants. For this general case, we obtain the following: The mean
value of Y,

n

E(Y)=) aEX)=Y apuy, (4.43)
=1

i=1

whereas the corresponding variances are

V&I'(Y) = iﬂfVﬂI’(Xj) -+ i: ZH:H;HJ;CDV(X,', XJ)
j=]

Lj=1i#]
(4.44)
n noon
2.2
= E a;0x + E E aja;p;jox,o0x,
p==] L=l i#j

in which p;; is the correlation coefficient between X; and X, as defined in Eq. 3.72.
Moreover, if we have another linear function of the X,’s,

i=]
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there may be a covariance between Y and Z, which is

Cov(Y, Z) = Zcr,-h, Var(X;) + Z Za,-b__,-(.'o\-‘(X‘-. X;)
i=l i, j=1i#j
) = (4.45)
i=1 i,j=li#j

The maximum load on a column of a high-rise reinforced concrete building may be composed of the
dead load (D), the live load (L), and the earthquake-induced load (E). The total maximum load carried
by the column would be T = D + L + E. Suppose the statistics of the individual load components are
as follows:

p = 2000 tons, op = 210 tons

wr = 1500 tons, o, = 350tons

up = 2500 tons, og = 450 tons
If the three loads are statistically independent, i.e., py, =0, the mean and standard deviation of the
total load T, according to Egs. 4.43 and 4.44, are

jr = 2000 + 1500 + 2500 = 6000 tons
and
o2 = 210% 4 350° + 4507 = 369,100 tons’

Hence, the standard deviation is
ar. = 607.5 tons
However, the dead load, D, and the earthquake load, E, may be correlated, say with a correlation

coefticient of p; = 0.5, whereas the live load L is uncorrelated with D and E. Then. the corresponding
variance would be, according to Eq. 4.44,

o} = 2107 + 3507 + 4507 + 2(0.50)(210)(450) = 463,600 tons’

and the standard deviation becomes o = 680.88 tons.

Now, suppose the mean and standard deviation of the load-carrying capacity of the column C
are pte = 10,000 tons and o = 1500 tons. The probability that the column will be overloaded is then,
Pl€ « F)= P(C — I'=10)

But the mean value of C—T = 10,000 - 6000 = 4000 tons, and its standard deviation is

Assuming that all the variables are Gaussian, and therefore, the difference C—T is also Gaussian, the
probability of overloading the column would be
0 — 4000

P(C—T <0)= CD(‘
- 1618

) = P(=24D =1—P(2.47) = 1.— 0.9932 = 0.007 <

In the event of an earthquake of intensity / = 5, the average economic losses in the central area of a
city are estimated to be as follows, with respective standard deviations:

* Property losses—p = $2.5 million; op = $1.5 million

« Loss of business—z = $6.0 million; oz = $2.5 million

 Cost of injuries—y = $4.0 million; o7 = $2.0 million
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Assume that the loss of lives is negligible, and among the three cost items above the loss of business is
positively correlated with the property losses, with a correlation coefficient of 0.70, i.e., pgp = 0.70,
whereas the cost of injuries is uncorrelated with the other losses.

Assume also that each of the average earthquake losses indicated above varies with I?, and the
possible intensities in the area during an earthquake are / =4, 5, and 6 with relative likelihoods of
2:1:1, respectively, whereas the standard deviation is invariant with T

The total loss during an earthquake is

T=P+B+J
During an earthquake of intensity / = 5, the mean or expected total loss is

E(T|I = 5)=2.546.0+4.0 = 12.5 million

Since the expected total loss is conditional on /2, we also have

4\2
E(T|I =4) = 12.5(—) = 8.00

_ 6\’
E(T|l =6)= |2.s(—) = 18.00

The unconditional expected total loss during an earthquake is, therefore,
por = 8.0(2/4) + 12.5(1/4) + 18.0¢( 1/4) = $11.625 million
The variance of the total loss is
Var(T) = 1.5% 4+ 2.5 + 2.07 + 2(0.70)(1.5 x 2.5) = 17.75

Hence, the standard deviation of the total loss is. gr-= /17,75 = $4.21 million <

43.2 Mean and Variance of a General Function
For a general function of a single random variable X,
Y = g(X)

the exact moments of ¥ may be obtained as the mathematical expectations of g(X): in
particular, according to Eq. 3.9b, the mean and variance. respectively, would be

e
E(Y)= / g(X) fx(x)dx
=00
and
" 00
— : 2 ¢
Var(Y) = / [8(x) — px]” fx(x)dx

o >0
Obviously, to obtain the mean and variance of the function ¥ with the above relations
would require information on the PDF f(x). In many applications, however, the PDF of X
may not be available. In such cases, we seek approximate mean and variance of the function

Y as follows.
We may expand the function ¢(X) in a Taylor series about the mean value of X, that is.

(%) = glux) + X — w8 4 L — 2
2z = (/L v A — L — —_ — My ) — 5
. S\ x Hx dx T3 M x e

where the derivatives are evaluated at ILx.
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Now, if we truncate the above series at the linear terms, i.e.,
dg
dX

we obtain the first-order approximate mean and variance of ¥ as

g(X) = glux)+ (X — uyx)

E(Y) >~ g(ux) (4.46)
and
Var(Y Var(X ](_d‘q \ Var(X) d )‘ (4.47
ar(Y) =~ Var(X — uyx = Var(. — 4.
Mt e dx) N ’

We should observe that if the function g(X) is approximately linear (i.e., not highly
nonlinear) for the entire range of X, Eqgs. 4.46 and 4.47 should yield good approximations of
the exact mean and variance of g(X) (Hald, 1952). Moreover, when Var(X) is small relative
to g(jiy), the above approximations should be adequate even when the function g(X) is
nonlinear.

The above first-order approximations may be successively improved by including the
higher-order terms of the Taylor series expansion; for example, if we include the second-
order term in the series, we can show that the corresponding second-order approximations
are as follows:

1 d’g
E(Y) = g(ux)+ ;Vur(X) = (4.48)

dx?

and

Var(Y) ~ o dg ')3 l 7((]15' ):+1'(X ):“’.ﬁ‘ d’g
any ) = oy — =0y b — vy —
X\ ax 17\ gx2 X Ix% o

LR )4(d:9)2
L eox — iy j
4 HX,

(4.49)

dax-

We observe that the second-order approximate variance of ¥ as indicated in Eq. 4.49 involves
the third and fourth central moments of the original variate X, which are seldom evaluated
in practical applications.

For practical purposes, the mean value is of first importance: thus, we may use the
second-order mean of the function ¥, Eq. 4.48, with its first-order variance of Eq. 4.47. In
this way, we obtain an improved mean value of ¥ without involving more than the mean
and variance of X.

» EXAMPLE 4.25 The maximum impact pressure (in psf) of ocean waves on coastal structures may be determined by
oK U*
Pn=200
D

where U is the random horizontal velocity of the advancing wave, with a mean of 4.5 fps and a c.o.v.
of 20%. The other parameters are all constants as follows:

o = 1.96slugs/cu ft. the density of sea water

|

K = length of hypothetical piston

D = thickness of air cushion

Assume a ratio of K/D =35




» EXAMPLE 4.26

4.3 Moments of Functions of Random Variables 185

The first-order mean and standard deviation of p,,, according to Egs. 4.46 and 4.47, are

E(p,) =~ 2.7(1.96)(35)(4.5)*= 3750.7 psf = 26,05 psi; and
Bl ) ; , )
Var(pn) = Vur(f.")(l?’n 75) (2ug) = (020 x 4.5)(2.7 > 1.96 x 35).(2 % 4.3).
Therefore, the standard deviation of p,, is
a5, =d0.20.X 45)2.7 % 1.9 X 35)@2 x 4.5) = 1500.3 psf = 10.42 psi
For an improved mean value, we evaluate the second-order mean with Eq. 4.48 as follows:

1

i

) 1.4
E(Y) = 37507+ —(0.20 x 4.5) ('3."?;;75)(_2)

N | =2

= ShE S0 4 SR T 16 s X D)

— 3750.7 + 150.0 = 3900.7 psf =27.09 psi

This shows that for this case the first-order mean is about 4% less than the second-order

mean. ‘

Hypothetically, suppose the average number of commercial airplanes arriving over the Chicago O’Hare
Airport during the peak hour from various major cities in the United States are as follows:

Originating City Average No. of Arrivals Standard Deviation
New York 10 4
Miami 6 2
Los Angeles 10 3
Washington, DC 12 4
San Francisco 8 4
Dallas 10 3
Seattle 3 z
Other U.S. cities 15 6

The total average number of arrivals is 76 planes, and the standard deviation of the total arrivals
{assuming the arrivals from the different cities are statistically independent) is 11.22 planes.

Now, suppose that the holding time, T (in minutes), is an empirical function of the total arrivals
as follows:

T = 3/ N,, in minutes

in which N, is the total number of arrivals during the peak hour. Then, by first-order approximation,
the mean holding time would be

wr 2 3 /in; = 3476 = 26.15 min
and the variance is
2 il s 53 e
g = o ( Siby ]l U 1.22) (;:__76) ) =21.66

Therefore, the standard deviation is

or = 4:65 min
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With Eq. 4.48, we obtain the corresponding second-order mean holding time:
1. 3 3 2 v d2 :
thr = S irr‘,;-A —Z'u‘v" =126.15 — g(l L2277 (76) ' = 26.08 min

| In this case, the first-order mean is fairly accurate; it is aimost the same as the second-order
| mean. ‘

Function of Multiple Random Variables—If Y is a function of several random variables,
Y =g(X|. X2, .... X,)
we obtain the approximate mean and variance of Y similarly as follows:

Expand the function g(X;, X,.....X,) in a Taylor series about the mean values
(fx,, Uxys---, ix, ), yielding

dg
Y = g(thx,s hxys - oos Mx,) + Z — Ux,)
i=1

axX;
n n n2

r)'[{
P Xi — px (X b ) e 4
ZZ( 257 — X, oX, 09X,

2 =1 =1

where the derivatives are all evaluated at oy, tx,, ..., t1x,.
If we truncate the above series at the linear terms, i.e.,

Y 2o g(fhx, s Xy » oo ix,) +Z{X ,ux)

i=l

We obtain the first-order mean and variance of Y, respectively, as follows:
E(Y) > g(ux,, Wxsr---s Mx,) (4.50)

and

ig dg go v
Vi ; 451
v~ 30 () 4 + 3> mewon gy gy s

i=1 I#]

We observe that if X; and X; are uncorrelated (or statistically independent) for all i and j,
i.e., p; = 0, then Eq. 4.51 becomes

n / HQ 2
Var(Y) >~ ZU,\'. ( — ) (4.51a)
— 0X;

Equation 4.51 or 4.51a may be called the “propagation of uncertainty.” We observe
that it is a function of both the variances of the independent variables and of the sensitivity
coefficients as represented by the partial derivatives.

The above first-order approximate mean and variance may also be improved by in-
cluding the higher-order terms in the Taylor series expansion of g(X,. X5...., X)) In
particular, the second-order approximate mean of ¥ would be

; n n "()
: ECY) =il tikys v mx,)+ = ZZ{’UGYU\ ( X, iX,) (4.

=1 =]

tn
tJ
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where the derivatives are evaluated at the mean values of the X;’s. Again, if X; and X; are
uncorrelated, Eq. 4.52 becomes

R g
E(Y) = glpx,, ilxs, ..., tx,) + oy ( ) (4.52a)
SUx, . | Hx, Z Xi\ 5x2

i ¥ 1

According to the Manning equation, the velocity of uniform flow, in fps, in an open channel is
1 4)

= RP g2
n

where.
8 = slope of the energy line, in %
R = the hydraulic radius, in ft
n = the roughness coefficient of the channel

For a rectangular open channel with concrete surface. assume the following mean values and
corresponding ¢.0.v.s:

Variable Mean Value c.o.v
3 1% 0.10
R 21t .05
n 0.013 0.30

Assuming that the above random variables are st: atistically independent, the first-order mean and
variance of the velocity V are, respectively,

1.49 Bpri
Hyise ("’)“'(I) “ = 1821ps; .and

0.013
2 o 1.49 3. 12 ; L 2x 1.49 2 =13 : ) b, £
gy ’:(’.\'( S Mg s = Ay irle + Un"( 14907 »”,._)
S 149 =+ Ride . o N
D0l = e I ') sl oy ‘*{'2'“)
)(wmm i )( <0013 ¥

+(0.30 x 0.013)*(—1.49(2)"*(1)*(0.013) '3)1 = 82.79 + 36.80 + 0.21 ='119:80
yielding the standard deviation
oy = 10.94 fps
The corresponding second-order mean velocity would be, according to Eq, 4.52a,

i 5 1L 5 1.49 4 T 2X B 2 (2% 149 54
Hy '18._+§ loghs 4 ,t,\,,u 0 &7_9[1;; ¢ Mg S o T,‘l,‘ Hg

|2

(0.1 i @) (0.05 x 2y QXIAQ)H 22y
gaa Al - Ak bon > e e (qxo.om sty

B s(2x149 ,)
+(0.30 x 0.013) e
=( X )((OOH)() (1)

1
=182 + ;(-~ 0.46 — 0.10 + 32,76) = 198.10 fps

The first-order approximate mean velocity is about 8% lower than the corresponding second-order
mean velocity. «
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> EXAMPLE 4.28 The applicd stress, S, in a beam is calculated as

where:
M = applied bending moment
P = applied axial force
A = cross-sectional area of the beam

Z = section modulus of the beam

M. Z, and P are random variables with respective means and c.0.v.s as follows:

far = 45,000 in-lIb; dy = 0.10
wz = 100in’; 8, = 0.20
e = 50001b; 8p=10.10

A = 50in’®
Assume that M and P are correlated with a correlation coefficient of py p = 0.75, whereas Z is
statistically independent of M and P. We determine the mean and standard deviation of the applied
stress S in the beam by first-order approximation as follows:
P, Be 45,000 5000
pro Y T 50

Mean value: g >~ 7= 350psi

and variance:

i - 1 ; Sl =M z " ' # L | | ;
grtenl ) oEl ) T fff»(* + 2op pomorl— || T
fbz 5 A Hz/\A

Z

e L e : e 1
45000 — } +20°F =5}, + S00%| +2><(_).7:!x45{]()><5()()(— (—)
100 100° 50 100 / \ 50 |

10.900.00

from which we obtain the standard deviation of §, o5 = 104.40 psi.

Based on test data, the strength capacity of the beam, S,., was estimated to have a mean strength
of 800 psi and a standard deviation of 110 psi. Assuming that S and S, are lognormal variates with
the respective means and standard deviations determined aboye, we evaluate the parameters of the
respective lognormal distributions as follows:

bl 104.401) G . 110)2 0.147
a8 L | —_— = .UID4E; o e — I i
i 5502 i 800 :

and

1 I )
kg = ln 550+ ;(().0354) = 6,29, As, = In 800 — E(’(J. 14)” = 6.67
The safety factor of the beam is defined as 6 = §./5. As S, and § are both lognormal variates, the
safety factor @ is also lognormal with the parameters

A =hs — ks = 6,67 —6.29 =0.38

and

G = 02 + 3 = /(0147 + 00354 =023
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The beam will be overstressed when 8 < 1.0: therefore. the probability of this event is

InIn+1i, 0 - 0.38 i | :
P68 < 1.0) = ¢(¥— - rb( G35 ) =1~ ®(1:65).=1-0950 = 0,050

f

That is, there is a 5% chance that the beam will be overstressed under the applied load. e |

A two-span bridge across a 300-m-wide river is to be constructed with a midspan pier about 150 m
from one bank of the river. In order to locate the center position of the pier, a base line B is established
along one bank as shown in Fig. E4.29. The position of the pier is to be determined by intersecting
the lines of sight from Stations a and b, with the angle at Station a fixed at 90 degrees.

l
| —

X e B e

/

Figure E4.29 [ocating position of midspan pier.

The proposed position of the center point of the pier is to be located 150 m from the base line,
which has been measured to have a mean distance of B = 200 m and a standard error of o = 2 cm.
Also, the angle 6; measured from Station b has a mean measurement of 36°52" and a standard error
of 2/,

The first-order approximate mean and standard error of the required distance D from the base
line to the pier location are as follows (in measurement theory, the standard deviation of the mean
measurement is called the “standard error”):

D = Btan¥, = 200 tan 36°52' = 149.98 m
and

o} = oX(tan @, )+ (B sec’d, ;‘?a,;’l = (0.02)*(tan 36°52')* + (200 sec? 36°52'Y°(5.818 x 1074
0.000225 + 0.033050 = 0.033275

Il

Therefore, we find the standard error of the measured distance D to be
op =0.1824m = 1824 cm

whereas the second-order mean of the distance Dis

1 S e i
D = 149,98 4 ;-I(rfg((}ﬁ + o, (2B sec™@tand)]

= 149.98 + 200(5.818 x 10*)"[(sec?36°52")(tan 36°52"]
= 149,98 + 0.00008 = 149.98 m

Therefore, in this case, the second-order mean gives the same result as the first-order mean; i.e., the
second-order approximation gives no improvement. <4
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Role of Monte Carlo Simulations—As we have observed in Sect. 4.2, the PDF of the
function of a single variable can be derived analytically without much difficulty. However, ‘
in the case of a function of multiple random variables, the derivation of its probability
distribution can be a formidable task. with some exceptions, such as the sum of multple

Gaussian variates or the product/quotient of multiple lognormal variates, as we saw in Sect.

4.2.2. Except for these special cases, we may have to resort to Monte Carlo simulations or

other numerical methods to generate, approximately at least, the probability distribution of

the function (see Chapter 5 for the basics of Monte Carlo simulations). Take, for example,

the sum of two lognormal random variables; the distribution of the sum is neither normal

nor lognormal. Also, the probability distribution of the product of two normal random

variables is neither lognormal nor normal. In such cases, if information on the probability
distribution of the function is required, a numerical method or Monte Carlo simulation is

clearly necessary and provides a practical tool. The basics of Monte Carlo simulation are
presented and illustrated in Chapter 5.

- 4.4 CONCLUDING SUMMARY

In this chapter, we saw that the probabilistic characteristics of a function of random variables
may be derived from those of the basic constituent variates. These include, in particular,
the probability distribution and the main descriptors (mean and variance) of the function.
For a function of a single variable, the PDF of the function can be readily obtained ana-
lytically. However, the derivation of the distribution of a function of multiple variables can
be complicated mathematically, especially for nonlinear functions. Therefore, even though
the required distribution of a function may theoretically be derived, it is often impractical to
apply, except for special cases, such as a linear function of independent Gaussian variates
or the strictly product/quotient of independent lognormal variates. In this light, it is often
necessary, in many applications, to describe the probabilistic characteristics of a function
approximately in terms only of its mean and variance. Even then, the mean and variance of
linear functions are easily amenable to exact evaluation; however, for a general nonlinear
function, we must often resort to first-order (or second-order) approximations. Furthermore,
when the probability distribution of a general function is required, we may need to resort
to Monte Carlo simulations or other numerical methods.

» PROBLEMS

4.1 Suppose an engineering variable ¥ is an exponential func- 4 2y i g

tion of a random variable X as follows: Ans. fy(y) = T \';‘ I_“”_:CXP( ; ;“';) v=0
0 y<0

Y =¥

and X is normally distributed as N(2, 0.4). Derive the PDF of ¥ 4.3 The sources of electrical power for a region are nuclear,
and show that it follows a lognormal distribution. fossil, and hydroelectric. The respective generating capacities of

these sources can be described as independent Gaussian random

4.2 The absolute velocity (X) of particles in a gas follows a variabl foll G i
il : ; sariables as follows (in megawatt power):
Maxwell distribution, with the PDF 4 :

4x? 2 Nuclear: N(100, 15)
s ()—,_‘;/;CXP(—;J—Q) ifx >0 Fossil: N(200, 40)
- Hydro: N(400, 100)

0 otherwise
(a) Determine the total power supply for the region; i.e., define

| . the probability distribution of the power supply with the corre-
kinetic energy Y = ;mX“. where m is the mass of a particle. sponding mean and standard deviation.

where a is a constant. Determine the PDF fy () for the particle



(b) The power demand of the region during normal weather
is 400 megawatt, whereas during extreme weather the demand
would be 600 megawatt. In any given year, normal weather is
twice as likely to occur as extreme weather. With the generating
capacity of (a), what is the probability that power shortage for
the region (i.e.. demand exceeding supply) will occur during the
year?

(¢) If power shortage should occur during a given year, what is
the probability that it will occur during normal weather?

(d) Suppose that the three power sources are assigned to supply
the following respective percentages of the total power demand:
Nuclear = 15% of demand: Fossil = 30% of demand,

and Hydro = 55% of demand
During normal weather, what is the probability that at least one
of the three sources will be unable to supply their respective
allocations? Assume statistical independence.

4.4 Bob and John are traveling from city A to city D. Bob de-
cides to take the upper route (through B), whereas John takes the
lower route (through C) as shown in the following figure:

B

NG
™
xi o0

\Q Ta

The travel times (in hours) between the cities indicated are nor-
mally distributed as follows:

T, ~ N(6, 2)

15 ~ N4, 1)

Ty ~ N(5,3)

Ty ~ N4, 1)
Although the travel times can generally be assumed to be statis-
tically independent, 7; and 7; are dependent with a correlation
coefficient of (.8.
(a) What is the probability that John will not arrive in city D
within 10 hours? (Ans. 0.397)
(b) What is the probability that Bob will arrive in city D earlier
than John by at least 1 hour? (Ans. (.327)
(¢) Which route (upper or lower) should be taken if one wishes
to minimize the expected travel time from A to D? Justify. (Ans.
lower)
4.5 A structure is resting on a soil stratum (see accompanying
figure) in which the compressibility of each of the three layers
of soil is well established. The settlement (in cm) of the building

may be evaluated from

§=03A4+028B+0.1C
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where A, B, and C are, respectively, the thickness (in m) of the
three layers of soil. Suppose A, B, and C are modeled as inde-
pendent normal random variables as follows:

A ~N(5. D

B ~ N(8.,2)

C ~ N7, 1

(a) Determine the probability that the settlement will exceed
4 cm. (Ans. 0.347)

(b) If the total thickness of the three layers is known exactly as
20 m, and furthermore, thickness A and B are correlated with
a correlation coefficient equal to 0.5, determine the probability
that the settlement will exceed 4 cm. (Ans. 0.282)

STRUCTURE }

ik + + -+ + + + -+ -+ A
+ + + + + B - e o] !
+ o+ + - + o+ R + B
-+ * =+ + B =+ -+ + + “+
+ 4+ o+ o+ 4 + + [ + =+
+ o+ o+ T R S
==
4 a
4 & , ;
a
a = a a C
4 A
4 A ¥
T

4.6 A friction pile is driven through three soil layers as shown
in the figure below. The total bearing capacity of the friction pile
(in tons) is obtained from

Q=4A+ B+2C

where A, B, and C are penetration lengths (in meters) through
each of the three soil layers. respectively.

Suppose A is N (5, 3); Bis N (8, 2); A and B are negatively
correlated with coefficient p = —(0.5. The total length of the pile
is 30 m. Determine the probability that the pile will fail to sup-
port the 40-ton load, i.e., the event that the capacity Q is less than
40 tons.

40tons
s i
B

|

c

'
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4.7 A city is located downstream of the confluence point of two
rivers as shown below. The annual maximum flood peak in River-
| has an average of 35 m*/sec with the standard deviation of
10 m%/sec, whereas in River-2 the mean peak flow rate is
25 m¥/sec and the standard deviation is 10 m*/sec. The annual
maximum peak flow rates in both rivers are normally distributed
with a correlation coefficient of 0.5. Presently, the channel which
runs through the city can accommodate up to 100 m-/sec flow
rate without flooding the city.

City

Answer the following questions.

(a) What are the mean and standard deviation of the annual
maximum peak discharge passing through the city? (Ans. 60
and 17.32 (m’/sec))

(h) What is the annual probability that the city will experience
flooding based on the existing channel capacity? What is the
corresponding return period? (Ans. 0.0105; 96 years)

(¢) Calculate the probability that the city will experience flood-
ing over a 10-year period. (Ans. 0.10)

(d) If the desired flooding probability over a 10-year period is
to be reduced by half, by how much should the present channel
capacity be enlarged? (Ans. 104.5 m*/sec)

4.8 Fibers may be embedded in concrete to increase its
strength. Consider a cracked section as shown in the following
diagram:

Suppose the total strength 7 of the cracked section is given by
the following expression:

T=C+F+FE+--+ )

where C is the strength contributed by the cement; F|, F,, etc.

are the strength of each of the fibers across the crack; and N is

the total number of fibers across the crack. Suppose C=N(30,
3); each F; is N(5, 3) and N is a discrete random variable with
the following PMF.

Pl

0.5

0.3
‘ 0.2

Assume C and the F;’s are statistically independent. What is the
probability that the total strength T will be less than 307

4.9 A shuttle bus operates from a shopping center, travels to
Towns A and B sequentially, and then returns to the shopping
center as shown in the figure below.

Shopping
center

Assume that the respective travel times (under normal traffic)
are independent Gaussian random variables with the following

statistics:

Travel Time Mean (min) c.o.v.
T, 30 0.30
T, 20 0.20
T 40 0.30

However, during rush hours (8:00-10:00 am and 4:00-6:00 pm),
the mean travel time between Town A and Town B will increase
by 50% with the same c.o.v.

(a) The scheduled time for one round trip of the shuttle bus is
2 hours. Determine the probability that a round trip will not be
completed on schedule under normal traffic.

(b) What is the probability that a passenger, originating in Town
A, will arrive at the shopping center within 1 hour under normal
traffic?

(¢) The number of passengers originating from Town B is twice
that of the number originating from Town A. What percentage




of the passengers will arrive at the shopping center during rush
hours in less than 1 hour?

(d) A passenger starting from Town B has an appointment
at 3:00 pm at the shopping center. If the bus left Town B at
2:00 pM but has not arrived at the shopping center at 2:45 pm,
what is the probability that he or she will arrive on time for
his/her appointment?

4.10 The settlement of each footing shown in the figure below
follows a normal distribution with a mean of 2 in. and a coeffi-
cient of variation of 30%. Suppose the settlements between two

adjacent footings are correlated with a correlation coefficient of

(0.7; that is, the differential settlement is
D= |8 — 8]

where §| and 5, are the settlements of footings 1 and 2, respec-
tively.

(a) Determine the mean and variance of D.

(b) What is the probability that the magnitude of the differential
settlement, i.e. |D|, will be less than 0.5 in.”?

- B S -

[ Footing1 Footing 2

4.11 The system of pipes shown in the figure below is supposed
to carry the storm runoffs X, and X», and the municipal waste
water, X5. The statistics of the flow rates (all in units of cubic
feet per second, cfs), are as follows:

Distribution

Mean C.0.
X 10 0.30 Normal
X5 15 0.20 Normal
X5 20 0.00 —

g
A

x_/"v

Because of proximity, X| and X are dependent. Assume that the
coefficient of correlation p, , =0.6.

(a) Determine the mean value and standard deviation of the total
rate of inflow to pipe 5.

(b) What is the probability that during a 1-minute interval, the
volume of water flowing into pipe 2 exceeds that into pipe 1 by
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at least 400 ft*? (Hint: assume the inflow rate into each pipe is
constant during that minute.)

(¢) Suppose the municipal waste water is projected to increase
at a rate of 3 cfs per year, and pipe 5 has a capacity of 70 cfs. If
the design criterion is that the probability of overflow at pipe 5
(total inflow exceeds capacity) after a storm should be less than
0.05, how many years will the current pipe 5 remain adequate,
i.e., before a larger size pipe is needed?

4.12 The flows in two tributaries | and 2 combine to form stream
3 as shown in the figure below. Suppose the concentration of
pollutants in tributary 1 is X, which is normally distributed as
N(20, 4) parts per unit volume (puv), whereas that in tributary
2 is ¥ which is N(15. 3) puv. The flow rate in tributary 1 is
600 cubic feet per sec (cfs) and that in 2 is 400 cfs. Hence, the
concentration of pollutants in the stream is

600X + 400Y
T 600 + 400

=0.6X +0.4Y

®
__—

Stream

Pollution occurs if pollutant concentration exceeds 20 puv.

(a) What is the probability that at least one of the two tributaries
will be polluted?

(b) Assume X and Y are statistically independent. Determine
the probability of a polluted stream.

(¢) Suppose the same industrial plant dumps the pollutants into
the two tributaries; hence X and Y are correlated, say with
0 =10.8. What is the probability of a polluted stream?

4.13 A contractor submits bids to three highway jobs and two
building jobs. The probability of winning each job is 0.6. The
profit from a highway job is normally distributed as N(100, 40)
in thousand dollars, whereas that for a building job is N(80, 20)
in thousand dollars. Assume that winning each job is an inde-
pendent event and the profits between jobs are also statistically
independent.

(a) What is the probability that the contractor will win at least
two jobs?

(b) What is the probability that he will win exactly one highway
job but none of the building jobs?

(c) Suppose he has won two highway jobs and one building

job. What is the probability that the roral profit will exceed 300

thousand dollars?

(d) How would the answer in part (c) change if the profit from
the two highway jobs are correlated with a correlation coefficient
of 0.87

4.14 During the next month, the amount of water available for a
city is lognormally distributed with a mean of 1 million gallons
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and a c.0.v. of 40%, whereas the total demand is expected to fol-
low a lognormal distribution with'a mean of 1.5 million gallons
with a c.0.v. of 10%. What is the probability of a water shortage
in this city over the next month?

4.15 A large parabolic antenna is designed against wind load.
During a wind storm, the maximum wind-induced pressure on
the antenna, P, is computed as

| 5
P = —CRV~
2

where C =drag coefficient; R = air mass density in slugs/ft*;
V = maximum wind speed in ft/sec; and P = pressure in [b/fe2.
C, R, and V are statistically independent lognormal variates with
the following respective means and c.0.v.’s:

e = 1.80; S =0.20
up =23x107° slugs/ft?; dr =0.10
Uy = 120 fi/’SCL". dy = 0.45

(a) Determine the probability distribution of the maximum wind
pressure P and evaluate its parameters.

(b) What is the probability that the maximum wind pressure will
exceed 30 Ib/ft>?

(¢) The actual wind resistance capacity of the antenna is also
a lognormal random variable with a mean of 90 Ib/ft> and a
c.o.v. of 0.15. Failure in the antenna will occur whenever the
maximum applied wind pressure exceeds its wind resistance ca-
pacity. During a wind storm, what is the probability of failure of
the antenna?

(d) 1f the occurrences of wind storms in (¢) constitute a Poisson
process with a mean occurrence rate of once every 5 years, what
is the probability of failure of the antenna in 25 years?

(e) Suppose five antennas were built and installed in a given re-
gion. What is the probability that at least two of the five antennas
will not fail in 25 years? Assume that failures between antennas
are statistically independent.

4.16 A pile is designed to have a mean capacity of 20 tons;
however, because of variabilities, the pile capacity is lognor-
mally distributed with a coefficient of variation (c.0.v.) of 20%.
Suppose the pile is subject to a maximum lifetime load that is
also lognormally distributed with a mean of 10 tons and a c.o.v.
of 30%. Assume that pile load and capacity are statistically in-
dependent.

(a) Determine the probability of failure of the pile.

(b) A number of piles may be tied together to form a pile group
to resist an external load. Suppose the capacity of the pile group
is the sum of the capacities of the individual piles. Consider a
pile group that consists of two single piles as described above.
Because of proximity, the capacities between the two piles are
correlated with a correlation coefficient of 0.8. Let T denote the
capacity of this pile group.

(i) Determine the mean value and c.o.v. of T.

(ii) Will the random variable T follow a normal, or lognor-
mal, or some other probability distribution? Provide an expla-
nation.

4.17 A corner column of a building is supported on a pile group
consisting of two piles. The capacity of each pile is the sum of
two independent contributions, namely, the frictional resistance,
F, along the pile length and the end bearing resistance. B, at
the pile tip. Suppose £ and B are both normally distributed with
mean values of 20 and 30 tons and coefficients of variation of
0.2 and 0.3, respectively. The capacities between the two piles
are correlated with a correlation coefficient of p =0.8.

(a) Determine the mean and c.o.v. of the capacity of one pile.
(b) Determine the mean and c.o.v. of the total capacity of the
pile group.

{(¢) If the maximum load applied on the pile group is also nor-
mally distributed with a mean value of 50 tons and a c.o.v. of
0.3, what is the probability of failure of this pile group?

4.18 Consider a tower that has leaned an inclination of 18°. The
tower continues to lean at an annual increment A, which is nor-
mally distributed with a mean value of 0.1 and a c.o.v. of 30%.
(a) Assume that the incremental amounts of additional leaning
between years are statistically independent. Determine the prob-
ability that the final inclination of the tower after 16 years will
exceed 20°.
(b) Suppose it is believed that the maximum inclination, M, be-
fore the tower collapses (i.c., the leaning capacity of the tower)
is itself a normal random variable with a mean of 20" and a c.o.v.
of 1%.
(i) What is the probability that the tower will not collapse
within the next 16 years?
(i) An alternative assumption, instead of statistical indepen-
dence between years as in part (a), is that the tower will have
the same incremental leaning in each year in the future. What
then is the probability that the tower will not collapse after
16 years?
4.19 Five cylindrical tanks are used to store oil; each of the tanks
is shown below. The weight, W, of each tank and its contents is
200 kips.
tial force may be calculated as

When subjected to an earthquake, the horizontal iner-

W
F=—a
g
where:
g = acceleration of gravity =32.2 ft/sec’
a = maximum horizontal acceleration of the earthquake
ground motion
—W
Tank
. F
[

Base support




During an earthquake, the frictional force at the base of a tank
keeps it from sliding. The coefficient of friction between the tank
and the base support is 4 lognormal variate with a median value
of 0.40 and a c.o.v. of 0.20. Also, during an earthquake assume
that the maximum ground acceleration is a lognormal variate
with a mean of 0.30g and a c.o.v. of 0.25%.

(a) What is the probability that during an earthquake a tank will
slide from its base support?

(b) Of the five tanks. what is the probability that none of them
will slide during an earthquake, assuming that the conditions
between the tanks are statistically independent?

4.20 The time 7 in minutes for each car to clear the toll station at
Lion Rock Tunnel is exponentially distributed with a mean value
of 5 sec. What is the probability that a line of 50 cars waiting to
pay toll at this tunnel can be completely served in less than 3.5

min?

4.21 Consider along cantilever structure shown in the figure be-
low, which is loaded by a force F at a distance X from the fixed
end A. Suppose F and X are independent lognormal random
variables with mean values of 0.2 kips and 10 ft., respectively.
The c.o.v.s are 20% and 30%, respectively.

(a) Determine the probability that the induced bending moment
at A will exceed 3 ft—kip. (Ans. 0.093)

(b) Suppose there are 50 forces, each acting at a random location
along the beam. Each force has a lognormal distribution with a
mean of 0.2 kip and c.o.v. of 20%, and the location of each force
is also lognormal with a mean of 10 ft. from A and a c.o.v. of
30%. Assume statistical independence between individual val-
ues of the 50 forces and also between individual locations of
the 50 forces. Determine the probability that the overall induced
bending moment at A will exceed 120 ft—kip. (Ans. 5.5 x 1077)

Ta—
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4.22 The salaries of Assistant Engineers (AEs) at a large en-
gineering firm are uniformly distributed between $30,000 and
$50,000 per year.

(a) What is the probability that a randomly selected AE at this
firm will have an annual salary exceeding $40,0007?

(b) If 50 AEs are selected at random from this firm, find the
probability that their average salary will exceed $40,000.

(c) Why do the answers from (a) and (b) differ significantly?
Elaborate.

4.23 Suppose the traffic on a long-span bridge consists of two
types of vehicles: cars and trucks. The weight of each car has
a mean of 4 kips and standard deviation of 1 kip, whereas the
weight of a truck has a mean of 20 kips and standard deviation
of 5 kips. Assume that the weight of each vehicle is lognormally
distributed and the weights between vehicles are statistically
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independent. There are currently 100 cars and 30 trucks on the
bridge.
(a) Determine the mean and c.o.v. of the total vehicle weight on
the bridge.
(b) Estimate the probability that the total vehicle weight exceeds
1200 kips. State any assumption that you use.
(c) Suppose the total dead load of the bridge is normally dis-
tributed with a mean of 1200 kips and a c.0.v. of 10%.
(i) What is the probability that the total vehicle load will ex-
ceed the total dead load?
(ii) What is the probability that the sum of total dead and
vehicle load will exceed 2500 kips?

4.24 “*5-star” brand cement is shipped in batches, in which each
batch contains 40 bags. Previous records show that the weight
of a randomly selected bag of this brand of cement has a mean
of 2.5 kg and a standard deviation of 0.1 kg, but its exact PDF is
unknown.

(a) What is the mean weight of one batch of 5-star brand ce-
ment?

(b) Suppose the shipping company charges a penalty if a batch
exceeds its mean weight by more than 1 kg. What is the proba-
bility that a batch of 5-star brand cement will receive a penalty?
(e) Suppose the standard deviation of each bag is changed to 1 kg
but all other parameters remain the same. What is the probabil-
ity of a penalty now? Comment on whether or not the increased
standard deviation is desirable.

4.25 From an extensive survey of live floor loads of office build-
ings, it was determined that the sustained EUDL (equivalent uni-
formly distributed load) intensity may be modeled with a log-
normal distribution with a mean EUDL of 12 psf and a c.o.v. of
30%. Over the life of a building, the live floor load may fluctuate
because of changes in occupancy and use of the floor space.

(a) Assuming an average rate of occupancy change of once every
2 years, determine the exact distribution of the lifetime maximum
live load EUDL for office buildings over a life of 50 years.

(b) Develop the corresponding asymptotic form for the distribu-
tion of the lifetime maximum EUDL, and evaluate the parameters
for the 50-year life.

4.26 The PDF of an initial variate with a gamma distribution is

e BT
SRS T gy

b x>0 k>1

where v and k are the parameters and I' (k) is the gamma function.
(a) Determine the CDF and PDF of the largest value from a
sample of size n.

(b) Determine the appropriate asymptotic form for the distribu-
tion of the largest value as n — o0,

4.27 Axle loads of trailer trucks higher than I8 tons may be
modeled with a shifted exponential distribution as follows:

(x—18)/3.2.

|
fx(x) = —e x>0
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Suppose that a culvert is subjected to 1355 of the above axle
loads (> 18 tons) in a year. Assume that the axle loads are
statistically independent and that the average traffic volume will
remain constant over the years.

(a) Determine the mean and c¢.0.v. of the maximum axle load on
the culvert over periods of 1, 5, 10, and 25 years.

(b) For a culvert life of 20 years, determine the probability that
it will be subjected to an axle load of over 80 tons.

(¢) Determine the “design axle load” corresponding to an allow-
able exceedance probability of 10% over the life of 20 years.

4.28 The daily level of dissolved oxygen (DO) concentration
in a stream is assumed to be Gaussian distributed with a mean
of 3.00 mg/1 and a standard deviation of 0.50 mg/l. The DO
concentrations between days may be assumed to be statistically
independent.

(a) Determine the asymptotic distribution of the minimum daily
DO in a month (30 days); also in a year (365 days).

(b) Evaluate the probability that the daily DO concentration will
be less than 0.5 mg/l in a month; in a year.

(¢) Determine the mean and c.o.v. of the minimum daily DO
concentration over a period of a month; over a period of a

yedr.

4.29 A structure is designed with a capacity to withstand a wind
velocity of 150 kph; i.e., any wind velocity up to 150 kph will
not cause damage to the structure. In a hurricane-prone area, the
maximum wind velocity during a hurricane may be modeled as
an extreme Type I asymptotic distribution with a mean velocity
of 100 kph and a c.o.v. of 0.45.

(a) For a structure with the above wind-resistant capacity, what
would be the probability of wind damage during a hurricane?
(b) If the permissible damage probability were to be reduced
to 1/10 of the original design, as described in (a) above, what
should be the wind-resistant capacity of the revised design
(in kph)?

(¢) If the occurrence of hurricanes in the area is modeled as a
Poisson process with a return period of 200 years, what is the
probability of damage to the original structure over a life of 100
years? Also, what would be the corresponding damage proba-
bility to the revised structure? Assume that damages between
hurricanes are statistically independent.

(d) Suppose that three structures with the original design were
built in the area, each with the same wind damage probability.
What is the probability that at least one of the structures will be
damaged over the life of 100 years?

4.30 The wind gust at a building site is of concern during the
erection of a steel building. Suppose the daily maximum wind
velocity at a particular site can be modeled as a Gaussian random
variable with a mean velocity of 40 mph and a c.o.v. of 25%.
(a) If the erection of a building can be completed in a period
of 3 months, what is the most probable maximum wind velocity
that can be expected during the erection of the building?

(b) If the shoring system used in the erection can withstand a
wind gust velocity of 70 mph, what is the probability that the

shoring system will be inadequate to withstand the maximum
wind velocity during the erection of the building?

(¢) What would be the mean and c.o.v. of the maximum wind
velocity during the erection of the building?

4.31 In Problem 4.30, suppose the daily maximum wind at the
building site is lognormally distributed (instead of normally)
with the same mean of 40 mph and c.o.v. of 25%. In this case, if
the erection of the building requires 3 months to complete:

(a) What is the most probable maximum wind velocity that can
be expected during the erection of the building?

(b) What would be the probability that the shoring system will
be inadequate to withstand the maximum wind velocity during
the erection of the building? The capacity of the shoring system
is 70 mph.

4.32 The hydraulic head loss in a pipe may be determined by
the Darcy—Weisbach equation as follows:

h = ﬂ_
2Dg
H'l’?i’f'{‘.’
L = length of a pipe
V = flow velocity of water in a pipe

D = pipe diameter
[ = coefficient of triction

g = gravitational acceleration = 32.2 fU/sec”

Suppose a pipe has the following properties:

Variable Mean Value C.0.)
L 100 ft 0.05
D 12 in. 0.135
! 0.02 0.25
V 9.0 fps 0.2

(a) By first-order approximation, determine the mean and stan-
dard deviation of the hydraulic head loss of the pipe.

(b) Evaluate also the corresponding mean head loss by second
order approximation.

4.33 By simple beam theory, the maximum deflection of a pris-
matic cantilever beam under a concentrated load P applied at the
end of the beam is given by

PL3
D=
3EI
where:
[. = length of the beam
E = modulus of elasticity of the material
I = moment of inertia of the cross section of the beam

Suppose a 1 5-ft rectangular wood beam with nominal cross-
sectional dimensions of 6” x 12" {actual mean dimensions are



5.5” % 11.5") is subjected to a concentrated load £ with a mean
of 500 Ib and a c.0.v. of 20%. The modulus of elasticity £ of the
wood has a mean value of 3,000,000 psi and a c.0.v. of 0.25. We
may assume that the c.o.v. of each cross-sectional dimension is
0.05. The variables P, E. and [ are statistically independent.

(a) Determine the first-order mean and standard deviation of the
end deflection D of the cantilever wood beam. Observe that the
moment of inertia of a rectangular cross section is [ = l_’bh 4
in which b/ and h are correlated with pp; = 0.80 -

(b) Evaluate also the mean deflection of the beam by second-
order approximation.

4.34 The following is an engineering formula, for Z:
Z= X ¥ WS

where:
X uniformly distributed between 2 and 4
¥: beta distribution between 0 and 3 with parameters
g=1land r=2

W: exponentially distributed with a median of 1

and X, ¥, and W are statistically independent.

(a) Determine the mean values and variances of X, ¥, and W,
respectively. (Ans. 3, 173: 1, 1/2; 1.443, 2.081)

(b) Estimate the mean, variance, and c.o.v. of Z using the first-
order approximation. (Ans. 3.6, 29.7, 1.51)

4.35 A clay liner is constructed to reduce the amount of pollu-
tants migrating from the landfill to the surrounding environment,
as shown in the figure below.

Land fill

'\\CLA"._' R
iy LN

Suppose X is the flow rate of pollutants from the landfill with-
out the installation of the clay liner; L is the effectiveness of
the clay liner, such that the flow rate of pollutants ejected to the
environment is given by

Y=(1-L)X

X follows a lognormal distribution with a mean of 100 units per
year and a c.o.v. of 20%. Acceptable performance requires that
Y should not exceed 8 units per year.

(a) Suppose the quality of construction of the clay liner can be
assured to have an effectiveness of 0.95. What is the probability

of acceptable performance? (Ans. 0.993)

(b) Suppose the contractor cannot guarantee the effectiveness
{0 be 0.95. Instead, he offers to provide a liner with a mean
effectiveness of 0.96 but with a standard deviation of 0.01.
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(i) Estimate the mean and variance of ¥ using the first-order
approximate method. (Ans. 4, 1.64)

(ii) Determine if this offer from the contractor will yield a
larger probability of acceptable performance. You may as-
sume Y to be lognormal with values of mean and variances
estimated in part (i).

4.36 Manning’s formula frequently used for determining the
flow capacity of a circular storm sewer 1s

.= 0.463 n |[).‘tn‘5|>a

in which Q. is the flow rate (in ft*/sec); n is the roughness coef-
ficient: D is the sewer diameter (in ft.); and S is the pipe slope
(ft/ft).

Due to manufacturing imprecision and construction error,
the sewer diameter and pipe slope, together with the roughness
coefficient, are subject to uncertainty. Consider a section of sewer
in a storm sewer system. The statistical properties of n, D,and §
in the above Manning's formula are given in the following table.

Variable Mean Coefficient of Variation
n 0.015 0.10
D (L) 3.0 0.02
S (futt) 0.005 0.05

Suppose that all three random variables are statistically indepen-
dent.

(a) Using the first-order approximate formula, estimate the
mean and variance of the flow carrying capacity of the sewer.
(b) Calculate the percentage of contribution of each random
variable to the total uncertainty of the sewer flow capacity and
identify the relative importance of each random variable. (Ans.
n: 74.2%, D: 21.2%; S: 4.6%)

(¢) Determine also the second-order mean of the sewer flow
capacity.

(d) Assuming that the sewer flow capacity follows the lognor-
mal distribution with the mean and variance obtained from part
(a), determine the reliability that the sewer capacity can accom-
modate an inflow of 30 fid/sec. (Ans. 0.996)

4.37 The amount of rainfall R in each rainstorm is independently
lognormally distributed with a mean of 1in. and ac.o.v. of 100%.
(a) Suppose 50 rainstorms have occurred last year, and other
contributions to rainfall are negligible. Estimate the probability
that last year’s annual rainfall exceeded 60 in.?

(b) Suppose the amount of water collected from a single rain-
storm is predicted by the following equation:

V =NRIn(R+1)

where V is the valume of water in thousand gallons and N is «
random variable (independent of R), with a mean value of | and
)

a c.o.v. of 50% representing the error of the prediction model.
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(i) Determine the mean and c.o.v. of V using the first-order
approximate formulas.
(ii) Are the approximations good in this case? Why?
(iii) Evaluate also the second-order mean of V.
4.38 The natural frequency, w, of a single-degree-of-freedom
spring-mass mechanical system is

[
=V
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Computer-Based Numerical
and Simulation Methods
In Probability

5.1 INTRODUCTION

The main thrust of this chapter is to present numerical and simulation methods for solving
probabilistic problems that are otherwise difficult or practically impossible by analytical
methods. These numerical methods must necessarily rely on high-speed computers for their
applications. The objective here is to expand the usefulness and utility of probabilistic mod-
cling of engineering problems containing uncertainties. As in the previous three chapters,
Chapters 2 through 4, the probability concepts are also illustrated with numerical examples
in the present chapter. However, the pertinent solutions would now require computer pro-
grams that may be coded using commercial softwares (such as MATLAB); also, there are
no preprogrammed software packages that can be used for the required solutions. Some of
the coded programs for solving the example problems may not be optimal but are intended
only to be illustrative.

[n many practical engineering situations, the problems (even deterministic ones) may
be complicated and not amenable to analytic solutions. In such situations, numerical meth-
ods are necessary and often provide the only practical and effective approach. When the
problems involve random variables, or require consideration of probability, the numeri-
cal process may include repeated simulations through Monte Carlo sampling techniques.
When we consider problems involving aleatory and epistemic uncertainties separately, there
is even greater need for Monte Carlo simulations.

For example, when the distributions of the individual basic variables are not all Gaus-
sian, the probability distribution of the sum of two or more basic variables may not be
Gaussian as we can observe from Sect. 4.2. Similarly, in the case of products or quotients of
several random variables, unless all the random variables are lognormally distributed, the
probability distribution of the function (product or quotient) may not be lognormal, as in
Sect. 4.2. Moreover, when the function is a nonlinear function of several variates, regardless
of distributions, the distribution of the function is often difficult or practically impossible
to determine analytically. In these, and in other cases, we have to resort to the application
of numerical methods to obtain practical solutions, even if approximations are involved.

We must emphasize that the purpose of this chapter is to illustrate the solution process of
available numerical tools to enhance the application of probabilistic and statistical models in
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engineering. The descriptions of the numerical tools, which are generally well established,
however, are beyond the scope of the chapter.

52 NUMERICAL AND SIMULATION METHODS

As we indicated above, numerical solutions to engineering problems are often required
(even if approximations are involved); these include the use of numerical quadrature for
integrating a complex function and the use of finite elements or finite differences to approxi-
mately discretize a continuous system. When random variables are involved, such numerical
methods are often also necessary to obtain solutions to the probabilistic problems. These
would include Monte Carlo simulation, which is an effective tool for complementing the
probabilistic analytical methods and often may be the only practical means of finding a
solution to a complex probabilistic problem. For specialized applications, there are also
approximate numerical methods for finding solutions to a probabilistic problem, e.g., the
methods of FORM (Cornell, 1969) and SORM (Der Kiureghian et al., 1987) for the relia-
bility analysis of engineering systems. In general, however, Monte Carlo simulation is the
numerical process that has wide applicability to problems involving probability.

Monte Carlo simulation (MCS) is a numerical process of repeatedly calculating a
mathematical or empirical operator in which the variables within the operator are random
or contain uncertainty with prescribed probability distributions. The numerical result from
each repetition of the numerical process may be considered a sample of the true solution,
analogous to an observed sample from a physical experiment. When random variables are
involved, the values of the different variables are sampled from the respective probability dis-
tributions in each repetition. An essential component of the process, therefore, is the gener-
ation of the values of the random variables, each with its prescribed probability distribution,
known as random number generators (see, for example, Rubinstein, 1981; Ang and Tang,
1984). Only the basic Monte Carlo sampling technique is used and illustrated here. More
sophisticated Monte Carlo sampling methods, such as variance-reduction and the “smart”
Monte Carlo methods, are available. However, they are beyond the scope of this book. [

Monte Carlo simulation and numerical integration methods are practical tools for solv-
ing probability problems only with the availability of computers. The availability of com-
mercial software such as MATLAB (2004), MATHCAD (2002), and MATHEMATICA (2002)
should facilitate the application of these numerical methods. Also, MS Excel 4+ VISUAL
BASIC (e.g., Halverson, 2003; MacDonald, 2003) or similar spreadsheet software may be
used for certain problems. The examples illustrated in this chapter were solved by Monte
Carlo simulation or numerical procedures using MATLAB or MATHCAD. However, any of
the other software mentioned above may be equally effective for performing the required
numerical process; the choice of the software will depend on the familiarity and preference
of the user or reader.

It should be emphasized that the numerical solution obtained by one repetition (or run)
of a Monte Carlo simulation, with a given sample size, may be slightly different when
repeated by another repetition of the same sample size; i.e., the numerical results obtained
from different runs of the same simulation for a particular problem may not be exactly the
same unless very large sample size is used in each run.

5.2.1 Essentials of Monte Carlo Simulation

A Monte Carlo simulation starts with the generation of random numbers with respective .

prescribed probability distributions. Methods for generating a set of random numbers with
well-known distributions are widely available (e.g., Rubinstein, 1981; Ang and Tang, 1984).
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Also, random number generators for a number of distributions are available in MATLAB with
its companion Statistics Toolbox; MATHCAD and MATHEMATICA have similar random
number generators for essentially the same distributions.

In any Monte Carlo simulation, the sample size, n, or number of random numbers
generated for each distribution, must be prescribed. The accuracy of the solution obtained
through Monte Carlo simulation will improve with the sample size. This accuracy is often
important and may be measured by the coefficient of variation (c.o0.v.) of the solution.

Later, in Eq. 6.27 of Chapter 6, we shall show that in estimating the probability p with
a sample of size n, the sample mean P is an unbiased estimate of the probability p, and the
sample variance of P is given by Eq. 6.28a as

) [
o F(1—F)

P n

Therefore, the c.0.v. of P estimated with a sample of size n in a Monte Carlo simulation is

— _ [0=P) :
co5 ) =4 — (5.1)
V nP
Shooman (1968) has shown, based on an approximation, the same result in determining the
probability of system performance through MCS.

To obtain the actual c.o.v. of a Monte Carlo solution, we have to repeatedly perform
the same simulation process, say with N repeated simulations, each with the same sample
size n, and obtain the mean and standard deviation of the N simulations from which the
c.0.v. of the solution can be estimated. This is illustrated specifically in Example 5.5.

Using Eq. 5.1, we can also evaluate the error (in percent) of a Monte Carlo solution
with a given sample size n,

i Y

| —— (¢

\' nP
Conversely, Eq. 5.2 may be used to determine the sample size, n, required in a Monte Carlo
simulation for a specified tolerable % error in the estimated P.

N
2

error (in %) = 200

522 Numerical Examples

A number of examples are illustrated below, many of which involve solutions that are
not practically possible or feasible by analytical means, and therefore require numerical
procedures or Monte Carlo simulation (MCS). These include problems involving aleatory
and epistemic uncertainties (see Section 5.2.3) that require repeated iterations; the solution
processes are performed automatically through appropriate numerical methods with the use
of personal computers.

The numerical solutions for each of the example problems are presented with the
accompanying computer codes or programs in MATHCAD and/or MATLAB: in the case of
MATLAB, the companion Statistics and Symbolic Math Toolboxes are necessary. However,
any other commercial software, including MATHEMATICA, that is widely available may
be equally convenient and effective for the examples illustrated here. In all cases, personal
computers are necessary.

In order to understand the computer-based solutions, and the companion computer
codes, to the examples illustrated below, some familiarity with MATLAB or MATH-
CAD statements and programming is necessary. The appropriate MATLAB or MATHCAD
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> EXAMPLE 5.1

programs developed for some of the examples are intended to be illustrative and may not
necessarily be optimal.

Suppose employees of a company have to travel by air between two major cities; the air travel time (in
hours) between the cities is estimated to require a minimum of 4 hr and a maximum of 8 hr, depending
on the weather and traffic conditions. From data based on experiences of its company employees,
a beta distribution with parameters g = 2.50 and r = 5.50 is deemed to be appropriate to model the
probability distribution of the actual travel time between the two cities.

The probability that the actual travel time 7" will be less than 6 hr, P(T < 6), may be calculated
conveniently through MATLAB using the incomplete beta function of the Statistics Toolbox. Therefore,
according to Eq. 3.52, with

Uu=106-+-4/(8—-4)=05

the incomplete beta function from MATLAB gives
BT < 6) = betainc(0.5,2.5,5.5) = 0.872
Note: betaine(x, a, b) is the MATLAB syntax, or statement, for the incomplete beta function ratio.

The probability that the travel time will be between 4.5 hr and 5.5 hr would be

P@4.5<T <55 = beraine(0.375,2.5,5.5) — betainc(0.125,2.5,5.5)
=0.6753 — 0.1058 = 0.570

Instead of the beta distribution, the gamma distribution was also suggested as a plausible alternative
distribution for the travel time between the two cities. Assuming that the gamma distribution will
have the same mean and standard deviation as the above beta distribution, which are g4 = 5.32 hr and
o7 = 0.50 hr, the corresponding parameters of the gamma distribution are v=21.73 and k= 115.60.
Then using MATLAB again, we obtain the probability that the actual travel time will be less than
6 hr as (see Eq. 3.43a)

P(T < 6) = gammainc(21.73 x 6,115.60) = (.912

Note: gammainc(v, x, k) is the MATLAB syntax, or statement, for the incomplete gamma function
ratio whereas the probability that the travel time will be between 4.5 hr and 5.5 hr is now

P45 < T <5.5) = gammainc(21.73 x 5.5,115.60) — gammaine(21.73 x 4.5,115.60)
= (.6523 — 0.0428 = 0.610

Solution by Numerical Integration—Alternatively, the probability P(T" < 6) may be evaluated by nu-
merical integration. This can be accomplished conveniently by quadrature integration using MATLAB
as follows:

Create an “M-File”; function f=bfunc(x)

f_((beta(2.5,5.5))1"~1) "€((x-4)."1.5)."(8-x).%4.5)./4."°7

and save it. Then perform the quadrature integration between 4 and 6 in the command window of
MATLAB with the command.

gquad(@bfunc,4,6)
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obtaining a result of 0.872 for the probability P(T < 6). The probability of T between 4.5 and 5.5

hours would be obtained with the command,

quad(@bfunc,4.5,5.5)
giving a result of 0.570.
We observe that these results are the same as those obtained above for the beta distribution. By
replacing beta with gamma in the above M-File, similar results for the gamma distribution can be

<

obtained.

This problem illustrates the ease of generating the CDF of the binomial distribution using MATLAB
or MATHCAD.

In a car assembly plant, suppose that 50 cars are produced daily. There are 15 parts in a car that
are critical for a vehicle to function properly. The parts are randomly selected for inspection, and
according to the inspection record, the average percentage of defective parts is 6%. The conditions of
the 15 parts in a car may be assumed to be statistically independent.

If three or more of the critical parts installed in a car are defective, the car will malfunction within
a month or 1000 miles. The probability that a customer will purchase one of the malfunctioning cars,
therefore, is
|- P(X <3)=1—PX =2
= 1 — binoedf(2,15,0.06) = 0.0571

P(X = 3)

where binocdf(2.15,0.06) is the MATLAB statement for the CDF of the binomial distribution with
parameters n = 15, x =2, and p=0.06.
Also, the probability that this assembly plant will produce no more than 4 defective vehicles per
day, among the 50, is
P(X < 4) = binocdf(4,50.0.0571) = 0.8445
We might observe that the parameters in these problems are beyond the limits of Table A.2. MATHCAD
may be used in place of MATLAB to obtain the same results. -4

Consider the sum of three random variables X, X,, and X5 that are statistically independent. All three
variables are individually lognormally distributed with the following respective means and ¢.0.v.s:

oy, = 500 units; tx, = 600 units; Ly, = 700 units
D, = 0.50; Sx. = 0.60; CHL 0.70

The corresponding parameters of the respective lognormal distributions, therefore, are

tx, = vIn(1 +0.50) = 0.47; Ly, = VIn(1+0.60°) =0.55; ix, = JIn(1 +0.70%) = 0.63

il ; : Plv b
Ay, =In 500 — ;-([).47‘!" = 6.10; Ay, = In600 ;(U.SD)’ = 68.25;

1 ,
Ay, = In700 - =(0.63)" = 6.35

2
In this case, the probability distribution of the sum §= X + X, + X; will neither be normal nor
lognormal. In fact, its distribution would be difficult to determine analytically. Therefore, if the
probability distribution of S is required, Monte Carlo simulation would be a practical solution. With
10,000 repetitions (i.e., sample size, n = 10,000), we generate, using MATHCAD, the histogram of

values of S as shown below, with the following statistics of S:

The mean value, the standard deviation, and the skewness of § are, respectively,

mean(S).= 1.799 x 10>  Stdev(S) = 644.869 - skew(S) = 1.316
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As the skewness coefficient is not zero, the distribution of the sum, S, is clearly not normal. Also, the
75-percentile and 90-percentile values of § are, respectively,
S7s = 2:121 x 107 " and' = So— 2608 x 107

MATHCAD STATEMENTS FOR THE ABOVE MCS SOLUTIONS, WITH
A SAMPLE SIZE OF 10,000:

X1 :=rlnorm(10000,6.10,0.47)

Xoi=rlnorm¢10000,6 .25,0.55)

X3 :=rlnorm(10000,6.35,0.63)

ol BoRe sy Y

v:=sort(sS)

Sg0 : =Vg000
CONSTRUCTION OF HISTOGRAM FOR §:

n:=4C

4:=0..40

int; :=100+4000:

h:=hist(int,S)

1000 I
800.— i =
600 —

400 —

3000 4000

200i=r=

"~ 2000
int
Histogram of S

Similarly, using MATLAB., we obtain by MCS with 10,000 repetitions, the following histogram for S:

1500 | e [ . . ?
é b S=X1+X2+X3 g
@ o X1 =LN(6.10, 0.47) j
2 : X2 = LN(6.25, 0.55) ;
= 1000 .
5 E X3 = LN(6.35, 0.63) |
a %
° ;
B _ ;
2 500 i .
= | ‘ |
o |
- | |
‘ A‘ i

0 1000 . 2000 3000 4000 - 5000 . 6000

Values of S
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The corresponding mean value, standard deviation, and skewness coefficient of § are, respect-
ively,

1.797E+ 3, 651.1972, and 1.3767

whereas the 50% (median), 75%, and 90% values of S are, respectively,

1.680E 4 3, 21212E+ 3, and 2.6389E + 3

MATLAB STATEMENTS FOR EXAMPLE 5.3

Xl1=lognrnd(6.10,0.47,10000,1);
X2-1lognrnd(6.25,0.55,10000,1);
X3=lognrnd(6.35,0.63,10000,1);

S=X1+X2+X3 ;

hist(S,40) % plots the histogram of S
mean (S) ;

std(S);

skewness (S)

protile (S,50) % the 50% value ofS
protile(s,75) |

prctile (5,90)

The solution for this example may also be performed using Microsoft EXCEL; the simulation can be
performed in a spreadsheet through the following steps:

1. Go to Tools, select Add-in, then select Analysis Tool Pak and Analysis Tool Pak-VBA.

2. Since Excel does not have a built-in random number generator for lognormal distribution, one can
first generate values for a normal random variable ¥ and then obtain the corresponding values of the
lognormal random variable from the relation X=exp( ¥y

3. Create three columns of normally distributed random numbers using Tools-Data/Analysis-Random

Number Generation. Choose Normal and input the mean and stan

(6.25. 0.55): (6.35, 0.63), respectively, from previously calculated parameters. Call these Y1, Y2,
and Y3.

4. Create another set of three columns of X1, X2, and X3 by mapping the respective columns of Y1,
Y2, and Y3 through the function X = exp(¥).

5. Create a fourth column of random numbers as X 1+X2+X3 using EXCEL’s ordinary arithmetic
formulas. Copy the formula from the first cell to the last.

6. Use EXCEL’s Tools-Data Analysis-Descriptive Statistics on the data created in step 5 to find the
mean. standard deviation and, other pertinent statistics.

7. Use EXCEL’s Tools-Data Analysis-Histogram on the data created in Step 5 to construct the
histogram. Select the appropriate interval (bin) as needed.

The respective statistics of the sum of the three lognormal random variables are

Mean = 1795.4 Standard deviation = 671.5 Skewness = 2.623
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» EXAMPLE 5.4

The histogram of the sum S based on a sample size of 10,000 is shown in the following,

2000 PRSI R R G L 1

(4)]

o

(=]
|

1000

Frequency

(4]

o

o
1

Suppose the random variables in Example 5.3 are now Gaussian with the following respective means
and standard deviations:

X, = N(G00,75),  X»= N(600,120); X3 = N(700,210)

and we are interested, this time, in the probability distribution of the product and quotient of the three
variables, i.e.,

The distribution of the above function is clearly neither lognormal nor normal. To determine the

probability distribution of P, we resort again to Monte Carlo simulation to determine the random

values of the function P. With MATHCAD, we generate 100,000 sample values of each random

variable.

The mean, median, standard deviation, and skewness of P are, respectively,
mean(P)=610.456 median(P)=575.856 Stdev(P)=256.239
skew(P)=1.16

Also, the 75-percentile and 90-percentile values of P are, respectively.

P?5=744. 586 and pgn=933. 762

MATHCAD STATEMENTS FOR THE MCS SOLUTIONS FOR P:
X1 :=rnorm(100000,500,75)
X5 ;=rnorm(100000,600,120)
X3 :=rnorm(100000, 700,210)
X1X3
Ty )‘(?
3 r=amit (P

P75 :=Vz5000
Pyo=Vaoo000
CONSTRUCTION OF HISTOGRAM FOR P:
h=histfint,P)
n:=4C
i =0 :40

3 ! )
nt;:= 13000 -
aint 500430 0
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2x10% - : 4 ] :
h 1x10% -
0 : l [ !“1 e |
1000 2000 3000
int

Histogram of P

Alternatively, using MATLAB, we also obtain through MCS with 10,000 repetitions the following
histogram of P:

Histogram of P

1400 T . T T ' L ]
1200 P = (X1)(X3)/X2 ]
g
S 1000 T X1 = N(500, 75)
g X2 = N(600, 120)
§ 800 | X3 = N(700, 210) )
[«}
& oL )
(b}
-
= 400 +
=
200 ]
0 L i oy S e B

=200 0 200 400 600 800 1000 1200 1400 1600 1800 2000
Values of P

The corresponding mean value, standard deviation, and skewness coefficient of P are,
respectively,

mean(P) = 609.76, std(P) =255 .64, and skewness(P) =1.17.

MATLAB STATEMENTS FOR EXAMPLE 5.4:
Xl=normrnd(500,75,10000,1):
X2=normrnd(600,120,10000,1);
XB=normrnd(700,210,10000,1):
U=k, X3
P /X2
hist (P, 40) % construct histogram of product P
mean(P)
std(P)
skewness (P)
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> EXAMPLE 5.5

For simulation using the EXCEL spreadsheet, the steps are as follows:

1. Go to Tools, select Add-in, then select Analysis Tool Pak and Analysis

ool Pak-VBA

2. Generate 3 columns of normally distributed random numbers using Tools—Data Analysis—
Random Number Generation—(choose Normal and input the parameters: mean & standard

deviation). Call these X1, X2, & X3.

3. Create a 4th column of random numbers as X1*X3/X2 using EXCEL’s ordinary arithmetic for-
mulas. Copy the formula from the first cell tothe last.

4. Use EXCEL’s Tools—Data Analysis—Descriptive Statistics on the data created in step 3 to find
the mean, standard deviation and other pertinent statistics.

5. Use EXCEL’s Tools—DataAnalysis—Histogram on the data created in step 3 to construct the
histogram. Select the appropriate interval (bin) as needed.

The statistics of the product X1*X3/X2 based on 10,000 repetitions are as follows:

Mean=612.9 Standard deviation=261.3 Skewness=1.155

The corresponding histogram is shown in the following:

2000

Z 1500 1

g

3 1000 1

o

2

w 500 1

0 :':l];n:n:‘“:":": e
0 1000 2000

X1*X3 [ X2

In this example, we will consider a problem involving two independent random variables with different
probability distributions. As a specific problem; consider the capacity of a pile group, R, and the applied
load. §, that are, respectively, Gaussian and lognormal variates as follows:

R = N(50, 15) tons; S = LN(30,0.33) tons

1.e., R is Gaussian with a mean of 50 tons and a standard deviation of 15 tons, whereas § is lognormal
with a median of 30 tons and a c.o.v. of 0.33.
The probability of failure of the pile group under the applied load is

pr=(R—-8=0)

Because the distribution of (R — S) is clearly neither normal nor lognormal, Monte Carlo simu-
lation is an effective means to evaluate the above probability of failure. For this purpose, we generate
n sample values of R from the given Gaussian distribution and the same n sample values of S from the
lognormal distribution, and we calculate for each ith pair of sample values the difference (R, — 5;).
The ratio of the number of (R; — §;) < 0 to the total sample size n can then be used to represent the
probability of failure.

That is,

ic Bg =

n

Pr

The result obtained with MATHCAD for n= 100,000 yields the following failure probability:

DE — 15155




» EXAMPLE 5.6

5.2 Numerical and Simulation Methods 209

MATHCAD PROGRAM FOR MCS SOLUTION OF EXAMPLE 5.5:

R:=rnorm(100000,50,15)
S:=rlnorm(100000,1n(30),0.33)
v:=[(R-8) =0]
99999
. M

PE et PF=0.
100000 i

According to Eq. 5.1, the c.o.v. of the above py obtained with a sample size of n = 100,000 would be
0.0074 or 0.74%.

Using MATLAB with the same sample size of n= 100,000, we obtain the failure pro-
bability of
pr =0.1566

MATLAB PROGRAM FOR EXAMPLE 5.5:

R=normrnd(50,15,100000,1);
S:lognrnd(log(SO),0.33,100000.1);

R (R=bors
y=sum(x<0) ;
pF=y/100000 yielding pF=0.156

Let us use this example to illustrate the c.o.v.s of MCS results as a function of the sample size n.
For this purpose, it is convenient to usc MATLAB with the program described below. For a given
sample size n, the MATLAB program effectively performs the MCS 100 times giving the respective

estimated ¢.0.v.s of the failure probability, pp, as follows:

For' n =100 C.ONGpE) = 23%
n = 1000 coviph)=1%
n = 10,000 : c.o.vi(pl) =2%
n = 100,000 : c.0.v.(pF) = 0.7%

Clearly, the above results show that the c.o.v. decreases with the sample size n.

MATLAB PROGRAM FOR CALCULATING pF 100 TIMES, EACH WITH
SPECIFIED SAMPLE SIZE n:

R=normrnd(50,15,1000,100); % generates 100 vectors each of
size n=1000

S=1ognrnd(log(30),0.33,1000,100);

x=R-§;

y=sum(x<0) ;

p=v/1000; % a row vector of 100 values of p

pF=p’ % a vector of 100 values of pF
annlhcvcﬁormrIHU[ﬁ”sgcnumuﬂaﬁnwc.wccﬂhmuwlhe[ﬂcm1nndsumdanjdcﬂﬂﬂonnpr

> |

and the corresponding c.o.v. (pF).

This problem is the same as that of Example 4.12, except that the individual work durations are now
hetadistributed instead of Gaussian as in Example 4.12. Figure E5.6 shows the same activity network
as that of Fig. E4.12.
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Figure E5.6 House framing activity network.

The framing of a house may be done by subassembling the components in a plant and then
delivering them to the building site for framing. Simultaneously, while this subassembly of the com-
ponents is being fabricated, the preparation of the site, which includes the excavation of the foundation
through the construction of the foundation walls, can proceed at the same time. The different activities
and their respective sequences may be represented with the activity network shown in Fig. E5.6; the
required work durations for the respective activities are shown in the table below, with the respective
distribution parameters.

Completion Time Parameters of
(days) Beta Distribution
Activity Variable Mean Std. Deyv. q r a b
1-2 Xi 2 1 2.00 3.00 0 5.00
2-3 X5 1 /s 2.00 3.00 0 2.50
35 X 3 1 2.00 3.00 1.00 6.00
1-4 X4 5 1 2.00 3.00 3.00 8.00
4-5 Xs 2 L5 2.00 3.00 1.00 3.50

Assume that the required completion times for the different activities are statistically independent
beta-distributed variates, with the respective means and standard deviations as indicated in columns
3 and 4 in the above table. With the shape parameters of g =2.00 and r =3.00, the corresponding
lower and upper bound values of the respective beta distributions are as indicated in the above table.

Clearly, to start framing the house, the foundation walls must be completed and the assembled
components must also be delivered to the site. The probability that framing of the house can start
within 8 days after work started on the job can be determined as follows.

With the durations of the respective activities listed in the table above, the total durations for the
two sequences of activities are

=X+ X+ X,
and

T) — /\,J b )\:\'

in which 7', and T are also statistically independent. As the individual variates Xy, X,, X3, Xy, and
X are beta-distributed, the above sums for T, and 7 are difficult to determine analytically. MCS
provides a practical alternative. The required MCS results by MATHCAD using 100,000 repetitions
are shown below. yielding the following:

PiL =8 =072
and

P(T; = 8) = 0.736

As T, and T are statistically independent, the probability that framing can start within 8 days is,
therefore,
P(framing) = 0.899 x 0.802 = 0.721
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Both MATHCAD and MATLAB generate random numbers only for the standard beta distribution for x
between 0 and 1 with shape parameters g and r. The corresponding beta-distributed random numbers
for X between a and b with the same parameters can be obtained as X = (b —a)x +a.

MATHCAD STATEMENTS FOR MCS SOLUTION OF EXAMPLE 5.6:

x1:=rbeta(100000,2.0,3.0) generate standard
=rbeta(100000,2.0,3.0) beta-distributed values
x3:=rbeta(100000,2.0,3.0) x1 w2, x5, %4, %5
x4 :=rbeta(100000,2.0,3.0)
x5 :=rbeta(100000,2.0,3.0)
X1=5x1
X222 5x2
X3=(6-1)x3+1.00
X4:=(8-3)x4+3.00
X5:=(3.50-1.00)x5+1,00
= (XL T X2 1 X3)
2 =(X& +X5) i P
g81:=(T1 <8) s2:=(T2=<8)
99989 999;(\)9
Z sl; L SZJ
g Gl e g UL
PL:=700000 E 100000

P(T1<8):=pl pl=0.3899 P(T2<8):=p2 p2=0.802

With MATLAB. we determine that the corresponding probability that framing can start within 8 days is
P(framing) = 0.902 x 0.802 = 0.723

MATLAB STATEMENTS FOR THE MCS SOLUTION OF EXAMPLE 5.6:

xl=betarnd(2,3,100000,1); % generate standard beta-
x2—bhetarnd(2,3,100000,1) distributed random numbers
%¥3-betarnd(2,3,100000,1} xl, x2, X8, x4, x5
x4-betarnd(2,3,100000,1>

x5=betarnd(2,3,100000,1)

K15 'ors
Ko=2 ihn %
X3=(6-1) .*x+1;
X4=(8-3)."x+3;
Xo=63. 5 1) it
T1=X1+X24X3;
T2=X4+X5;
y=sum(T1<8);
pl=y./100000
z=sum(T2<8);
p2=z./100000

The above results, obtained by MATHCAD or MATLAB may be compared with the result of

Example 4.12, which gives a probability of 0.74 that framing can start within 8 days; again, in the
case of Example 4.12, the durations for the individual activities are all Gaussian. We see that the result

% gives pl=0.902

% gives p2=0.802

here is different from that of Example 4.12. <

In Example 4.25 of Ang and Tang (1984), it was shown that the annual floods (maximum discharges),
F. of the Wabash River in Mount Carmel, Illinois, may be modeled by the Type I largest asymptotic
distribution with the following parameters: u, = 120 x 10° efs and e, =0.015 x 10 :
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Suppose that a bridge is planned to be constructed across the river with a center pier. The pier
foundation is designed against scouring during high floods. The flood capacity of the pier foundation
against scouring, R, may be assumed to be a lognormal random variable with a median capacity of
400 % 10° fs and a c.o.v. of 0.30. The probability of failure of the center pier due to scouring during
high floods is

pr=PR=TF)
The required probability of failure, pg. can be evaluated effectively by MCS. We describe below the
MATHCAD statements to perform the MCS with 10,000 repetitions, showing the failure probability
of the pier to be 0.037.

Special note: A MATHCAD program is developed to generale the required random numbers
with a Type I asymptotic distribution of largest values. The Type I largest random numbers x with
parameters  and B can be generated as follows:

Fy(x) = exp(—e ")

At probability Fy(x) = u, where u = value of uniformly distributed random number,

x = f —(1/a)In[In(1/u)]

MATHCAD PROGRAM FOR THE ABOVE PURPOSE AND FOR CALCULATING
THE FAILURE PROBABILITY:

u:=runif(10000,0,1) with g:=120.10°; &:=0.015.10"°
uspies s A Goa{
R R e T 3(1n(1n(u)))
R:=rlnorm(10000,1n(400.10%),0.30)
x:=[(R-F) =07

999:)

D2

._i%i_ s _.
pr'_IOOOO pE=0:037
CONSTRUCTION OF HISTOGRAM FOR F:

N:=4C
j:=1..N

. i 5 3
1ntj.—0+5-'l(l N

h:=hist(int;F)

1000 T T

h 500

0 2.10° 4.10° 6.10°
int
Histogram of F
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~ Similarly, we obtain the solution of the same problem with the following MATLAB program,
obtaining the failure probability of the pier as pr = 0.0359.

MATLAB PROGRAM AND MCS RESULTS FOR EXAMPLE 5.7:

M-File: Explanations (indicated by %):

u=unifrnd(0,1,10000,1)

F=120*10"3-(1/(0.15*10"-3) ). % generates a vector of
*(log(log(l/u))) 10,000 Type I random numbers

leognrnd(log(400*10“3),0.3,10000,1)

x=(R-F)

y=sum(x<=0)

pF=y/10000 % calculates the failure

probability
end
Execution of this program yields pF=0.0359. D

Suppose the load effect of heavy vehicles, each weighing X tons, on a bridge support is X'* tons
(including impact). If the number of heavy vehicles on the bridge is a random variable N with a
Poisson distribution with a mean of 25, and the average vehicle weight on the bridge is a Gaussian
random variable N(12.4) tons, the total vehicle load effect on the bridge support, Y, would be given by

}/___,N-(X)l.:ﬁ

where N = a Poisson random variable with parameter A = 25; L.e..

P(N =n) = -Te-ﬂ and X = N(12,4)
M

Y is also a random variable: its distribution would be difficult to determine analytically. We resort to
MCS with 1000 repetitions using MATHCAD yielding the following histogram for the vehicle load
effect, Y: ' '

60 g 1

40
h
20
ok 8
0 500 1000 1500
int :
Histogram of Y

From the 1000 sample values, the corresponding mean, standard deviation, and skewness coefficient
of Y are estimated to be as follows:

mean(Y) = 691.3 tons Stdev(Y) = 346.365 tons skew(Y) = 0.786
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MATHCAD STATEMENTS FOR EXAMPLE 5.8:
N:=rpois(1000,25)
X:=rnorm(1000,12,4)

Using MATLAB, we also obtain through MCS with 1000 repetitions, the following histogram.

| Histogram of Y

g 90 — . ‘ - - I
f 80 - 5 1
J‘ ik Y = N(XE1.33) |
[ 2 N = Poissan w/paramter 25
3 R X = N(12, 4) T
D
250 .
°
G. 4D 1 »
&
T -30} -
‘ Z
I 20 -
| 10 -
! 0 500 1000 1500 2000 2500
]’ Values of Y
|
mean(¥) = 689.23 tons Stdev(¥) = 348.41 tons skew(}) = 0.666

| : s G e s
} The corresponding mean, standard deviation, and skewness coefficient of Y are, respectively,
|
|

MATLAB STATEMENTS FOR THE SOLUTION OF EXAMPLE 5.8:
N=poissrnd(25,1000,1);
X=normrnd(12,4,1000,1);
¥oN X 0T .34

| hist(Y,40) % generates the histogram for Y
\ mean(Y)=689.23
’ std(Y)=348.41
f skewness(Y)=0.666 »
i L
! It is of interest to observe that by first-order approximation (see Chapter 4), the corresponding mean
' and standard deviation for this example would be; 1
{ |
i; mean(Y) = 681.16 tons, Stdev(Y) = 331.29 tons - 1
. |
| » EXAMPLE 5.9 Consider the problem that was illustrated in Example 4.14 involving a high-rise building consisting of .
' a structure-foundation system designed to withstand wind-induced pressures. However, let us modify
| the problem by changing the distributions for some of the variables as follows:

Assume that the wind-induced pressure capacities of the superstructure and foundation are,

R, = N({70,15) pst and R, = N(60, 20) psf

.
l§

|

! i ;

: respectively, normal variates:




()
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The peak wind-induced pressure, P, on the building during a wind storm is
P.=1165x 10 7CV, inpst
where:
C = the drag coefficient, a Gaussian variate N(1.80, 0.50).

V = maximum wind speed, a Type I extremal variate with a modal speed of 100 fps, and a c.0.v.
of 30%:; i.e., the equivalent extremal parameters are o = 0.037 and u = 100.

The probability distribution of P, is clearly not any of the standard distribution; for this deter-
mination we resort to Monte Carlo simulation. With 1000 repetitions (or sample size) we generate
the histogram of P,, with the following MATHCAD program:

MATHCAD STATEMENTS TO GENERATE V AND P,:

C:=rnorm(1000;1.8.0.5)
W:=runif(1000,0,1)

Vi=100 - 5557 (1n(10(5)))

Pi=(1,165-10-8 -C:V?)

CONSTRUCTION OF HISTOGRAM FOR P,,:

h-e=hicr{int, By i N:=41C:* Ji=1.:N: int;:=0+100- =

100 l | 1 |

int
Histogram of P,

With the results of the above simulations, obtained with a sample of size n = 1000, we estimate
the sample mean and sample standard deviation of P,, using Egs. 6.1 and 6.3 of Chapter 6, vielding,
respectively.

mean(P) = 31.09
Stdev(P) =24.18
skew(P)=2.73

Moreover, by Monte Carlo simulation (with 1000 repetitions), we also obtain the failure probabilities
of the superstructure and the foundation, using MATHCAD, respectively, as follows:

Pri—= P(R. ~ P,y=0072

and Pr, = P(Ry — P,) =0.138
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MATHCAD PROGRAM TO CALCULATE RESPECTIVE FAILURE
PROBABILITIES OF SUPERSTRUCTURE AND FOUNDATION:

S :=rnorm(1000,70; 15)
V::ESTsz <0
999

2oV

B e PF=0.072

F:=rnorm(1000,60,20)

v::([—‘—l?)‘ <0
999

Mig

Pfeai=l £ =0.1
1000 E 138

The failure of the structure-foundation system is the union of the failure of the superstructure and
of the foundation; we observe that the failures of these two components are not statistically inde-
pendent because of the common load P,,. By MCS, the failure probability of the system is found to

be 0.144.

MATHCAD PROGRAM TO CALCULATE FAILURE PROBABILITY OF THE
STRUCTURE-FOUNDATION SYSTEM:
pF :=|C « rnorm(1000,1.80,0.50)
[u <« runif(1000,0, 19
i S o
V<100~ 55as - (1n(1n(3)))
P (1.165-10-3.C-V2)
S « rnorm(1000,70,15)
F «— rnorm(1000,60,20)
for d<1..1000
%e(8=P)

y«(EF=<P)
999

Z(Xi v ¥i)
e
Lo T TR
pE

pF=0.144

With MATLAB, the corresponding results (for sample size n= 1,000) of Example 5.9 are as

follows:

For the superstructure, the failure probability is Py = 0.052:
whereas for the foundation, the failure probability is pr, = 0.127;
and the probability of failure of the superstructure-foundation system is b= 0.149

MATILAB STATEMENTS FOR GENERATING RANDOM NUMBERS OF V
ANDP,:

u=unifrnd(0,1,1000,1);

V=100-(log(log(1l./u)))/0.037;

hist(V,40) % plots histogram of V
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mean(V)=115.3406
std (V=35 13h/

C=normrnd(1.80,0.50,1000,1);
Pw=1.165*10-8.°C.7V.~2;

hist(Pw,40) % plots histogram of B,

mean(Pw)=30.1943
std(Pw)=22.4987
skewness(Pw)=2.793

Histogram of V Histogram of Pw
7 I I 150 I I
V =Type 1 J T o srn e
5 | Extreme Asymptote | é Fiw =1.1685"10 550
©
>
- =100
w
- L0
O
= B
.« g B0
ot =
=)
] d
100 150 200 250 300 0 50 100 150
Values of V Values of Pw

MATLAB STATEMENTS TO CALCULATE FAILURE PROBABILITY
OF SUPERSTRUCTURE:

Re=normrnd (70,15, 1000, 1) ;

n=(Rs-Pw)<0;

pEFs=sum(n) /1000; pEs=0.072

MATLAB STATEMENTS TO CALCULATE FAILURE PROBABILITY
OF FOUNDATION:

Rf=normrnd(60,20,1000,1);

m=(Rf-Pw)<0;

pFf=sum(m) /1000 pEf=0,127

MATLAB PROGRAM TO CALCULATE FAILURE PROBABILITY
OF STRUCTURE-FOUNDATION SYSTEM:
X=(Rs-Pw)<=0;
v=(Rf-Pw)<=0;
kv % xUy
PFss=sum(z) /1000 PFss=0.149

We observe that the results obtained by MATLAB and MATHCAD are slightly different; this is to be
expected for a sample size of 1000 in the MCS. <
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» EXAMPLE 5.10

In Example 4.9, suppose the storm drain of the city is a normal variate with a mean capacity of
1.5 million gallons per day (mgd) and a standard deviation of 0.3 mgd: i.e., the capacity is N(1.5,
0.30). The storm drain serves two independent drainage sources within the city that are gamma
distributed (instead of normal as in Example 4.9) with the same respective means and standard
deviations as in Example 4.9; i.e., drainage source A = gamma-distributed with k=12 and v=17.5
and drainage source B = gamma-distributed with k=11 and v =22.22. These parameter values are
consistent with those of Chapter 3, which defined mean = k/v and variance = k/v*. In the present case,
with the indicated parameter values, the means and standard deviations of drainage sources A and
B are, respectively, the same as those of Example 4.9; namely, jty = 0.70 mgd, tp = 0.50 mgd, and
g4 =020 mgd, o5 =0.15 mgd.

The probability that the storm drain capacity will be exceeded during a storm can be determined
as follows:

P(D <A+ B)=P{D—-(A+ B)] <0}

Because I? is a normal variate but A and B are independent gamma-distributed variates, the distribu-
tion of the function § = |D — (A + B)] is difficult to determine analytically. Its distribution may be
determined by Monte Carlo simulation as indicated below.

The probability that the drain capacity will be exceeded is found by MCS with the MATHCAD
program below to be

P(S <= )=0.202
MATHCAD PROGRAMS TO GENERATE TWO-PARAMETER GAMMA-
DISTRIBUTED RANDOM NUMBERS FOR A AND B:

Special note: MATHCAD (Version 11) generates random numbers for the one-parameter gamma
distribution only. The following programs generate the two-parameter gamma-distributed random

numbers.
A:=|for iel..9999 B:=|for ie1..9999

! u « runif(10000,0,1) lu < Tunif(10000,0,1)

| TR : el 1L
‘Ai—ﬁg %‘]ln(uj) Beted e ]Z] 1n(uj)
i« i+l 1¢=1+41
A |B

A B

yielding the following:

mean(A)=0.685 mean(B)=0.495
Stdev(A)=0.197 Stdev(B)=0.149
skew(A)=0.605 skew(B)=0.653

MATHCAD PROGRAM TO CALCULATE PROBABILITY OF EXCEEDANCE:
D:=rnorm(10000,1.50,0.30)
S:=[D-(A+B) ]

28

9999
E:XJ
It L
PF:=15000

pF=0.202
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MATLAB also generates the one-parameter gamma distribution. 1 he two-parameter gamma-
distributed random numbers can be generated with the following MATLAB program.

MATLAB PROGRAM TO GENERATE TWO-PARAMETER
GAMMA-DISTRIBUTED RANDOM NUMBERS FOR A AND B:
u=unifrnd(0,1,1000,12); Histogram of A

1407 REE T Fe
X=log(u); 2 4501 Gamma distributed _|
Y=X; 2 values of A
Z=sum(Y(:,1:1000)); =100 - With pagamters. .
. [} K=12: v=17.5
A (L1750 8 80 =
(@]
5 60 I
hist(A,20) é 40+
poo |
i Z 20
mean(A)=0.6847 : if _ ‘ =
std(A)=0.1944 go 44 0Bt 085 e 7 14
skewness(A)=0.4493 Values of A
Histogram of B
u=unifrnd(0,1,1000,11); 1407 r | I T
X=log(u); @ 100k Gamma distributed _|
v S values of B
e S100 with parameters, —
Z=sum(Y(:,1:1000)); o o k=11,v=2222
B=—C1/R2.22)°Z; o)
hist(B,20) o 60p T
mean(B)=0.4931 £ a0t 4
std(B)=0.1545 Z ook e
skewness(B)=0.6220 ol MRS
02 04 086 08 1 1.2 1.4 1.6

Values of B
Using the MATLAB program below, the probability that the storm drain capacity will be exceeded is
pE=0.196

MATLAB PROGRAM TO CALCULATE PROBABILITY OF EXCEEDANCE:

D=normrnd(1.50,0.30,1000,1);

E=D-(A'+B);

F=(E<=0);

G=sum(F) ;

pF=G/1000=0.1960
Clearly, the above result for this example (obtained by MATHCAD or MATLAB) is different from
that of Example 4.9. which is 0.221. This is because the distributions of the two drainage sources are
gamma distributed instead of normal as in Example 4.9.

Next, if another drainage source C=gamma distributed with parameters k=16 and v= 20,
equivalent to a mean of 0.80 mgd and standard deviation of 0.20 mgd, is to be added to the existing
storm drain, how much must the mean capacity of the current storm drain be increased in order to
maintain the original probability of exceedance (i.e., of 0.202) of the existing system? Assume that

the standard deviation of the new storm drain will remain at 0.3 mgd.
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In this case, a repeated Monte Carlo simulation may be performed as shown below. A MATHCAD
program was developed below to automatically calculate the failure probability repeatedly for different
assumed mean values of D between up = 1.70 and 3.0 until the failure probability was < 0.202. The
results obtained with this program indicate that the required upgraded mean capacity should be
p =2.35 mgd.

Hence, the mean capacity of the existing storm drain must be increased by 2.35 — 1.
0.85 mgd.

Ln

MATHCAD PROGRAM TO DETERMINE UPGRADED CAPACITY OF
STORM DRAIN:

Ve=|for vel.70,1.71..83.0
| £ « rnorm(10000,v,0.30)
|8« [E- (A+B+C)] =0

9999

e
E

P “ 10000

v.oaE psO. 202

(break) if p=<0.202

| v ,
Vv
Vv ¥ielding V= 2. 85

MATHCAD PROGRAM TO VERIFY ABOVE RESULT:
Di=rnorm(10000,2.35,0.3)

g:=[D-(A+B+C)] <0 ’
9999
D &
oI, ~
p'm'OOOO p=0.201 9
By MATLAB, the corresponding upgraded storm capacity is determined to be V' =2.36 mgd. This is
obtained with the following MATLAB program.
MATILAB PROGRAM TO ITERATIVELY DETERMINE THE i
UPGRADED STORM DRAIN CAPACITY:
M-File Explanations (indicated by %)
u=unifrnd(0,1,1000,12)
X=leg(u)
N X
Z=sumCY(:;1:1000))
A=—C1/17.5)*Z % generates vector of 1000 gamma-

distributed values for A
vaunitrnd(0,1,1000;:11)
x=log(v)

y=x'
z=sum{y(:,1:1000))
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B=~(1/22 . 22)'Z % generates vector of 1000 gamma-
= distributed values for B
w=unifrnd(0,1,1000,16)

a=log(w)

b=a’

c—sum(b(: . 121000))

C=-=(1/20)*c % generates vector of 1000 gamma-
distributed values for C

Fore v=1 7:0. 0135 0 % disignates range of V

D=normrnd(n,0.30,1000,1)
E=D-(A'+B'4+C")
F=(E<=0)
G=sum(F)
pF=(1/1000)*G % calculates failure probability
of upgraded capacity
if pF»0.196
v=v+0.1
elseif pF<=0.196
V=v
break
end
Execution of the above program yields the required upgraded drain capacity V = 2.36 mgd. The
corresponding calculated failure probability is pr =0.192, which is less than 0.196 of the original
system. <

In an apartment building, the number of occupants in the building during a fire would be highly
variable. Suppose the total number of occupants living in an apartment is 150: however, during a
fire the number of people in the building may be as few as 50. Therefore, during a fire the actual
number would be a random variable that may be described with a beta distribution ranging between
50 and 150, with parameters g = 1.50 and r = 3.00. Assume also that during a fire the probability
ofscﬁousiqﬂn}‘n)unindhidualinlhcluﬂk“ngisf}OUl‘Thcrcﬂnt.assunﬂnglhuihUuﬁesbelwecn
individuals are statistically independent, the probability of x number of injuries during a fire is given
by the binomial distribution (see Sect. 3.2) as follows:

P(X =x)= (”)n_).(mn‘(l —0.001y =
X

However. the number of occupants exposed to the fire, n, is a beta-distributed random variable as
described above. Therefore, the required probability may be evaluated as
n)}

150 150 i
Pix =x)— ZP( X aIN = m)P(N-— NH) = Z (”)(0.[)0! Y (1 - 0.001)" "}P(N
X

n=30 n=50

]

in which N is beta-distributed within the range of (50, 150) and parameters ¢ =1.50 and r = 3.00.
Clearly, numerical solution is necessary to evaluate the above probability for given x. In this case,
the solution involves the summation of discrete probabilities (including discretization of the beta
PDF). For this purpose, a MATLAB program is developed below to perform the required solution
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automatically, yielding the following results:

PX.= 0) =10 31890
P(X = 1) = 0:07632
PLX =72) =000332
P(X=3)=1.0033 x 107
P(X-4)=23]x 10"
We may observe, for verification of the results, that the sum of the above probabilities is approximately

equal to 1.00.

MATLAB PROGRAM FOR EXAMPLE 5.11:

M-File Explanations (indicated by %)
x=1 % dllustrated for x =1
Pinj =0

for n=50:1:150
p=((factorial(n)./(factorial(x).!factorial(n-x))).
(001 50 58007 i ne) )
F=(1./(beta(l.5,3.0))) .2 ((n:50):°(0.5)) (150-n) *2)./
(10003 5
P—p‘f
g Fned 50
n=n+1
Pinj=Pinj+P % calculates probability of injury with
n occupants
elseif n>=150
n=n
break
end
This example involves the CDF of the binomial distribution; however, the required CDF is much
beyond the limits of most tables of this CDF, including Table A.2. For problems such as this example,
the tools afforded by computer-based numerical solutions are clearly needed. <

» EXAMPLE 5.12 In environmental engineering, waste treatment is a necessary process of maintaining the ultimate
BOD level of a waste. If a waste is not treated, the ultimate BOD level of the waste at a given stage
may be predicted from the BOD measured at an earlier stage of degradation. Suppose that at time
1 =75 days, the BOD was measured to be 0.22 mg/L. On this basis, the ultimate BOD level of the
waste will eventually reach,

Lo = (BOD)s/[1 — exp(—5k)]

if no further treatment is performed on the waste beyond ¢ = 5 days. The parameter K is the reaction
rate constant; it depends on the temperature, type of waste, and the degradation process. Assume that
& may be modeled as a normal variate, N(0.22, 0.03) per day.

Moreover, because of variability in the measurement of the BOD level, (BOD)s may be assumed
to be N(200, 10) in mg/L. Clearly, the distribution of Lo will not be normal: moreover, its distribution
will not be any of the standard distributions. We may determine the distribution and statistics of the
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ultimate level of BOD, Lo, through MCS as shown below using MATHCAD. Through this process,

we obtain the results as follows:
mean(Lo) = 303.72 Stdev(Lo)=29.2_  skew(lo)=0.79

The corresponding histogram is as shown below.

1000 T | ‘
750
h 5001

250 F

200 250

Histogram of L,

MATHCAD STATEMENTS FOR EXAMPLE 5.12:
BOD: :=rnorm(10000,200,10)
k:=rnorm(10000,0.22,0.03)

BODs

Lo:= e
1-e"k <

5.2.3 Problems Involving Aleatory and Epistemic Uncertainties

[n Chapter I, Sect. 1.2, we discussed the two types of uncertainty, namely, the aleatory and
the epistemic uncertainties, We emphasized that the significances between these two types
of uncertainty are distinctly different, and ought to be evaluated and represented separately.
Namely, the aleatory uncertainty is associated with the inherent variability of a random
event, and its significance should be expressed in terms of the probability of occurrence
of the event, whereas the epistemic uncertainty is associated with the imperfection in our
calculation of the occurrence probability and thus may be represented by a range of possible
errors in the calculated probability. That is, rationally, the epistemic uncertainty should not be
included in the calculation of the probability, but rather should be reflected as an uncertainty
in the calculated probability.

In this regard, the need for Monte Carlo simulation becomes even more essential, as
illustrated in the following examples.

» EXAMPLE5.13 Suppose an enginecring system has been designed with a median safety factor, #. The underlying
probability of failure due to inherent variability, 8¢, 1s
Ing
pr=®| ——
8y
where:
f = the median safety factor; assume # = 2.5

8, = the c.o.v. of @; assume &; =0.25
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However, because of epistemic uncertainty, & is also a random variable; suppose its distribution is
lognormal with distribution LN(2.5, 0.15), i.e., with median of 2.5 and c.o.v. of 0.15. Because 6 is a
random variable, Pr is also a random variable: its distribution will not be one of the standard forms.
We may generate the values and histogram of Py through Monte Carlo simulation. The MATHCAD
statements for the MCS with a sample size of 10,000 are shown below.

For each of the 10,000 values of 8, we calculate the above Pr. The result is a vector of 10,000
values of P, from which we can construct the histogram of Py, as shown below for In(pF), as well
as estimate its mean, median, standard deviation, and skewness, and determine also its 90% value as
follows:

mean(pF) = 8.414 x 10°*  median(pF) = 1.218 x 107*  Stdev(pF) = 2.833 x 10~
skew(pF) = 10,578 PFapo0 = 1:842. % 102

1000

BOO — .

600 [—

g9

400 [—

200 =
0 eyl
#=10 —

int

Histogram of log(pF)

We may emphasize that the aleatory uncertainty gives rise to the probability of failure py, whereas
the epistemic uncertainty is reflected in the range and distribution of p;-. The distribution of py provides
adecision maker the option to select conservative values of py, such as the 90% value pp,, = 1.842 x
hipah

MATHCAD STATEMENTS FOR EXAMPLE 5.13:

xi= Plnorm(1000,1n02.5);0.15)
'—ln(x))

PF:=Cnorm( ..........

mean(pF)=8.414x10*
median(pF)=1.218x10"*%
Stdev(pF)=2.833%10-2
skew(pF)=10.578

Using MATLAB, the corresponding results are as follows:

mean = 8.46e — 004, standard deviation = 0.0029, and skewness coefficient = 17.61.

Also, the median and 90% values of PF are. respectively,

median = 1.228e — 004, and PFqy = 0.0019
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and the corrésponding histogram for log(PF) is as follows:

Histogram of lag(PF)
1600 T T T T T

1400
1200
1000

T

800 -

600 -
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400 -

200 -

0 I i ad
92 20 -18 -16 —14 -12 -10 -8 -6 -4 -2

Values of PF

MATLAB STATEMENTS FOR EXAMPLE 5.13:
A=lognrnd(log(2.5),0.15,10000,1)
X=-log(A)./0.25
pf=normcdf (X)

Suppose the probability of failure of an engineering sytem due to inherent variability (aleatory uncer-

tainty) is
pr = P(R—5)

where:
R = N(40,15)

S = LN(25.0.35), i.e., median of 25 and c.0.v. of 0.35

Clearly, py can be easily evaluated by MCS but would be difficult to evaluate analytically, as (R — S)
is not of any standard distribution. Moreover, because of possible errors in the estimation of (1 (mean
of R) and s,, (median of §), there are epistemic uncertainties in the estimates of these parameters;
assuming no bias and respective c¢.0.v.s of 0.10 and 0.15, we may denote the distributions of these
parameters to be N(1.0, 0.10) and N(1.0, 0.15), respectively. Because of these epistemic uncertainties
in g and s,,. the true failure probability will be a random variable.

For each pair of values of ptz and s5,,. we calculate the above pg. and for the ranges of the random
values of pp and s,,, we obtain a vector of pr.

The solution requires repeated iterations by a double-loop MCS: the inner loop calculates py for
specified values of ju and s,,. whereas the outer loop generates the random vectors of R and S for the
given pair of jx and s,,. This requires programming to perform the repeated iterations automatically;
the results obtained using MATHCAD with a sample size of n = 10,000 are as follows:

The mean, standard deviation, and skewness coefficient of the failure probability are, respectively,

mean(pF) = 0.235 Stdev(pF) = 0.094 skew(pF) = 0.437
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Also, the 90% value of pF is pFgy =0.366. Again, for a conservative value of the failure probability,
wenmyuw;ﬁmpzuﬁﬁhAnﬂuMOfmcnwmuﬂiThcuwmqumdMghﬂngnm1hwpfhushﬂnwm

100 T T

0.6

Histogram of pg

The median, 75%, and 90% values are, respectively,

pF.s = 0.226
PF;s = 0.298
PFoy = 0.366

MATHCAD PROGRAM FOR EXAMPLE 5.14:
U := rnorm (1000,13.0,0.10)
V :=rnorm(1000,1.0,0.15)
PF:=|for ie0..999
| R < rnorm (10000, 40U; ,15)
; S «— rlnorm (100060, In(25V;) ,0.35)
2« (R-8) <0

9999
X X
[ B J=3
b B Y ona0
| pF

pF

The following MATLAB program also yields the solutions for this example.

MATLAB PROGRAM FOR EXAMPLE 5.14:
M-File: Explanations (indicated by %)
for i=1:1000

u=normrnd(1.0,0.1,1000,1) % generates a vector of ug
of size 1000

R=rnormrnd ((40. *u(i,1)), % generates a vector of R
15, 000, 1) of size 1000 with ith value
of R

v=normrnd(1.0,0.15,1000,1) % generates a vector of sp
of size 1000,
S=lognrnd(log(25.*v(i,1)), % generates a vector of S of
U35 T000, 1) size 1000 with ith value of sy.
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x=R-§
v=(x<=0)
n=sum(y)
pf=n/1000
pE(i, 1)=pf % a vector of 1000 wvalues of pF.
Execution of the above program yields a vector of 1000 values of pF, with the corresponding histogram

as follows:

Histogram of pF
70 T l 1 \ I

Frequency

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Values of pF

The mean, standard deviation, and skewness coefficient are as follows:
Mean of pF = 0.2269 Std. dev. of pF = 0.0960 Skewness of pF = 0.5673

Also, the 50%, 75%. and 90% values of pF are, respectively, 0.2140, 0.2870, and 0.3570. <

In Example 5.9, we can expect significant uncertainties (epistemic) in the specification of the mean
value of the drag coefficient, gt and in the estimation of the mean wind velocity, j.v. Moreover, there
may also be imperfection (consisting of bias and random error) in the equation for calculating the
wind-induced pressure P,,. Let us suppose the following epistemic uncertainties, expressed in terms

of the respective ¢.0.v.5.

e withc.o.v.of Ae = 0.30

wy withc.ov.of Ay =0.15

And there is no bias in the equation for P,,, but there is uncertainty (in terms of c.0.v.) of AP, =0.20.
Therefore, the total epistemic uncertainty in the calculated wind-induced pressure P, may be aggre-
gated as

Qp, = /0.30° + (2 x 0.157 + 0.20° = 0.47

In light of the above epistemic uncertainties, the wind-induced pressure P, is recalculated by
MCS using MATHCAD with a sample size of 10,000, yielding the following results:

mean(P) = 34.208 Stdev(P) = 26.424 skew(P) = 3.255
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and the corresponding histogram for P,, is as follows:

1000 ; 1 | |
800 - -
600 H] -
400 | E

200 - g

20 40 60 80 100
int
Histogram of P,,

o

MATHCAD PROGRAM FOR GENERATING WIND PRESSURE P,:

P:=|N <« rnorm(1000,1.0,0.30)

M < rnorm{1000,1.0,0.15)

T, < phorm (000, 1. 0,0 20)

tfor 1 c0. 989

[lc « rnorm(1000,1.8:N;,0.50)
U< TendE € 1000 0 (3)

v < 200yt -[2- (1n(1n(2)))]

P1.165:107(C.V?).L;

/

L continue i

P

Clearly, therefore, the calculated failure probability of the superstructure (as well as of the foundation)
will depend on the value of the mean wind pressure. Assuming that there are no epistemic uncertainties
in R, and R, we perform repeated MCS for 1000 sample values of the mean wind pressures (see
MATHCAD program below), obtaining the probability distribution of the failure probabilities of the
superstructure, and the foundation with the following respective statistics:

mean(pFs) = 0.092 Stdev(pFs) = 0.092 skew(pFs) = 2.264
mean(pFf) = 0.156 Stdev(pFf) =0.121 skew(pFf) = 1.615

Also. from the same MCS, we obtain the histograms of the failure probabilities of the superstructure
and foundation, respectively, as shown below.

On the basis of the respective histograms, we may determine the corresponding 90-percentile
failure probabilities of the superstructure and foundation; these may be referred to as the values with
a 10% probability of error.

For the superstructure, pFop = 0.244 and for the foundation, pFgo =0.312

As in Example 5.9, the failures of the superstructure and of the foundation are not statistically in-
dependent because of the common load P,,. By MCS, the failure probability of the structure-foundation
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int
Histogram of pg of Superstructure Histogram for pp of Foundation

system, which is the union of the superstructure and foundation failures, is found to be as
follows:

mean(pFSS) = 0.173 Stdev(pFSS) = 0.129 skew(pFSS) = 1.445

The corresponding 90% value of the failure probability of the structure-foundation system is 0.361.
I £ ! b b

MATHCAD PROGRAM FOR CALCULATING EACH OF THE
THREE FAILURE PROBABILITIES:

PFSS := |N+ rnorm(1000,1.0,0.3)
‘M—rnorm(l()OO,l.0.0.lS)
vl pnorm ¢ LOG0, 1 00,0 203
tfor je(... 990
‘ [|C < rnorm(1000,1.8-N;,0.5)
b« una £ 1000, 04 1)

P [100' (s) - o (lln(ln (1))”

P 165510 1(c.v2-Lj)
‘Sv rnorm (1000, 70,15)
| F < rnorm (1000,60,20)
[X « (S<P)
999
| ‘pPSJ ;% 1000
Yy« (E<P)
‘ 999 1.
BEs N X1
‘p i ;ﬁ 1000
: 999
L Xi VY4
IPFSSy— ), 5500
‘ 41
LI continue

| pFSS
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As illustrated above, the program will yield pFSS.

MATLAB PROGRAM FOR EXAMPLE 5.15:
in
for 1=1:1000
c=normrnd(1.0,0.3,1000,1)
C=normrnd(1.8.*c(i,1),0.50, %
1000,1)
v=normrnd(1.0,0.15,1000,1)
u=unifrnd(0,1,1000,1)
V={(100 S v(1,1))-(1/0,037)" %
(log€log(l./u)))
p:normrnd(l.0,0.ZO,lOOO,l)

Pw=(1.165(10°-3)) . °C. %
EON G2 ) tp 0 el )
Rs=normrnd(70,15,1000,1) %

a=(Rs<=Pw)
Rf=normrnd(60,20,1000,1) %
x=(Rf<=Pw)
Ps(i,1)=sum(a)/1000 %
Pf(1.1)=sum(x)/1000 %
U=a|x %
PSS(i,1)=sum(U)/1000 %
end

The results obtained with a sample size of 1000 can be summ

mean(Pw)=32.38; std.dev.(Pw)=29.93;
90%(Ps)=0.204
90%(P£)=0.308

90%(PSS)=0.348

mean(Ps)=0.0900; std.dev.(Ps)=0.0879;
mean(Pf)=0.1531; std.dev. (Pf)=0.1147;

mean(PSS8)=0.1729; std.dev.(PSS)=0,1287;

%)

generates vector
values of C

generates vector
values of V

generates vector
values of Py
generates vector
values of Rs

generates vector
values of Rf

of

of

of

of

of

vector of 1000 pF’s

superstructure

véctor o6f 1000 pE’'s

foundation

unioniof scructure-
foundation system failure
vector of 1000 pF's of

struct-fdn system

arized as follows:

skewness(Pw)=

skewness(Ps)=

v A
1.

Fhe MATHCAD program for calculating the three failure probabilities ( for the superstructure, the
foundation, and the structure-foundation system) is described above. In this program, we should point
out that the proper input/output must be specified prior to each execution of the program; i.c., pFs for
superstructure, pFf for foundation, and pFSS for the structure- foundation system failure probabilities.

The MCS solutions for Example 5. 15 are obtained also by MATLAB. The corresponding MATLAB

mngmnﬂogmwnﬂcmcdmnﬂmﬁonufPhanchcMmuﬂmInﬂmtpnﬁmhﬂnwsohhcumemnuduw
and the foundation, as well as of the structure-foundation system, is as follows:

M-File Explanations (indicated

1000

1000

1,000

1000

1000

of

0
84 ;
skewness(Pf)=1.33;

skewness(PSS)=1.28;
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and the respective histograms are shown below:

| Histogram of Pw Histogram of Ps
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5.2.4 MCS Involving Correlated Random Variables
Monte Carlo simulation can also be applied to generate dependent or correlated random
! numbers. We shall limit our illustrations to the generation of correlated random numbers
for two random variables, say X and Y, with known bivariate distributions. The procedure
illustrated for bivariate distributions can be extended to multivariate distributions.
In general, for two dependent random variables X and Y with a general bivariate PDF
1 Fx.y(x.y) or CDF Fy y(x.), the corresponding bivariate random numbers can be generated

as follows:

The joint CDF can be expressed as

F(\'. y(x, y ) = [“)( (x) ]“}-’|,\‘(_\‘ |,\' )
To generate the bivariate random numbers, we generate two vectors U, and U, of
. random numbers each of sample size n, and each with uniform distribution between 0 and
1. Then, the random numbers for X is generated as (see Ang and Tang, 1984)

= -
X=F;, (U (5.3)
which is a vector of random numbers of X of the same sample size n as U;.
The corresponding random numbers for ¥ given X = x are then generated as
Y = Fp(Uh|X) (5.4)

which is a vector of the same size as U or X.
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> EXAMPLE 5.16

The above procedure can be extended to three or more random variables, say for &
random variables X, X5, ..., X; with known joint PDF fx, x,  x (xj,x2,...,. X ) or joint
CDF Fy, x....x.(x1.x2,....x). For such dependent random variables, the joint PDF and
CDF can be expressed, respectively, as

ITx, %0 x (X1, X2, 000y X)) = f\ (xy)- f\ v, (x2]x1) - '_f‘\‘_ SO, |('\-4" |‘\'\ ...... Xi—1)
and
B s, o Xl Mgy s vy ) = Fx,(x1) - Fxx, Ge2lx) - Fxax,,oox (elx, - oo Xe—1)

To generate the random numbers for each of the k random variables, we first generate &
vectors of uniformly distributed random numbers between 0 and 1, Uy, Ua, ..., Uy, each
of size n. Then, the kth vector of n random numbers for X; is generated by,

wn
N

b -—1 r \
(\_;\: ‘fl\,_i.\"....\ Ol vomnd Xt—1) (

Besides the general procedure described above that applies to a set of random variables
with any prescribed joint distribution, there are also specialized techniques that apply to
particular types of joint distributions, such as the multivariate joint normal distribution as
illustrated below in Example 5.16 for the bivariate normal and Example 5.17 for the bivariate
lognormal distributions.

Consider the generation of correlated random numbers for two random variables, X and ¥, with a
bivariate normal distribution. Following Example 5.10 in Ang and Tang (1984), the joint PDF of a
bivariate distribution can be expressed as

Freylx, ¥) = frix(y|x) fx (x)

where fy x(v|x) is the conditional normal PDF of ¥ given X as defined in Chapter 3 with a mean
and standard deviation of py and oy, and fx(x) is the marginal normal PDF of X with mean
and standard deviation of py and ox. And X and Y are correlated with a correlation coefficient
obo

Suppose the parameters of the two random variables are defined as follows:

Wy = kol ay =20
vy, =120 oy = 25; and p=0.75

The following MATLAB program generates the correlated bi-variate normal random numbers with a
sample size of n= 100.000:

MATLAB PROGRAM FOR EXAMPLE 5.16:
M-File Explanations (indicated by %)
x=normrnd(150,20,100000,1) % generates vector of 100,000
values of X

calculates the conditional
mean of Y for each value of X

uy=120+0.75"€25/20) . (x-150) %

ox

sy=25tsqrt(l-(.75)02)
y=normrnd(uy,sy) % generates vector of 100,000
values of Y|x

end
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The statistics of the results are summarized as follows:

mean(X) =150.08; std(X)=20.4; mean(Y|x) =120.12;
std(Y|x) = 25.05 corrcoef(X.Y¥Y) =0.750

The generated random numbers, therefore, reproduce the statistics of the original or prescribed bi-

variate normal distribution.
Also, the respective skewness of the marginal histograms is as follows, with both close to

ZEr0:
skewness(X) = —0.015 skewness(Y|x) = 0.005

confirming that the random numbers generated for X and for ¥ [x are, respectively, very close to being
normally distributed.
The marginal histograms for X and Y|x are, respectively:

Histogram of X Histogram of Y given X=x
9000 T T T T T T 9000 T T T T
8000 - Sample size, 4 8000 | Sample size, i 1
7000 + n = 100,000 - 7000 |+ n =100,000
& 6000 . & 6000
§ 5000 - g g 5000
Z 4000 - = Z 4000
L 3000 - IC 3000
2000 - - 2000
1000 s 1000
0! ¥ ] £ 0 .
60 80 100120 140 160 180 200 220 240 0 50 100 150 200 250
Values of X Values of Y given X=x

To further confirm the above MCS results, we calculate the probability P(X < Y) analytically and by
MCS, yielding the following for the above joint distribution:

Exact probability, PlX < Yy =0.03522:
MCS with sample size, n = 100,000 P(X < YY) =0.03544 <4

Next, consider the generation of random numbers of two random variables, X and ¥, that are jointly
lognormally distributed. As we saw in Example 4.3, if X is a lognormal variate, In(X) will be normally
distributed. Therefore, we can generate random numbers for In(X) and In(Y¥) with a bivariate normal
distribution as described in Example 5.16, and then determine the respective lognormal random
numbers for X and ¥:
We illustrate this numerically as follows. Assume the following:
X is lognormally distributed with median, x,, = 150; and c.o.v., 6y = 0.13;
¥ is lognormally distributed with median, vy, = 120; and c.0.v,, 8y = 0.21;

and the correlation between In(X) and In(Y) 1s 0.75.

For a sample size of n = 10,000, the following MATLAB statements generate the bivariate lognormal
random numbers with the properties prescribed above.
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MATLAB STATEMENTS FOR EXAMPLE 5.17:

"M-File Explanations (indicated by %)

Xe=lognrnd(leg (150),0.13, % generates vector of 10,000
10000,1) values of lognormal X

A= Log(X)

UB=1log(120)+0.75.%(0:21./0.13).
*(A-1og(150))
8B=¢0..21).*sqrt(1-0.75"2)

B=normrnd(uB, sB) % vector of 10,000 values
of logl)l)
Y=exp(B) % vector of 10,000 values of

lognormal Y|x
end
The statistics of the results can be summarized as follows:
median(X) = 150.19 c.o.v.(X) = 0.131 skewness(X) = 0.396; skewness(A) = —0.009
median(Y|x) = 120.35 c.o.v.(Y|x) = 0.213  skewness(Y|x) = 0.618; skewness(B) = —0.031;
and corrcoef(A, B) = 0.749
The values of the above statistics can be observed to agree with those prescribed in the problem.

these are, respectively, normals.
The marginal histograms of X and Y are, respectively, as follows:

Histogram of X Histogram of ¥ given X=x
BOO T T . T T T T 800 T H m T T
700 4 700 : .
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Let us now suppose that X is the supply of construction material and ¥ is the demand of the
material in a construction project. It is reasonable to assume that the supply and demand are positively
correlated: i.e., the supply will be higher or lower depending on the demand. We assume a correlation
coefficient of 0.75 between X and Y. In this case, we may be interested in the probability of shortage
of material for the project (supply will be less than the demand); i.e.. P(X < ¥). We do this through
MCS with the following MATLAB statements for a sample size of n=10,000:

f =X <)

s = suml(f);
P = s/10000
yielding the pertinent probability as P(Xi= ¥)=0.0563
It might be of interest to compare this probability with the corresponding probability if the
demand and supply were uncorrelated or statistically independent. In this latter case, we can show
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that the probability would be P(X < ¥)=0.1901, showing, therefore, that the assumed correlation of
75% between X and Y significantly affects the probability of shortage. <

Let us now illustrate the general procedure described earlier for the bivariate normal distribution of
Example 5.16, in which the statistics of X and Y are as follows:

o

iy = 150; gy = 2
iy = 120; Gy =25 and  p—=075

In this case, according to Eq. 5.3, each value of the vector X is x = @ '(uy) : oy + px, where u; is

a value of U,, whereas, according to Eq. 5.4, each value of ¥ given X =x is

oy

ylx = & uy) - opy/1 — }JE E [,u.,» e p( )(x — [y )]. in which u, is a value of Us.
o

X
Using MATLAB, we generate the corresponding bivariate random numbers of size 10,000 as

follows.

MATLAB STATEMENTS FOR EXAMPLE 5.18:

ul=unifrnd(0,1,10000,1) % generates vector of 10,000
values of U3
uZ2=unifrnd(0,1,10000,1) % generates vector of 10,000
values of U;
¥=norminviul). 20+150 % yvector -of 10,000 Xx's
v=(norminv(u2)).*(25). % vector of 10,000 yx.

r(SartbLl-0s75 "2y )+ (10, 70,
*(1.25) 2 (x-150))+(120)

Execution of the above MATLAR statements yields the following statistics for X and Y'lx.

mean(X) =149.72; std(X) =19.88; mean(Y[X) = 119.52; sta(¥ix)—-2401;
corrcoef(X.¥) =0.753

which are very close to those of Example 5.16. The respective histograms of X and ¥ arc as follows:

Histogram of X Histogram of Y given X=x
800 T T T T T T 900 T T T T
700 - sample size, 4 800 - sample size, fi -
600 n=10,000 | 700 |- n = 10,000 4
g 500 , g 600 ]
@ | g 500
% 400 3 00| |
£ 800 7 L 800+ g
200 . 200 - i
100 - 100 —
0 e i m 0 ool | LiE =
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Values of X Values of Y given X=x

Also, the skewness of the marginal histograms are, respectively,
skewness(X) = —0.007 and skewness(Y) = —0.012

which are both close to zero. As expected, we observe that the above statistics agree closely with
those of Example 5.16.

<
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> EXAMPLE 5.19

For a general bivariate distribution, consider the following PDF of X and Y:
. I
fxylx,y)= —(x+ ) D=x=2 O0=p~4
and the joint CDF of X and ¥ is
Fap (e, 9) = =y + 15)

el Y= Y

xylX, ) Frhel )
The corresponding marginal PDFs and CDFs are as follows:

1 - 1
Ixlx) = ()(l + 2); Jely) = Ef_\' + 1)

fx(x)= E(?‘Fl\) I#"(_.\]:E(E +.—‘)

whereas the conditional CDF of ¥ given X =x is

o (zy+ )
fy;xi\\ll) = m
Because the product of the marginal PDFs of X and Y is not equal to the joint bi-variate PDEF, the two
variates are not statistically independent.

The above results can be confirmed using the Symbolic Math Toolbox of the following MATLAB
program; also, the program generates the required inverse functions of the respective CDFs. The
appropriate program for these purposes is as follows.

MATLAB PROGRAM WITH SYMBOLIC MATH TOOLBOX
TO OBTAIN THE INVERSE FUNCTIONS, ETC.:

Syms x y Explanations (dindicated by %)

FXY=(1/24)" (x+Y) % joint PDF of X and Y

FXy=int (£XY.y) % integrates joint PDF of X and
Y Wrto vy

EXY=int (FXy,x) % integrates wrto x to obtain
Jjoint CBF of X & ¥

EX=Cl/B) (x+H2) % PDF of X

EX=int(TfX, %) % integrates wrto x to obtain
CDE ol X

IFX=finverse(FX,x) % 1nverse of CDF of X

fV=(1/2)*(y+1) %: PDF of ¥

EY—Ant Oty v % integrates wrto y to obtain
Chb: of + b

IFY=finverse(FY,y)

EYX=(1/4) " yvdy . D2/ (+4) % CDE 6F .Y givéen X=x

IYx=finverse(FYx,Vy) % inverse of conditional
CDFE of Y|x
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With the inverse functions generated in the program above, the following MATLAB program will then
generate the random numbers of X. ¥, and Y|x:

MATLAB PROGRAM TO GENERATE THE BIVARIATE
RANDOM NUMBERS OF X AND Y AND Y |x:

ul=unifrnd(0,1,10000,1)

w24 w bR kgl (129 % generates a vector of 10,000
values of X

u2=unifrnd(0,1,10000,1)

y=-1+(1+24.*u2).%(1/2) % generates a vector of 10,000
values of Y

Yx=-1/2*%+1/2:*(x."2+64*u2+ % vector of 10,000 values of Y|x

162 a2x) . 06 1/2)

Executing the second program above, we obtain the following statistics for X, Y, and Y|x as

follows:
mean{X)=1.113; std(X)=0,.565; skewness(X)=-0.231
mean(Y)=2.429 std(Y)=1.062; skewness(Y)=-0.413
mean(Y [x)=2.515; std(Y fx)=1.023; skewness(Y|x)=-0.480

corrcoef(X,Y)=-0.054

From these statistics, we can see that the statistics of ¥|x are different from those of ¥, indicating that
there is some dependency between X and Y. The correlation coefficient of — 0.054 indicates that there
is a weak correlation between X and ¥. The corresponding histograms can be displayed as shown

below:
Histogram of X Histogram of Y
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Histogram of Y given X=x
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» EXAMPLE 5.20 Consider next a more complicated bivariate joint PDF as follows:

; 17-x
frrtrn=5( 5+ 1): I<w<2 t<y<d
Ve

% |

We can easily show that the corresponding marginal distributions are
el Lerx | 5 1 /"
xlx) = —(—+ )l wiX)==1 — 1 X
' 3579 3\ 4

241 a0 1
Il = 3(t+|) F,(_\'_n:?(_\‘—;)

and the conditional CDF of ¥|x is

X[ A+ Vi—x 2y — |

Fri(plx) = = ‘
Fie 1+ x/4

Using the MATLAB Symbolic Math Toolbox, we obtain the respective inverse functions of the
above CDFs with the following program:

sSyms X y Explanations (indicated by %)

fXY=(x/y"2)+1 % joint PDE of X and 'Y

FXveint (TXY,v) % integrates joint PDF of X & Y wrto y

EXY=int(FXy ;X) % integrates wrto x to obtain joint
CDF of X & ¥

£FX=C1l/3)"(1+x/2) % PDE of X

EX—int (fX,x) % integrates wrto x to obtain CDF of X

IFX=finverse(FX,x) % inverse of CDF of X
Er=02y 300 F1 Aot 2y S EODE oft ¥
FY=int(£fY, v) % integrates wrto y to obtain CDF of Y
IFY=finverse(FY,vy) % dinverse of CDF of Y
FYx=(-x/(2*y)+y % 'CDE of Y|
+x/2-1)/(1+x/4)
IYx=Ffinverse(FYx,y) % inverse of conditional CDF of Y|x

Then, using the respective inverse functions obtained above, the following MATIAB program
generates the vectors of X, ¥, and ¥ |x.

n-—unitrnd(Co, 1, 10000 1)

X=-2#42%(1+3.%11) . (1 /2) % generates a vector of 10000
values of X

ve=unifrnd(0,1,10000,1)

v=(03/4):*v+(1/4). % generates a vector of 10000
59 v 02416) (1729 values of Y

Yx=-(1/4) .*%x+1/2+(1/2). % generates a vector of 10,000
*v+(1/8) .*v.*x+(1/8). values of Yx

Hd,'x . 2416 . '%-8 ..
*X-4 .V .*x,."2+16+32.*v+16.
g, MOAR Ay N0 tyiay 0D

X g L)
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The results are as follows:

mean(X)=1.111; gtd{X)=0_.565; skewness(X)=-0.228

mean(Y)=1.462; atd (X )1=0,291; skewness(Y)=0.154

mean(yY|x)=1.477; stdeY| xi=0.291; skewness(Y|x)=0.094
corrcoef(X,Y)=-0.036

In this case, we also find the correlation coefficient between X and ¥ to be —0.036, indicating that
there is some slight dependency between X and Y.
The respective histograms are also portrayed below.

Histogram of X Histogram of ¥
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» EXAMPLE 5.21 Finally, consider the following joint PDF for two random variables X and ¥
; 1 5 ) -
foylx, Y ==lx vy, 0= = 3:; 0<=y=3
; : 54 !
The corresponding joint CDF would be
¢ l ; 3 3
Fyyln y)= ——=lyx. vy}

162
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and the associated marginal distributions for X, Y, and the conditional distribution of Y|a

respectively.

1 ; l ;
fy(x) = —(x~ 4+ 3); frly) = —(3° + 3);
‘ 18 s T
; e . I s (yx" +y°)
Fyly) = — (¥ +9x}); Fyly) = —(3° 49y} Py bylx)=
54 54 3(x= 4+ 9)

USING THE MATLAB SYMBOLIC MATH TOOLBOX, WE OBTAIN THE
RESPECTIVE INVERSE FUNCTIONS OF THE ABOVE CDFS WITH THE
FOLLOWING PROGRAM:

syms X y Explanations (indicated by %)
TXY=(1/54)* (x"2+y22) % joint PBE of X and'Y
FXv=int(EXY,v) % dintegrates joint PDF of X & Y wrto 3
FXY=int(FXy,x) % integrates wrto x to obtain joint
CDF of X & Y

FX=(1/18)"(3+x 2) % PDE of X
FX=—ntiTxX,x) % integrates wrto x to obtain CDF of X
IFX=finverse(FX,x) % 1inverse of CDF of X
TY=(1 7183 (3+y 2) % TPDE of Y
FY=int(£fY,vy) % integrates wrto y to obtain CDF of 'Y
IFY=finverse(FY,y) % dnverse of CDF of Y
o 3N e R L % O of ¥ .x

(9+x 2)
IYx=Ffinverse(FYx,v) % generates the inverese of the

EDE of VI ¥

Then, using the respective inverse functions obtained above, the following MATLAB program generates
the vectors of X, ¥, and ¥|x.
U=unifrnd(0,1,10000,1)
e PSR CRERITY 2 (2 )) .0 01/8) % generates vector x
-3./(27*u+3*(3+81*u."2)
e e B Ll G Bt
v=unifrnd(0,1,10000,1)
V(2 vER I3 E81 v 0y e d /D5 % generates ‘vector .y
ALl 3 -a 2 v 3 (3B, 22 |
SA/2))i 0 (1/3)
Yx=1/6*(2916*v+324* .x"2. % generates vector Y|x
v+12*(12*.x%.76+59049
el 1 G P2 D
b2+ 729% "2 .. 04 )
e L 2Ny Faho e 0D f
(2916*v+324*x.72.*v+12°(12*x." 6+
58049y, "2 413122 v.. "2 .'x. 2+729%v .
2 *x. tdg U 1/2) 0 001 /3D

obtaining the following statistics for X, ¥, and ¥|x:

mean(X)=1.871; std(X)=0.826: skewness(X)=-0.557;
mean(Y)=1.869; st (Y )=0.8233 skewness(Y)=-0,541

mean(Y|x)=2.033; std(Y|x)=0.747; skewness(Y|x)=-0.783;
corrcoef(X,Y)=-0.150
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On the basis of the above statistics, we can see that there is dependency between X and Y,
specifically, the statistics for ¥ are different from those of ¥|x. Also, there is a correlation coefficient
of —0.150 between X and Y indicating some dependency.

The corresponding histograms are displayed, respectively, below:

Histogram of X Histogram of Y
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With the results generated above, let us examine the following. Suppose

X = the transportation cost per 100 ton of cargo shipped, in $1000

Y = the total tonnage of cargo shipped, in unit of 100 tons
In this case, it is reasonable to expect that the total tonnage shipped will be negatively correlated with
the price of shipping; as we assumed earlier, the correlation coefficient between X and ¥ is —0.150
As the owner of a shipping company, we might be interested in the probability that the revenue from
shipping will be below a certain threshold amount. Suppose that this threshold is $3000. The total
revenue is XV: therefore, we need to determine the probability P(XY < 3). The following MATLAB

program calculates this probability.
f=(x."Yx<3); 9% -calculates: (XY < 3) for each pair «of
values of X and Y/x
S=sum(t);
P=S/10000 % yielding P(X.Y)x<3)=0.412

whereas if X and ¥ were statistically independent, the corresponding MATLAB program would be

g=(x.*y<3);
s=sum{g) ;
p:g,"l(‘)ooo y.jeldir]g P(AY<3):O4'§4

The above results, therefore, indicate that the correlation affects the threshold probability.
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» 53 CONCLUDING SUMMARY

The main point of this chapter is to illustrate, through specific numerical examples, the
application of computer-based numerical procedures and Monte Carlo simulation for for-
mulating and solving probabilistic problems of engineering significance. These are problems
for which analytical methods are impractical or difficult to apply. For this purpose, appro-
priate computer programs must be coded for the solution of each of the example problems
using MATLAB and/or MATHCAD, although other commercial softwares such as MATHE-
MATICA can be equally effective. These programs are, therefore, part of the solution process
of the examples. The principal objective of these illustrations is to expand the usefulness
and utility of probabilistic models in engineering beyond the capability of purely analytical
methods. However, there is no intention to describe the underlying numerical methods nor
the principles of Monte Carlo simulation, which are widely available elsewhere.

To understand the coded programs for the solutions of the example problems, some
familiarity with MATLAB and/or MATHCAD languages will be necessary and helpful.
Finally we should emphasize that there are no canned programs that can be used to solve
the type of problems illustrated here. Each of the problems is unique and its solution requires
probabilistic modeling and related computer programs.

PROBLEMS

The problems in this chapter require solutions by Monte Carlo simulation or numerical pro-
cedures. For this purpose, personal computers (PCs) withappropriate software are necessary.
Commercially available software includes MATHCAD, MATLAB, and MATHEMATICA. MS
Excel + VISUAL BASIC may also be used. To understand and apply the soltware languages
used in this chapter, some familiarity with one or more of these softwares (particularly
MATHCAD or MATLAR) will be helpful.

Many of the problems in Chapters 3 and 4 may also be solved by numerical procedures
or Monte Carlo simulations, either with the probability distributions as specified in Chapters
3 and 4 or with revised distributions as appropriate. Specifically, consider the following:

5.1 This problem is similar to that of Example 4.10 of Chapter4.  load. A column will be over-stressed when the applied load §

The integrity of the columns in a high-rise building is essential  exceeds the strength R; determine the probability of occurrence

for the safety of the building. The total load acting on the columns  of this event (R < 5).

may include the effects of the dead load D (primarily the weight

of the structure), the live load L (that includes human occupancy,

furniture, movable equipment, etc.), and the wind load W.
These individual load effects on the building columns may

5.2 The annual operational cost for a waste treatment plant is a
function of the weight of solid waste, W, the unit cost factor, £,
and an efficiency coefficient, E, as follows:

be assumed to be statistically independent variates with the fol- _WF
lowing respective probability distributions and corresponding JVE

paramelers: re o . b i
P where W, F. and E are statistically independent variates. Assume

Distribution of D is normal with pup=4.2 tons: and  {hat the respective probability distributions are as follows, with

op=0.3 ton the following medians and coefficients of variation (c.0.v.):
Distribution of L is lognormal with i, =6.5 tons; and  Varighle  Distribution Median c.0.V.

o =0.8 ton -

S — o ; - W lognormal 2000 tons/per year  20%
Distribution of W is Type I extreme with jtw = 3.4 tons; F beta (from 0 to 50y $20 per ton 15%

and ow = 0.7 ton B fisriaal 16 12.5%

The total combined load effect S on each of the colummns is e B . ] : )
As C is a function of the product and quotient of the three vari-

S=D+L+W ates with the respective distributions indicated above, its proba-
The individual columns were designed with a mean strength that  bility distribution is difficult to determine analytically. By Monte
is equal to 1.5 times the total mean load that it carries, and may  Carlo simulation, withasample size of n = 10,000, determine the
be assumed to be a lognormal variate with a c.o.v. of 15%. The  probability that the annual cost of operating the waste treatment
strength of each column R is clearly independent of the applied  plant will exceed $35.000.




The result may be compared with that of Example 4.13 in
which the random variables were all assumed to be lognormally

distributed.

5.3 In Problem 4.15, the amount of water supply available for a

city in the next month is lognormally distributed with a mean of

I million gallons and a c.o.v. of 40%, whereas the total demand

is expected to follow a lognormal distribution with a mean of

1.5 million gallons with a c.o.v. of 10%.

(a) Evaluate by MCS the probability of a water shortage in this

city over the next month. The result should be the same as, or

close to, that of Example 4.15.

(b) Suppose the available water supply for the city in the next
month is beta distributed with parameters g = 2.00 and r = 4.00,
whereas the total demand is still lognormally distributed. The
means and c.0.v.s remain the same. Evaluate the end values a
and b of the beta distribution, and estimate by MCS the proba-
bility of a water shortage in the city in the next month.

(¢) In part (a), suppose the mean supply of 1 million gallons
can actually vary between (.80 and 1.1 million gallons in the
next month (equivalent to an epistemic uncertainty with a c.o.v.

of 0.09). Determine by MCS the statistics of the probability of

water shortage in the city over the next month.

5.4 A shuttle bus operates from a shopping center, travels to
Towns A and B sequentially, and then returns to the shopping
center as shown in the figure below.

Shopping
center

Assume that the respective travel times (under normal traffic)
are independent random variables with the following respective
distributions and statistics:

Travel Time Distribution Mean (min) c.0.v.
T, Gaussian 30 0.30
T, lognormal 20 0.20
T3 lognormal 40 0.30

However, during rush hours (8:00-10:00 am and 4:00-6:00 pm),
the mean travel time between Town A and Town B will increase
by 50% with the same c.0.v.

(a) The scheduled time for one round trip of the shuttle bus is
2 hours. Determine by MCS the probability that a round trip will
not be completed on schedule under normal traffic.

(b) What is the probability that a passenger, originating in Town
A, will arrive at the shopping center within 1 hour under normal
traffic?

[ )

4

%]

Problems

(¢) The number of passengers originating from Town B is twice
that of the number originating from Town A. What percentage

of the passengers will arrive at the shopping center during rush
hours in less than 1 hour?

(d) A passenger starting from Town B has an appointment al
3:00 pM at the shopping center. If the bus left Town B at 2:00 pm
but has not arrived at the shopping center at 2:45 pMm, what is
the probability that he or she will arrive on time for his or her
appointment?

In Problem 4.9, the distributions of the travel times were all

Gaussian random variables. The results obtained above may be
compared with those of Problem 4.9.
5.5 The settlement of each footing shown in the figure below
follows a normal distribution with a mean of 2 in. and a coeffi-
cient of variation of 30%. Suppose the settlements between two
adjacent footings are correlated with a correlation coefficient of
0.7; that is, the differential settlement is

b= |5\ - Si|

where S, and S, are the settlements of footings 1 and 2, respec-

tively.

Footing 1 Footing 2

(a) Determine the mean and variance of D.
(b) What is the probability that the magnitude of the differential
settlement will be less than 0.5 in.?

By Monte Carlo simulation, determine the solutions to (a)

and (b). The results may be compared with those of P4.10 of
Chapter 4.
(¢) Next, suppose that the distributions of S| and S are lognor-
mally distributed with the same mean and c.o.v. as in the origi-
nal problem In this case, determine the solutions to part (a) and
part (b).

5.6 A city is located downstream of the confluence point of
two rivers as shown below. The annual maximum flood peak in
River | has an average of 35 m?/sec with a standard deviation ol
10 m*/sec, whereas in River 2 the mean peak flow rate is
25 m’/sec and a standard deviation of 10 m*/sec. The annual
maximum peak flow rates between the two rivers are statisti-
cally independent lognormal random variables.
Presently, the channel which runs through the city can ac-
commaodate up to 100 m*/sec flow rate without flooding the city.
Perform Monte Carlo simulations to answer the following
questions.
(a) What are the mean and standard deviation of the annual
maximum peak discharge passing through the city?
(b) What is the annual risk that the city will experience flooding
based on the existing channel capacity? What is the correspond-

ing return period?
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(c) If the desired annual flooding risk is to be reduced by half,
by how much should the present channel capacity be enlarged?
(d) Repeat parts (a) to (c) if the annual maximum flood peaks of
Rivers | and 2 are correlated with a correlation coeflicient of 0.8.

5.7 Five cylindrical tanks are used to store oil; each of the tanks
is shown below. The weight, W, of each tank and its contents
is 200 kips. When subjected to an earthquake, the horizontal
inertial force may be calculated as

W
F =g
o
where:
¢ = acceleration of gravity =32.2 ft/sec”
a = maximum horizontal acceleration of the earthquake
ground motion
w
Tank
¥ —F

Base support
During an earthquake, the frictional force at the base of a
tank keeps it from sliding. The coefficient of friction between the

Chapter 5. Computer-Based Numerical and Simulation Methods in Probability

tank and the base support is a beta-distributed variate with shape
parameters ¢ = r = 3.00, and a median value of 0.40 and a c.o.v.
of 0.20. Also, during an earthquake assume that the maximum
ground acceleration is a Type I extremal variate with a mean of
0.30 g and a c.o.v. of 0.35%.

(a) By Monte Carlo simulation, determine the probability that
during an earthquake, a tank will slide from its base support?
{b) In order to reduce the probability of sliding to 30% of that
in (a). each of the tanks will need to be anchored to its base. For
this purpose. what should be the sliding shear resistance of the
anchors for each tank?

(¢) There can be epistemic uncertainties in specifying or esti
mating the parameters of the relevant distributions. Suppose the
median value of the frictional coefficient has a c.o.v. of 25%,
and the mean maximum ground acceleration has a c.o.v. of 45%.
In this case, determine the statistics and histogram of the proba-
bility of sliding of a tank during an earthquake. Select the 90%
value for a conservative probability of sliding.

5.8 The last part of Problem 4.16 is difficult to determine ana-
Iytically. Let us perform MCS to obtain the required results.

A pile is designed to have a mean capacity of 20 tons: how
ever, because of variabilities, the pile capacity is lognormally dis-
tributed with a coefficient of variation (c.0.v.) of 20%. Suppose
the pile is subject to a maximum lifetime load that is also log-
normally distributed with a mean of 10 tons and a c.o.v. of 30%.

A number of piles may be tied together to form a pile group

to resist an external load. Suppose the capacity of the pile group
is the sum of the capacities of the individual piles. Consider a
pile group that consists of two single piles as described above.
Because of proximity, the capacities between the two piles are
correlated with a correlation coefficient of p = 0.8, Let T denote
the capacity of this pile group.

Determine the mean value and c.o.v. of 7, and calculate the
probability of failure of the pile group by MCS.
5.9 Determine the solutions to Problem 3.58 by MCS.
5.10 Determine the solutions to Problem 3.59 by MCS.

a5

As we indicated earlier, many of the problems in Chapters 3 and 4 may be solved
by numerical methods or MCS. In particular, if the probability distributions in many of
the problems in Chapter 4 are changed, appropriate numerical methods or MCS may be
required to obtain the pertinent solutions.
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Statistical Inferences from
Observational Data

6.1 ROLE OF STATISTICAL INFERENCE IN ENGINEERING

In the previous chapters, particularly in Chapters 3 and 4, we observed that once we know
(or can specify) the probability distribution function (the PDF or CDF) of a random variable,
and the values of its parameters, we can calculate the probability of an event defined by
values of the random variable. The calculated probability clearly depends on the values of
the parameters as well as on the form of the distribution model (PDF or CDF). Naturally,
therefore, methods for determining the parameters and for selecting the appropriate form
of distribution are of practical importance.

For the above purposes, the required information must be based on real-world data. {
For example, in determining the maximum wind speed for the wind-resistant design of
a high-rise building, past records of measured wind velocities in the neighborhood of the
building site are useful and important; similarly, in properly designing an improved left-turn
lane at a highway crossing, repeated counts of vehicles making left turns at the intersection
would provide the proper and useful information. On the basis of the observational data,
the parameters may be estimated statistically, and information on the appropriate form of
distribution may also be inferred.

In many geographical regions of the world, observational data on natural processes,
such as rainfall intensities, flood levels of rivers, wind velocities, earthquake magnitudes
and frequencies, traffic volumes, pollutant concentrations, and ocean wave heights and
forces, have been and continue to be recorded and catalogued. Also, field and laboratory
data on the variabilities of concrete strength, yield and ultimate strengths of steel, fatigue
lives of materials, shear strength of soils, efficiency of construction crews and equipment,
measurement errors in surveying, and many others continue to be acquired as needed for
engineering purposes. All these statistical data provide valuable information from which the
appropriate probability model and the corresponding parameters required for engineering
applications may be developed or evaluated.

The techniques for deriving the appropriate probabilistic model and for estimating
the parameter values from available observational data are embodied in the methods of
statistical inference, in which information obtained from sampled data is used to represent
(approximately at least) the corresponding information regarding the population from which
the samples are derived. Inferential methods of statistics, therefore, provide a link between
the real world and the idealized probability models prescribed or assumed in a probabilistic
analysis. The role of statistical inference in the decision-making process is schematically
illustrated in Fig. 6.1. The present chapter is devoted to statistical methods for estimating
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Real world

ljData collection
Estimation of parameters, choice Statistical
of distribution inference
Calculation of probabilities,
(using the prescribed distributions,
and estimated parameters)

:

Information for decision-makin
and design

Figure 6.1 Role of statistical inference in decision-making process.

the parameters of a probability model (distribution). The subject of empirically determining
or verifying the form of a probability distribution is covered in the following chapter
(Chapter 7).

Although there are other inferential methods of statistics. including more esoteric and
specialized techniques, we shall limit our consideration to those concepts and methods
that are most basic and useful in engineering applications. These include principally the
methods of estimation (point and interval estimations) and the testing of hypotheses in this
chapter; the empirical determination and validation of probability dl.‘:l]IhLll]()ll.\ are treated
in Chapter 7; regression and correlation analyses involving two or more random variables
are the subjects of Chapter 8; and finally, the Bayesian approach to statistical estimation is
covered as part of Chapter 9.

6.2 STATISTICAL ESTIMATION OF PARAMETERS

Classical estimation of parameters consists of two types: (1) point and (2) interval
estimations. Point estimation is aimed at calculating a single number, from a set of ob-
servational data, to represent the parameter of the underlying population, whereas inter-
val estimation determines an interval within which the true parameter lies, with a state-
ment of “confidence” represented by a probability that the true parameter will be in the
interval.

6.21 Random Sampling and Point Estimation

As alluded to earlier, the parameters of a probability model or distribution may be evaluated

or estimated on the basis of a set of observational data obtained from the corresponding
“population”; such a data set represents a sample of the population, and thus the value of

a parameter evaluated on the basis of the sample values is necessarily an estimate of the

true parameter. In other words, the exact values of the population parameters are generally '
unknown; the best that we can do is to estimate their values based on finite samples of the
population.
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Real World "population”
(true characteristics unknown)

Random Sampling
variable X (experimental
observations)
@
o
=]
E
w | Inference —e < x <+ s I { }
£ With distribution fy(x) b R 2L SR
S
(]
o
’_
fi{x)
Inference
on fx(x
e /5
Mean i = x Statistical X=1q &X
Variance o2 = g2 Estimation o =n% X (x— X)2

Figure 6.2 Role of sampling in statistical inference.

The role of sampling in statistical inference is illustrated graphically in Fig. 6.2
The real-world population may be modeled by a random variable X, with PDF fx(x)
and associated parameters, such as y and o in the case of the normal distribution. A
finite number of observations from the population would be taken, constituting a sam-
ple, from which the parameters may be estimated; the same set of sample observa-
tions may be used to empirically determine the most appropriate distribution model (see
Chapter 7).

Given a set of sample observations from a population, there are different methods
for estimating the parameters; among these are the method of moments and the method
of maximum likelihood. Irrespective of the method used, the estimation of the parame-
ters is necessarily based on a finite set of sample values xy, xa,..., x,, called a sam-
ple of size n from the population X. Usually, such a sample is assumed to constitute a
random sample; this means that the successive sample values are statistically indepen-
dent and the underlying population remains the same from one sample observation to
another.

There are certain properties that are desirable of a point estimator; these are, namely,
the properties of unbiasedness, consistency, efficiency, and sufficiency, defined, respectively,
as follows:

* If the expected value of an estimator is equal to the parameter, the estimator is said to
be unbiased. Unbiasedness, therefore, implies that the average value of the estimator
(if repeated estimates were to be made) will be equal to the parameter.

* Consistency implies that as n — oo, the estimator approaches the value of the pa-
rameter. Consistency, therefore, is an asymptotic property—practically, it means that
the error in the estimator decreases as the sample size increases.
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* Efficiency refers to the variance of the estimator—for a given set of data, an estimator
&, is said to be more efficient than another 6, if the variance of 6, is smaller than
that of 05.

Finally, an estimator is said to be sufficient it it utilizes all the information in a sample
that is pertinent to the estimation of the parameter.

In practice, however, it is seldom possible to require all or many of the above properties
of an estimator. In fact, there are very few, if any, estimators that possess all the desirable
properties. In the following sequel, we shall refer to one or more of these properties in
connection with specific estimators.

The Method of Moments

In Chapter 3, we saw that the mean and variance, which are the first and second moments
of a random variable, are the main descriptors of the random variable. These moments
are related to the parameters of the distribution of the random variable as indicated in
Table 6.1 for a number of common distributions. For example, in the case of the Gaussian
distribution, the parameters (¢ and ¢ are, respectively, also the mean and standard de-
viation of the variate, whereas in the case of the gamma distribution, the parameters
v and k are related to the mean and variance of the variate as follows: E(X)=k/v and
Var(X) = k/v*.

Therefore, on the basis of the relationships between the moments of a random vari-
able and the parameters of the corresponding distribution, such as those summarized in
Table 6.1, it follows that the parameters of a distribution may be determined by first
estimating the mean and variance (and higher moments if there are more than two pa-
rameters) of the random variable. This process, in essence, is the basis of the method of
moments.

Given a sample of size n, with sample values (xy. xa2. ..., x,), we may use the sample
moments 1o estimate the respective moments of the random variable. In this regard, just
as the mean and variance are the weighted averages of X and (X-u)?, the sample mean
and sample variance may be defined as the respective averages of the sample values;

namely,
l n
for the sample mean, x=-) x (6.1)
e
5 I & )
and for the sample variance, = N Z(,r,- —X) (6.2)
i=l

Accordingly, ¥ and s? are, respectively, the point estimates of the population mean g and
population variance o>

We might point out that the sample variance of Eq. 6.2 is an “unbiased” estimate of
a?; observe, however, that this is not quite the average of the sample values of (x; — X)° for
i=1,2,...,n The average would require division by #, instead of (n—1), which would be
a biased estimator of o2,

By expanding the squared terms of Eq. 6.2, it can be shown that Eq. 6.2 may be
expressed also as

— nx (6.3)
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TABLE6.1 Common Distributions and Their Parameters

Distribution PDF or PMF Parameters Relations to Moments
& n X Ul X
Binomial pxlx) = (\_ )p (1 —.p) 3 P HUx = np
x=012,...,n o =np(l — p)
Geomelric px(x)y=p(l — py J2 ux =1/p
x=0,12,... ai=(-p)p
. (ve)" _
Poisson Px(x) = . e v v Hy = vi
x!
x=0.1,2, ... (T_S: = vt
Exponential fx(x) = Ae ™ A iy =1/
x=0 3= 1/A2
G Fal vivx)t L ‘
samma (X)) = —e 'Y, v, k Lty =k/v
x\ k) X /
x=0 oz =kjv?
) § ‘ l'[l‘(,\“ o ',lf)]}' 1 .
3-P Gamma Folx)= T expl—vix — ¥ v, Y. k> 1.0 wx =kfv+y
(Shifted gamma) x=y n‘f = k/v?

Oy =2/vk, v >0
=2k v <0

Gaussian

(normal)

¢
-0 < X < 00 Oy =0

. ’ ot i 1('|nx-—;_)j " ( F| )
ognorma Jx(x)= ——exp| =z ——— : - Uy =exp| A+ =¢
Vamex P2\ ¢ P S
x>0 gs= ,u.i. ({’(: — 1)
. ] X 1 /xy2 [
Ravleigh Fx(x );pr[—r 5 (;) ] o Uy = V, ?u
5 T 5
Frs 2 — 2 o 2
x =0 ay (- > )oz
1 a+b
Uniform x(x) = o a<x<h a, b Ly =
ifo Jx b_a &=*S Mx 3
5 |
oy = E(b —a)”
. ) 2 x—a 1
Triangular fx(x) = T e a.bu Hy = —(a+b+u
b—al\u—a 3

L. 5
o = mm" +b* +u? —ab —au — bu)

(Continued)
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TABLE 6.1 (Continued)

Distribution PDF or PMF Parameters Relations to Moments
] (x—a) " b—ux =1 q
Beta fx(x) = —~ - ; g, r Iy =da (b —a)
X B(g.r) (b —a)t ! ! £ qg+r
_ " grib—a )
a<x<h Oy = ——————
(g+r)y(g+r—+1)
. i 05772
Gumbel Fr(x) = exp(—e @ ); u. o Uy =u+ ——
¥ o
(Type 1 largest) g ==
’ bu”
. i k fe=r§ (';}’ _‘ 1)
Weibull fx(x) = — e ‘w—s/ k,w puy =&+ (x — &)l ( 1+ - )
w—ge\w—¢ k
5 2 ) 1
(Type 111 smaliest) x> € oy = (n £ ')‘|:I‘(1 - I ) I ( 1+ - ”
» EXAMPLE 6.1 Consider the data of the crushing strength of concrete tested for 25 cylinders listed in Table

E6.1. Applying Eqgs. 6.1 and 6.3, we obtain the sample mean and sample variance, respectively,

TABLEE61 Sample Mean and Sample Variance of Example 6.1

-

Cylinder # Crushing Strength, x; x5
1 5.6 ksi 31.36
2 5.3 28.09
3 4.0 16.00
4 4.4 19.36
5 2.3 30.25
6 5.7 32.49
i 6.0 36.00
8 5.6 31.36
9 7.1 50.41
10 4.7 22.09
11 53 30.25
12 3.8 34.81
13 6.4 40.96
14 5.8 33.64
15 6.7 44.89
16 54 29.16
1/ 5.0 25.00
18 D8 33.64
19 6.2 38.44
20 5.6 31.36
21 i 32.49
22 5.9 34.81
23 5.4 29:16
24 3¢l 26.01
25 5.7 32.49

3 = 140.00

Y = 794.52
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as follows (using the results in Table E6.1):

25

l 140
X=—>Y xi=— =56ksi
524 = 755

wh

and

ke il 1 -
st = 322 ~25(56) | = 5779452~ 784) = 0.4
i=1

2

Therefore, the estimates of the population mean and standard deviation ar¢ X = 5.6 ksi and
s = +/0.44 = 0.66 ksi.

Now, if the probability distribution of the crushing strength is modeled with the Gaussian distri-
bution, then its parameters (see Table 6.1) would be i = 5.6 ksi and ¢ = +/0.44 = 0.66 ksi.

However, if the crushing strength of concrete is assumed to be gamma distributed, then according
to Table 6.1, the parameters v and & would be

k/p =56 * and kP =044

from which we obtain the corresponding parameters;

$=1273  and - k=7129 <
Data for the fatigue life of 75 S-T aluminum yielded the sample mean and sample variance for the
fatigue life (in terms of loading cycles) as follows:

X = 26.75 million cycles

% = 360.0 (million cycles)?

According to the relationships given in Table 6.1, the mean and variance of a lognormal distri-

bution are given by
ey
a:xp(A +=4

By = pd (e —1)

Il

M x

Substituting the sample mean and sample variance, respectively, for the true mean and variance, we
obtain the estimated values of the parameters A and ¢ as follows (denoting A and ¢ as the respective
estimators):

o Bl
cxp(k Sk ;4‘,’”) == 20515

and,

(26.75%(¢4" — 1) = 360.0
from which we obtain, & = 3.08 and £ = 0.64. <
The Method of Maximum Likelihood

Another method of point estimation is the method of maximum likelihood. In contrast to
the method of moments, the maximum likelihood method derives the point estimator of a

parameter directly.

Consider a random variable X with PDF f(x; &), in which 0 is the parameter. If the
observed sample values are x;, x2,..., X,, then we may inquire,“what is the most likely
value of & that will produce the particular set of observations?” In other words, among the
possible values of #, what is the value that will maximize the likelihood of obtaining the
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v, 7 This is the rationale underlying the maximum
likelihood method of point estimation.

It is reasonable to assume that the likelihood of obtaining a particular sample value x; is
Jortional to the value of the PDF at x;. Then, assuming random sampling, the likelihood

prof
of obtaining a set of n independent observations Xy, X2, ..., O 1

L(X1, X2, .oy X3 8) = flx1:0) f(x2;6) - - Fe6) (6.4)
which is the likelihood function of observing the set of sample values x;, x2,...,: x,. We

may then define the maximum likelihood estimator 0 as the value of ¢ that maximizes

the likelihood function of Eq. 6.4, and thus may be obtained from the following equation
(if the likelihood function, L, is differentiable with respect to the parameter ),

=0 (6.5)

Because the likelihood function of Eq. 6.4 is a product function, it is more convenient to
maximize the logarithm of the likelihood function; L

log L( Xy, %55 o2 43 X, 0)
oL il o e SN (6.6)

The solution for & from Eq. 6.6, of course, is the same as that obtained through Eq. 6.5.
For PDFs that are defined with two or more parameters, the likelihood function becomes

n
Ll %5 wovg B3 sescsonns G )i= ﬂf’(’.x‘! S0 sy ) (6.7)
=1

8, are the m parameters to be estimated. In this case, the maximum likelihood

wheref(,...,
ained from the solution to the following set of

estimators of these parameters may be obt
simultaneous equations:

dlog L(xy, x2. ... . X361, .., ) . ;
- S — - — =0 j=12,....,m (6.8)

The maximum likelihood estimate (MLE) of a parameter possesses many of the desirable
an estimator described earlier. In particular, for large sample size n, the max-

properties of
d to yield the “best” estimate of a parameter,

imum likelihood estimator is often considere
in the sense that asymptotically it has the minimum variance (Hoel, 1962).

The times between successive arrivals of vehicles at a toll booth were observed as follows:

12.3063 101,52 24, and 7 lsec

If the inter-arrival times of vehicles at the toll booth are modeled with an exponential distribution,

with a PDF of
! B
fr(t) = —e
A

LA
in which A is the parameter of the distribution and is also the mean inter-arrival time.
According to Eq. 6.4, the likelihood function for observing the seven inter-arrival times is

7 E

g
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and the corresponding logarithm is

35.30

A

|
Logl = ~T7Logh -~ T Zz,-: and for the present example, Log L = —7 Log A —
* jee]

Thus, with Eq. 6.6, we obtain

dglegd 7. 3530 0
di . e
from which we obtain the MLE of A as
cis RSN O
A= = 504 sec

From the above result. we may infer generally that the MLE for the parameter A, from a sample of
size n, 1s

1<

}.:—E I
T
i=1

Tri-axial laboratory tests are performed on five specimens of saturated sand. Each specimen is sub-
Jected to cyclic vertical loads with stress amplitudes of £200 psf. The number of load cycles applied
until each of the specimens failed were observed to be as follows: 25, 20, 28. 33, and 26 cycles.
If the number of load cycles to failure of saturated sand is modeled with a lognormal distribution,
the two parameters A and ¢ may be estimated by the maximum likelihood method as follows.
According to Eq. 6.7, the likelihood function for the case of a sample of size n would be

n

1 I (s —a)\°
Llmjoass 0 ¥ 0) = H{T_(—exp[mj(%wi) :”
V2n{x; -4

t=1

l \# n l ] i L
= —jexpl =} iy - A)
(v’ﬁc) (H*) [{ o }

Taking the natural logarithm of both sides, the above becomes

s n I n .
Il .7 A L) —-—n Inv27 — 1 ln C — Zln X — 2—C—JZ€ln Xi — A)”
i=l1 =1

To obtain the maximum likelihood function, we require

dln L 1
— =) yielding e Inx; —A)=0
T vielding. o Z]( =
and
dln L n o i
= 0; rielding = =4 — % (lnx; —A)" =0
T Ay PP :

From the two equations above, we obtain the MLE for the two parameters, respectively, as

A T s oA 2
A=—9% Inx and Lo h IRt — A
n Z,: ; . ;
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Applied to the present example, with the observed number of load cycles for the five specimens, we
obtain the corresponding MLE as follows:

- |
= g(ln'ES 4+ In204+n28 +In33 +1n26) =3.20

and

A

5 1 ; _
2= gl{ln 25 — 3.26)° + (In20 — 3.26)" + (In 28 — 3.26)

+(In 33 — 3.26)* + (In 26 — 3.26)’] = 0.027
or,
£ =0.164
For this example, the same parameters estimated by the method of moments would be as follows:
The sample mean is x = é(ZS + 20+ 28 + 33 + 26) = 26.40 cycles
and the sample variance is
st = %uzs - 26.4) + (20 — 26.4)* + (28 — 26.4)7 + (33 — 26.4)° + (26 — 26.4)"] = 22.30

Thus, the sample standard deviation is s =4.72 cycles.
Using the relationships given in Table 6.1 for the lognormal distribution, we have

I 2
26.40 = cxp(k ot ;&_")

and

2230 = 26407 (¢” ~ 1)
From which we obtain the corresponding estimates of the two parameters as
A=320 .and - L =0178

We see that the two methods yield the same estimates for the parameter A, but the estimates for the
parameter ¢ are different by about 8% between the two methods.

Estimation of Proportion

In many engineering problems requiring the probability of occurrence or nonoccurrence of
an event, the appropriate probability measure may be estimated as the proportion of experi-
mental or field observations of the event—for example, the annual occurrence probability of
hurricane-intensity wind in a coastal region, the proportion of vehicular traffic making left
turns at a major intersection, or the proportion of embankment material meeting a specified
compaction standard.

In such situations, the required probability may be estimated as the proportion of
occurrences (of an event) in a Bernoulli sequence. Suppose that we have a sequence
of n independent trials or random variables X, ). CTUN X,,. where every X; is a two-
valued random variable; i.e.. X;=0 or 1 denoting the occurrence or nonoccurrence of

an event in the ith trial. Then, the sequence X, Xa2,.. ., X, constitutes a random sample of
size n.
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The probability of occurrence of an event, p, in a trial is the parameter of the binomial
PMF associated with the Bernoulli sequence. The maximum likelihood estimator of the
parameter p can be shown to be

R | n
P = — X,: (()9)

In other words, the estimate of p is the proportion of occurrences of an event among the
sequence of n trials.

6.2.2 Sampling Distributions

Distribution of the Sample Mean with Known Variance
Thus far, we have used the sample mean X to estimate the population mean j; naturally,
questions about possible inaccuracy in the estimate can be raised. We examine such questions
on the basis of the distribution of the sample mean.

First, for a sample of size n, the specific set of sample values xj, x2,..., t, may be
conceived as a single realization from a set of statistically independent sample random
variables X, X», ..., X,. Moreover, in random sampling, the PDFs of these sample random

variables are assumed to be identically distributed as that of the population X i.e.,
Fx, 1) = fx,(x2) =+ = fx (x,) = fx(x)

Therefore, in reality, the sample mean is also a random variable,

n

— 1
X=—=»X (6.10
3 ’
Its expected value is
E Ii)( l(' ) (6.11)
ix = E| — il ==lnp)y=n 5.
#x e n ¢ H

which means that the expected value of the sample mean is equal to the population mean,
and therefore X is an unbiased estimator of the population mean ft.
Observing that X, X5, ..., X,, are statistically independent and identically distributed
as X, the variance of X is, therefore,
T | L 1 y 2
Var(X) = Var( =Y X; | = < Var[ Y "X ) = —(ne?) = — (6.12)
ni= n? = n? P

or the standard deviation of the sample mean is oy = i
NG
Therefore. the sample mean X has a mean value . and standard deviation o/ /n; the
latter is the sampling error underlying X as the estimator of & and constitutes an epistemic
uncertainty as defined in Chapter 1. According to the results of Chapter 4, if the underlying
population X is Gaussian, the sample mean X is also Gaussian. Moreover, if the sample

size n is sufficiently large, the sample mean X will be approximately Gaussian, by virtue
of the central limit theorem, even if the underlying population is non-Gaussian. Therefore,
for most practical applications, X may be assumed to be a normal variate with distribution
N(j1, o//n). Clearly, as the sample size n increases, the distribution of the sample mean X
becomes narrower, as illustrated in Fig. 6.3; thus, the estimator x for the population mean
1 improves with the sample size n.
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fz(X)

T

Figure 6.3 PDF of sample mean X with varying n.

i i . X—u.
It follows, therefore, that the distribution of is N (0,1).
a/Jn

Distribution of the Sample Mean with Unknown Variance
In general, the standard deviation of the population, o, is unknown and may need to be
estimated with the sample variance of Eq. 6.2 or 6. 3. Therefore, instead of o, we have to

— . ;
- will not be normal, particularly if the

use 5. In such cases, the random variable ;
R 1

T : X—u .
sample size 1 is small. More accurately, the random variable — will have the Student’s
s//n

t-distribution (Freund, 1962) with (n — 1) degrees-of-freedom. The PDF of the t-distribution
is

; 5 LF+D
NP ¥ (€0 077 T S W s B -
= TLEE BV e

in which f is the number of degrees-of-freedom (d.o.f). A number of PDFs of the
t-distribution is shown in Fig. 6.4 for various values of f = d.o.f. We can observe that
each of the PDFs has the bell-shape curve similar to the Gaussian PDF and is symmetrical
about the origin. For small values of f, the PDFs of the r- distribution have wider spread
than the standard normal PDF; however, as f increases, it tends toward the standard normal
distribution as can be seen in Fig. 6.4.

0

Figure 6.4 PDFs of the student’s r-distribution for varying d.of.
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Distribution of the Sample Variance
From Eq. 6.2, we may infer that the sample variance of the sample random variables is

n—1

§2 = 3 (X - X) (6.14)
i=l1

which is also a random variable with expected value

n—1 ; n—1 3
=1 i=1

o) l “ 2 ] ! i o 2
E(SY) = E[Y (X -X) | = E{Y I(X: — ) — (X — )]

1 - > o
= p— ZE(X,— — 1) —nE(X —u)

i=1
but since [y (x) = fx(x), then E(X; — ;1.)3 = g2
and E(X —p) = —

Hence, we have

SRR 1 1 ) g~ 1 y a o ~ B
E($3) = —— er'fn-— = (no? —o3)=a? (6.15)
n n—1

On the basis of Eq. 6.15, the sample variance of Eq. 6.14 is, therefore, an unbiased estimator
of the population variance, o2, as we asserted earlier for Eq. 6.2.
The variance of 5% is given by (see Hald, 1952):

i ot/ u n — 3
Var(52) = r(’—* ! ) (6.16)

n\o* n-—1
where gy = E(X — )" is the fourth central moment or kurtosis of the population X. We
may observe that as n increases, the variance of S* decreases.
For sampling in Gaussian populations, i.e., X is a Gaussian random variable, the dis-
tribution of the sample variance can be determined as follows.
We may rewrite Eq. 6.14 as

(n — 18 = Zl(X, — ) - (X = ,u)|3 — Z(X,- — ,u)2 —n(X — ,u,‘;2

i=l i=1

Dividing both sides by o2, we obtain

(n — 1)8? L X =i
—_— ( 4 ) — s (6.17)
o

o/

where X; and X are both Gaussian. We may recognize that the first term on the right-hand
side of Eq. 6.17 is the sum of squares of n# independent standard normal variates; it can be
shown, by generalizing the result of Example 4.7, that this has a chi-square distribution with n
degrees-of-freedom (denoted as x?). Similarly, the second term on the right-hand side of Eq.
6.17 is also a chi-square distribution with one degree-of-freedom. Moreover, according to
Hoel (1962), the sum of two chi-square distributions, respectively, with degrees-of-freedom
p and g is also a chi-square distribution with (p + ¢) degrees-of-freedom. On these bases, the
distribution of (n — 1)§?/6? is a chi-square distribution with (n — 1) degrees-of-freedom
(d.of);ie., xi.

['T1 B
= =1
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Figure 6.5 Chi-Squarc PDFs with varying d.o.f=f.

In general, the PDF of a chi-square distribution with /* degrees-of-freedom (d.o.f.) is

given by

1 e i )
fele) = —— ,7('{ . I-)f’""" (6.18)

The PDFs of Eq. 6.18 are shown in Fig. 6.5 for different degrees-of-freedom f. We may
observe from this figure that as f increases, the Xf- distribution tends to approach the normal
distribution by virtue of the central limit theorem.
The mean and variance of the X? distribution are, respectively,
He = f
and
Ioyi

oc=2f; or oc=+2

The information developed in Sect. 6.2.2 will be useful in our presentation of hypothesis
testing and in determining the confidence intervals, which are the topics of Sects. 6.3 and
6.4, respectively.

- 6.3 TESTING OF HYPOTHESES

6.3.1

Introduction

Hypothesis testing is a statistical method for making inferential decisions about the pop-
ulation based on information provided by available sampled data. The inference may be
with respect to one or more population parameters or to the distribution model; the lat-
ter is a goodness-of-fit test which is covered in Chapter 7. Such hypothesis testings may
be useful in many engineering applications. For example, engineering specifications often
specify certain minimum values, say i, such as the minimum yield strength of rebars. In
reinforced concrete construction, the engineer would be interested in whether the available
rebars satisfy the required minimum strength. In order to form the proper decision, samples
of rebars may be tested, and the results used to formulate the appropriate decision regarding
compliance with the required minimum. Such is one of the purposes of hypothesis testing.
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A hypothesis is a statement regarding a parameter (or parameters) of the population.
There are usually two competing hypotheses: the first one is the null hypothesis, denoted by
H ,, and the competing one is the alternative hypothesis, denoted by H 4. The null hypothesis
is formulated as an equality, whereas the alternative hypothesis is normally an inequality;
for instance,

Null hypothesis: Hy: p= i,
Alternative hypothesis: Ha: 0 # [,

where pt is a population parameter and p,, is the specified or required standard, such as the
specified minimum yield strength of rebars in a specification.

Then, based on the set of observed data, and appropriate statistical analysis, the null
hypothesis is accepted or rejected: in the latter case (i.e., rejection of the null hypothesis),
the alternative hypothesis must be accepted. Again, we might emphasize that hypothesis
testing is to make statistical inferences on the population parameter and/or distribution. In
other words, hypothesis testing is to determine whether or not a population parameter is
equal to a specified value, within a specified statistical significance level.

6.3.2 Hypothesis Test Procedure
The major steps needed in hypothesis testing are as follows.
Step 1—Define the null and the alternative hypotheses.
We have described above one definition of the null and alternative hypotheses,
which may be called the two-sided test, involving both the upper and lower tails
of a distribution. There are also one-sided tests as follows:

5 = iy
H:\: H = Ly
that involve the upper tail of a distribution. Similarly, the one-sided test involving
the lower tail of a distribution would be
Hy: o = po
Higs t4 i,
Step 2—Identify the proper test statistic and its distribution.
The appropriate test statistic, and its probability distribution, will depend on
the population parameter that is being tested.
Step 3—Based on a sample of observed data, estimate the test statistic.

Step 4—Specify the level of significance.
Because the test statistic is a random variable, and its value is estimated from a
finite sample of observations, there is a probability of error that a wrong hypothesis
may be selected. In this regard, there are two possible types of errors:

Type I error—rejecting the null hypothesis H, when in fact it is true.

Type Il error—accepting the null hypothesis H, when in fact it is false.

The probability of a Type I error, usually denoted «, is called the level of sig-
nificance. This level should be selected with some care, although its selection is
largely subjective. In practice, values of « between 1% and 5% are often selected
as the levels of significance.
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Figure 6.6 Regions of rejection and acceptance.
£ ]

Although there is a probability of a Type Il error, usually denoted §, this error
is seldom used in practice. Therefore, we shall concentrate only on the Type 1
error.

Step 5—Define the region for rejection of the null hypothesis.

Based on the probability distribution of the test statistic, we can define the
region for rejecting the null hypothesis corresponding to the specified level of
significance a. In the case of a two-sided test, the region may be divided equally
in the two-tail regions of the distribution, whereas in a one-sided test, the re-
gion will be in the upper tail region or the lower tail region, as illustrated in
Fig. 6.6.

The region of rejection is defined by the appropriate critical value(s) of the
test statistic corresponding to the specified level of significance «, as indicated in
Fig. 6.6. Such critical values will depend on the appropriate probability distribu-
tion of the test statistic. The complementary region is the region of nonrejection
of the null hypothesis (for practical purposes, this is equivalent to the region of
acceptance of the null hypothesis).

> EXAMPLE 6.5 Suppose the specification for the yield strength of rebars required a mean value of 38 psi. It is,

Test of the Mean with therefore, essential that the population of rebars to be used in the construction of a reinforced concrete
pop

Known Variance structure has the required mean strength, From the rebars delivered to the construction site by the

supplier, the engineer ordered that a sample of 25 rebars be randomly selected and tested for yield
strengths. The sample mean from the 25 tests yielded a value of 37.5 psi. It is known that the standard
deviation of rebar strength from the supplier is 3.0 psi.

Since the engineer would be concerned only with rebars having mean yield strength lower than
38 psi, a one-sided test is appropriate. Specifically, the appropriate null and alternative hypotheses
are as follows:

H,: 'iLy = 33psi
and
Hy: pty < 38 psi

In this case, we may use the sample mean X to formulate the test statistic
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As X is normal with a mean w4 and a standard deviation of o/./n, the distribution of Z is N(O; D).
From the 25 sampled data, the estimated value of Z is

. 875380

3.0/+/25
At a 5% level of significance, @ = 5%, the critical value of z is found in Table A.1, yielding
2y ="®71(0.05) = —®(0.95) = —1.95. Since the estimated statistic is —0.833, which is outside
the region of rejection, or is within the region of acceptance, the null hypothesis is accepted. There-
fore, the rebars from the supplier satisfy the required yield strength of the specification and are
acceptable. >

= = 0.833

In Example 6.5, the standard deviation, o, of the population of rebars is known to be 3.0 psi. In many
cases, the information on the population standard deviation may not be known and must be estimated
also from the available sampled data. In Example 6.5, suppose the 25 tests yielded the following
results:

Fe i L and $ = 3. 50psi
The null and alternative hypotheses will remain the same as in Example 6.5. However, the test statistic
will now be
Xy
YAV

From the test results, we obtain the estimated value of the test statistic to be

At e U
gy it
With /=25 — 1 =24 d.o.f., we obtain the critical value of ¢ from Table A.3 at the 5% significance
level to be #, = —1.711. Therefore, the value of the test statistic is —0.714 > —1.711 which is outside
the region of rejection; hence, the null hypothesis is accepted, and the rebars from the supplier remain
acceptable for yield strength, 4

Continuing with the same Example 6.5, let us now test the population variance of o = 9.0, For this
purpose, let us suppose that the sample size was increased to 41 and the tests yielded the results:
x = 37.60 psi and s = 3.75 psi. The null and alternative hypotheses for this case are
H:o? =90
Hio®> 90
For this test, the appropriate test statistic would be
(n—1)8°
= e

C

which has the chi-square distribution of Eq. 6.17 with (n— 1) d.o.f.

With the results for the 41 sampled test data, the estimated value of the test statistic is
40(3.75)

L

=62.50

c

For a significance level of o = 2.5%, we obtain from Table A.4 with f = (41 — 1) =40d.0.f. the critical
value of c¢y.y975 = 59.34. Since ¢ = 62.50 which is > €975, and therefore is in the region of rejection,
the null hypothesis is rejected and the alternative hypothesis must be accepted, which implies that
o =30, <
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6.4 CONFIDENCE INTERVALS (INTERVAL ESTIMATION)

In Sect. 6.2, we discussed the point estimation of the population parameters. The estimated
values from a particular sample of size n may be considered the “best estimate™ of the
parameter of interest. However, there is no information about the accuracy of the estimate,
except that the estimate will improve with the sample size n. In Sect. 6.3, we introduced
the testing of hypotheses, which can be used to determine whether or not a target value
of a population parameter (a minimum or maximum value), such as specified or required
in a standard, is satisfied based on the statistics of the sampled data. Again, there is no
quantitative measure of the accuracy of the estimated parameters. In order to provide some
quantitative measures of accuracy of an estimator, we may use the confidence intervals. A
confidence interval for a parameter defines a range (with lower and upper limits, or simply
an upper limit or a single lower limit) within which the true value of the parameter will lie
with a prescribed probability.

6.41 Confidence Interval of the Mean

With Known Variance
When the variance of the population is known, we saw in Sect. 6.2.2 that the probability
distribution of the sample mean X is Gaussian with a distribution N (i, a//n). It follows

X —
that K = -

, is a standard normal random variable with the distribution N(0, 1). On
a//n
this basis, we may form the statement

X —i
= ‘I‘tlwry,'Z) ={l—a)

TN

in which (1 — «) is a specified probability, and

P ku;"f

ko2 = —d7 (1 —w/2) and k(l—qy =P "1 —a/2)

are the lower and upper critical values, as shown in Fig. 6.7.
The above probability statement may be rewritten as

Plx 4+ kyp < U LX+Ki-aiy—/— o)
/ = 2 (1 ) \/“ .

; v

Density

Unshaded area =1 -«
Area = a/2 Area = a/2

i X~
Keio) K- sz oiln

X—u

Figure 6.7 Standard normal PDF of and the critical values.

a/\/n
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From which we obtain the (1 — «) confidence interval for the population mean, ¢, as

o a
(Uh—o = (T+/<u_-"l—"" X+ K-a/2) (6.19)

)

v
in which ko = —P(1 — a/2) and kil—a/y = P(1 — /2)

Let us consider the yield strength of rebars that was described in Example 6.5. However, we now wish
to determine the 95% confidence interval of the true mean vield strength of rebars. We recall that
the essential information is as follows: The standard deviation of the yield strength is known to be
3.0 psi; the number of rebars that were tested is 25; and the estimated sample mean is 37.5 psi.

We determine the 95% confidence interval of the mean yield strength p as follows:

First, we determine the lower critical value k,» = kpgs = — @ 1{0.975) = —1.96; and the upper
critical value kiy_,/2) = koors = @ '(0.975) = 1.96. Thus,

3.0 3.0
pos = [ 37.5 —1.96——; 37.5+ l.%—) =(36.32;38.68) psi
(1005 ( 5 /s i

The above interval shows that with 95% probability, the value of the true mean u will be between
36.32 psi and 38.68 psi. <

With Unknown Variance

In most practical situations, the population variance may not be known. In such cases, we

must also estimate the sample variance s, besides the sample mean x, from a sample of
; oy o o X—p

size n. Then, with reference to Sect. 6.2.2, the distribution of the statistic 7" = i hasa

Student’s ¢-distribution with (n — 1) d.o.f. as shown in Fig. 6.8. On this basis, we can form
the following probability statement:

X —pu i
P x'%‘,,_|<i <f“_%)l” | =(1 —a)

s/mn T
where f« ,_; and f;;_«, ,_| are, respectively, the lower and upper critical values at prob-

abilities of «/2 and (1 —a/2) of the t-distribution with (1 — 1) d.o.f. as indicated in
Fig. 6.8. These critical values are tabulated in Table A.3 for given d.o.f. Observe that

fr(t)

Unshaded area=1 -« ’
/2

fu,-z,! f¢'1_n<.'2:,lf t

Figure 6.8 PDF of t-distribution and critical values.
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because of symmetry of the s-distribution about the origin, t,/2 ,—1 = —f1—¢/2.n—1, from
which we determine the (I — «) confidence interval for the population mean as

s s
FE — == i ¢ = (Y’
(Mg = (‘\ + 1tz pr——=; X + -2 |—) (6.20)
\ v 5 \m 2).n V"’E
We might point out that for large sample size n, e.g., > 50, the t-distribution approaches

the standard normal distribution, as we saw earlier in Sect. 6.2.2. Therefore, in such cases,
the confidence interval obtained with Eq. 6.20 can be expected to be close to that obtained
with Eq. 6.19.

In Example 6.6, the sample of 25 rebars tested for yield strengths yielded the following information:
X = 37.5 psi, and s = 3.5 psi. In this case, since the population variance is unknown and must be esti-
: ‘ . Xy, hele
mated also from the sampled data, the appropriate statisticis T’ = _/_____ which has the ¢-distribution.
5/ /n
For a 95% confidence interval, we obtain the lower and upper critical values from Table A.3 to be
too2s.24 = —2.064, and 197524 = 2.064, respectively. Therefore, with Eq. 6.20, the 95% confidence
interval for the mean yield strength is

3.5 3.3
s = [37.5-2064——; 37.5 + 2.064— ) = (36.06;38.94) psi
{1)0.0: ( 735 + \/375) (36.06 ) psi
Comparing this result with that of Example 6.8, we see that this 95% confidence interval is wider than
that of Example 6.8. However, if the sample size n is increased to 120 from 25, the corresponding
95% confidence interval would become,

3.5 3.5
e ST ok s s o ) aRTan iy
t#oss ( J120 - t2{)) P

One-Sided Confidence Limit of the Mean

The confidence interval we have established above is called a two-sided confidence interval
because it defines the lower and upper bound values of the population mean p. However,
in practice, there are situations in which only the lower bound value or the upper bound
value of the mean value is pertinent. In such cases, we would be interested in the one-sided
confidence limit of the population mean. For example, in the case of material strength, or
the traffic capacity of a highway, or the capacity of a flood control channel, the lower limit
of the mean ;¢ would be of main concern.

For such purposes, the (1 — «) lower confidence limit, which will be denoted (1), _,,,
means that the population mean p is larger than this limit with a probability of (1 —«).
Again, the determination of the lower confidence limit will depend on whether the population
standard deviation, o, is known or unknown. If prior information on o is available, the lower

X —

—(T/\/I_J as

limit 1s obtained based on the standard normal distribution of the statistic K =

follows:

X—u ) :
P mi’-kul——m =(1—a)
Y

where (1 — ) is the specified confidence level and k¢ _, is the critical value given by
k(i —gy = @ (1 — ). Rearranging the terms in the above equation, we have

s o
P(t‘->X—k om— | =(1 —a)
" = (1 \/i_l)
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from which we obtain the (1 — «) lower confidence limit for the population mean p as

o o 5
Wh-e =X —kil—ay—= (6.21)
eV ”._
However, if the population variance, -, is not known, and the sample variance s~ must

g ; e L K=
be used in its place, then the appropriate statistic would be 7 = ——— which has a

s//n

t-distribution with (7 — 1) d.o.f. Then the (1 — &) lower confidence limit would be

. . §
(}'}»)I o = (,\' — 1 nf.”'ﬁ) (6.22)

in which |, is the critical value at the probability of (1 — «) of the ¢-distribution.

Test results for 100 randomly selected specimens of 1-cm diameter A36 steel yielded the following
sample mean and sample standard deviation of the yield strength of the material: ¥ = 2200 kgf
(kilogram force) and s = 220 kef, For specification purposes, the manufacturer is required to specify
the 95% lower confidence limit of the mean yield strength. As the sample size n = 100 is reasonably
large, we may assume that the population standard deviation, o, is fairly well represented by the
sample standard deviation s = 220 kgf.

Then, with (1 — &) =0.95, & =0.05; we have from Table A.1,

koos =@ '(0.95) = 1.65

Therefore, the 95% lower confidence limit is

2200 5 e 2

(os = 2200 — 1.67 = 2164 kgf

+ J100

In other words, the manufacturer of the steel can be 95% confident that the mean yield strength is at
least 2164 kef. <4

In Example 6.10. if the same sample mean and sample standard deviation were obtained from a sample
of only 15 specimens, i.e., n = 15, the corresponding 95% lower confidence limit may be determined
with Eq. 6.22 as follows:

From Table A.3, we obtain the critical value at the probability of (1 — @) = 0.95, and with d.o.f. f = 14,
Ty95,14 = 1.761. Thus, the corresponding 95% lower confidence limit of the population mean would
be

220
(1)oos = (220() — 1761 ﬁ) = 2100 kgf <

Conversely, there are situations in which the upper confidence limits of the population mean
are of interest. For example, in determining the wind load for the design of a building, the
upper limit of the mean wind force would be relevant; similarly, in assessing the flood of a
river, the upper limit of the mean maximum flow of the river would be of concern. In such
cases, the upper confidence limit on p is of interest.

On the same basis as that of Eq. 6.2, we can show that the (1 — &) upper confidence limit
(if the population variance o? is known) is

o

(1)1 = (I+kJ—t( ﬁ) (6.23)

whereas if the population variance is unknown, the corresponding (1 — o) upper confidence
limit must be based on the #-distribution as in Eq. 6.22, and thus would be

s
(e = (--"" + Hea.n—l T—) (6.24)

v
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We may emphasize that the confidence intervals given in Eqgs. 6.19 and 6.20 and the
one-sided confidence limits of Egs. 6.21 through 6.24 for the population mean p are exact
if the underlying population is Gaussian. However, for practical purposes, these results may
be applied also to non-Gaussian populations especially if the sample sizes are reasonably
large (e.g., n > 20) by virtue of the central limit theorem; for this reason, irrespective
of the distribution of the underlying populations, the preceding equations may be used to
determine (approximately, at least) the confidence intervals or one-sided confidence limits
of the population mean .

Recorded data (from Linsley and Franzini, 1964) of 25 storms and associated runoffs on the Monocacy
River at Jug Bridge, Maryland, are presented in Table E6.12.
Denoting

X = precipitation

¥ = runoff

we obtain the respective sample means and sample variances as follows;

Ll and 2t Linsate Losia JaRI="153 . o 24 i

= i 2.16in. anc Sy = ﬁi 5339 = 28(2 16) == 33 . O0F sx =124 10
and

s = 2008 ! 5 1 A liE y .

] — = (.80 1n. and 8y = ;il'lihﬂ —25(0.80)°] =0.36 or sy = 0.60in.

TABLE E6.12 Precipitation and Runoff Data

Storm No. X = Precipitation (in.) ¥ = Runoff (in.)
1 1 Tl D.52
2 117 0.40
3 1.79 0.97
4 5.62 2.92
5 113 0.17
6 1.54 0.19
7 3.19 0.76
8 173 0.66
9 2.09 0.78

10 2:15 1.24
= 1.20 0.39
12 1.01 0.30
13 1.64 0.70
14 1,57 077
15 1.54 0.59
16 209 0.95
17 3.54 1.02
18 1.17 0.39
19 s 0.23
20 2.57 0.45
2] 231 1.59
jiiks 511 1.74
23 1.52 0.56
24 2.93 1.12
25 .16 0.64
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With the above sample information, we obtain the 99% confidence interval for the mean precipitation
1y as follows.

From Table A3, with f=24 d.o.f., we obtain the critical values fyos24 =—2.797 and
to.905.24 = 2.797, obtaining the confidence interval for the mean precipitation as

1.24 S b !
lixhos = | 2.16—2.797 7= 2.16 + 2.797 =)= (1.47; 2.85)in.

For the runoff, we would be more interested in the upper confidence limit of the mean runoff /iy
Thus, with Eq. 6.24, we obtain the 99% upper confidence limit as follows:

From Table A.3, with f =24 d.o.f., we obtain the critical value #0924 =2.492, and the upper
confidence limit for the mean runoff as

Ly ooy = K + 2.492 = 1. 1mn.
LY 1099 P,

v L

On the Determination of Sample Size
The size of the sample data, n, is clearly of fundamental importance in hypothesis testing and
in the determination of confidence intervals. From Eq. 6.18, we observe that for a (1 —«)

confidence interval of the population mean g, the half width of the interval is k(| _o/2) —=-
Y/

(T P . - ~; ~ -
We also observe that —— is the standard deviation of the sample mean; therefore, the half
n
V

width ki e/ 7 is the number of sample standard deviations on either side of the sample
7

mean ¥. Hence, if the population variance o* is known, and with a prescribed halt width
length w, the sample size n required for a (1 — ) confidence interval of the population mean
can be obtained from

a
":wl w/2) _f'_ =W
N{
from which the required sample size is
1 . 2 HE
n=— (oka-am) (6.25)

W

in which w is the prescribed length of the half width expressed in terms of the number of
standard deviations of the sample mean.

We might observe from Eq. 6.25 that the sample size n increases inversely with the
prescribed half width, w; it also increases with the specified level of confidence (1 — ).

In a traffic survey, the speeds of vehicles are measured by laser guns for the purpose of determining
the mean vchicle speed on a particular city street. It is known that the standard deviation of vehicle
speeds on city streets with the same posted speed limit is 3.58 kph. If we wish to determine the mean
vehicle speed to within +1 kph (kilometer per hour) with a 09% confidence, what should be the
sample size of our observations?

If we prescribe w= 1.0, and from Table A.1 we obtain kyges = ®71(0.995) = 2.58, then with
Eq. 6.25 the required sample size is

1 5 i
n=——-(3.58 x 2.58)° = 85.3 or 86
(1.0y
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However, if we wish to reduce the half width to w =0.50, then the required sample size for the same
level of confidence would be increased to

n= (3.58 x 2.58)° = 3412 or 342

(0.5 <

In Eq. 6.25, we assumed that the population variance is known. If the population variance
is unknown, it must be estimated with s? and the appropriate statistic would be
. X—=u
s/n
which has the r-distribution. In this case, the sample size n necessary fora (1 — @) confidence
interval with a prescribed half width of w can be shown to be

I 2

n=—_ (-sl “ a2, H—l) (6.26)

=

w2
in which #;_y/2,-1 is the value of the variate at the probability of (1 —«/2) in the ¢-
distribution of Table A.3 with (n — 1) d.o.f.

From Eq. 6.26, we see that t;_,,2 ,_1 is a function of n; hence, in this case, the solution
for n will require trial and error.

6.4.2 Confidence Interval of the Proportion

The confidence interval for the proportion p (the occurrence probability) may be developed
as follows: Referring to Eq. 6.9, we first observe that

,\, B . I n . B | n . .
E(P)= L(”ZX,) = ;ZL{X,)

i=l =1
but EX)=1p)+01—-p)=p
" 1
Therefore, E(P)=—np)=Dp (6.27)
n

showing that the sample mean p is an unbiased estimate of p. And the variance of P is
l H | n
Var(P) = 3" Var(X;) = — 3 [E(X]) — EX(X))]

i=l i=l
where E(X,-j) = 12(p) + 0%(1 — p) = p; therefore,

x I 5 (1 — p) )
Var(P) = — -n(p— p°) = LS (6.28)
n? n
For large n, P will be approximately Gaussian by virtue of the central limit theorem.
Furthermore, the variance of Eq. 6.28 may be approximated by

5. p(l—p)

Var(P) (6.28a)

n
where p is the sample estimate of p. On the basis of the above, we can form the following
statement:

p—r
Plhkupp < ——=— Zki-op | =1 —a)
: V(1 — p)/n '
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from which we obtain the (1 — &) confidence interval of P as

- [p(l—p) . [p(1 — p)
<i"’)[ o = f’ “- AU‘E ‘-‘I‘ i_ 5 . P T+ rl‘-l'| a/2) .‘"I [77/ [62())
y n ¥ n
where k2 = —®7(1 — /2), and kg2 = ®'(1 — a/2).
> EXAMPLE 6.14 In order to control the quality of the compaction of the subgrade in a highway pavement project, 50

soil specimens were prepared and tested. Three out of the sample of 50 specimens were found to have
compaction below the CBR requirement.

On the basis of the test results, we estimate the proportion of the subgrade to have satisfactory
compaction (i.e., satisfying the CBR requirement) to be

47
= — =094
50
That is, 94% of the subgrade for the highway pavement constructed may be expected to be well
compacted. Furthermore, the 95% confidence interval of the proportion of well-compacted pavement

[

is, according to Eq. 6.29, with ky 55 = —®1(0.975) = —1.96 and koors =@ ! (0.975)=1.96
(0.94(1 —0.94) [0.94(1T — 0.94)
e g4 . / ; o6 |
(Plogs = (“-)4 [‘96\/ P T 0.94 + ].)6v T

= (0.938; 0.942) <

6.43 Confidence Interval of the Variance
» C ; (n—1)8?
In Sect. 6.2.2, we saw that if the population is Gaussian. the random variable — ~

o2
has a chi-square distribution with f = (n — 1) d.o.f. as described in Eq. 6.18. On this basis,
the (1 — &) confidence interval for the population variance o2 can be formulated with the
following probability statement:

(n— 1)82
P Ca/2.n—1 < "I = Cl—g/2,n—1| = (1— (X)

g2

from which we obtain the (1 — «) confidence interval for o2 as

X (n — I ‘.2 G l)l
(0%, = [”7}‘- 2 "—] (6.30)

N
Cl—a/2,n-1 Caf2,n—1

where s° is the sample variance of Eq. 6.3 and ¢,/ ,, | and ¢, —u/2,n— are, respectively, the
values of the x* random variable at probabilities of «/2 and (1 — «/2) with (n — 1) d.o.f.
which are tabulated in Table A 4.
Equation 6.30 is a two-sided confidence interval. Corresponding one-sided confidence
limits may also be developed, which are as follows. For the lower (1 — &) confidence limit.
)
(o= B B 6.31)

Cl—g, n—1

whereas the corresponding upper (1 — @) confidence limit would be

. (n — 1)s?
((TWM a = o

(6.32)

Co,n—1
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For the population variance, we may be more concerned with either the lower bound or the
upper bound value, depending on the situation at hand. Accordingly, one or the other of
Egs. 6.31 and 6.32 may be more useful than Eq. 6.30.

In Example 6.12, we estimated the sample variance of the runoff on the Monocacy River, from 25
storms, to be .36 in®. We determine the upper 95% confidence limit of the population variance for
the runoff of the river to be (with ¢ s 22 = 13.848 from Table A.4),

5, (25 - 1)0.36) . g

Blloes s —————— =064~

Jods 13.848 :
Therefore, the upper 95% confidence limit of the standard deviation would be /0.624 =
0.7901in’. <

6.5 MEASUREMENT THEORY

One of the major applications of the techniques developed for parameter estimation and
for determining the confidence intervals is in problems of measurement theory, such as
in surveying and photogrammetry. Problems involving measurements require estimating a
fixed (but unknown) quantity from a sample of repeated measurements of the same quantity;
such problems are analogous to the estimation of the unknown population mean with the
sample mean.

For instance, in measuring a physical distance, 4, between two points, several (say n)
repeated measurements of the same distance may be taken constituting a sample of size
n. The objective is to estimate the (unknown) true distance § from the n sample measure-
ments® dy, d». ..., d,. In this regard, the distance § is analogous to the population mean .
Therefore, the methods developed in Sects. 6.2 and 6.4 are directly applicable for problems
of measurement theory, except for changes in notations and terminology. In particular, the
point estimate of the true distance § is the sample mean

— |
7=~ i (6.33)
I="3 ;

In this case, the series of measurements d;, ds, ..., d, are a specific set of sample values
from the independent sample random variables Dy, Da, ..., D,, such that the estimator of
& 1s also a random variable,

. ] n
D=-— D; (6.34)
with expected value, £(D) = §, indicating that Eq. 6.34 is an unbiased estimator of the true

A

distance &, whereas the variance of D is Var (D) = —. in which
n
n
5 | —
55 = E (d; — d)
n—14
i=l
which is the sample variance of the set of sample measurements.
In measurement theory, the standard deviation of D, ie..o 5 = 7= 1s known as the
N

standard error.

*Observed measurements will generally contain systematic and random errors. It is assumed here that all
measurements have been adjusted for systematic errors.
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Figure 6.9 Histogram and N(d, s) distribution of measured distances.

The independent random variables D, Ds, ..., D, are assumed to be Gaussian; this is
supported by observations of measured distances, such as, for example, Fig. 6.9. It follows
, D — 4 S . : .
that the random variable —— has a t-distribution with (n — 1) d.o.f; therefore, the (1 — &)
s/ /n
confidence interval for & is
(8) (7+ > s il 6.35
) =ld4+ ity a1——sd+ g2 n-1— (6.35)
J— /2, n—1 l—a/2 n—1 —F=
o V3 n \/E o n \/”
in which 1142 ,1 1s the value of the random variable T with the PDF of Eq. 6.13 at the
probability of (1 — «/2) with (n — 1) d.o.f., which can be found in Table A.3, and because
of symmetry of the t-distribution #,,0 = —t1 4.

The straight-line distance between two geodetic stations A and B is measured with an electronic
ranging instrument called a tellerometer. Ten repeated and independent measurements were taken of
the distance as follows:

d, = 454794 m ds = 45,4792 m
d> =45479.6 m d; = 45479.6 m
d; = 454793 m ds = 45,479.5m
dy =45479.5m do = 454793 m

ds = 45,479.8 m dyy =45479.1 m

The estimated distance is, therefore,
. I 10 I
1= — di ]| = —(4547944:--4+45479.1) = 45,479.43 m
bien (Z ) 10

and the variance of the measured distances is

; 1.0 i :
P z)—Z[t_d, B ] = OMAS I ol s e e D

i=1

Therefore, the standard error of the estimated distance is

s 0.21
= 0.0664 m
0
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We also determine the 90% confidence interval of the true distance § with Eq. 6.35 as follows: With
f=n—1=9d.0.f., we obtain.from Table A.3, tn9s9 = 1.833; then,

i 0.21 g 021"
(8)gon'="|45:479.43— 1.833 - 45479.43 4 1.833 ,,,)
V10 /10
= (45,479.31; 45,479.55) m «

For a function of one or more distances (or other geometrical dimensions), the function may
be evaluated on the basis of the mean measurements; i.e., if ¢ is a function of &k distances

O Oiaas Oks
& = g(81,062,..., dx) (6.36)
where the true distances 81, 42, ..., &, must necessarily be estimated by the respective mean
measurements d,, da, . ... dy.. The estimator of £ may then be obtained through first-order
approximation (Eq. 4.50) as
E::L\‘(- )|,],)j ..... I);] ((7.37)
and its mean value is
“r 29((_{\,3: ..... f_a]: & (6.38)

and based on Eq. 4.514a, the variance is

k ao
. ag ) :
o &= — o= (6.39)
¢ Z apD; ) "

Assuming ¢ to be Gaussian with mean ¢ according to Eq. 6.38, and standard error o ; as
given by Eq. 6.39, we obtain the (1 — «) confidence interval for ¢ as

{(E))q =€ + ka2 05 C 4+ kil—ay2) - 07) (6.40)

in which k(1_q/2 = @11 — «/2) and ka2 = —k(1—ar2).

Consider a rectangular tract of land as shown in Fig. E6.17. Each of the dimensions of the rectangle
is measured several times as indicated below.

Dimension  No. of Independent Measurements  Mean Measurement, ¢; ~ Sample Variance, s;

D 9 60 m 0.81 m*
4 70 m 0.64 m*
C 4 30m 0.32 m?

We determine the 95% confidence interval of the area of the tract of land as follows:
The area of the rectangle is

A=(EB+C)D

And according to Eq. 6.37, the area is estimated by

Using the respective mean measured dimensions, the estimated area is

A = (70 4 30)60 = 6000 m?




[s*]
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Figure E6.17 Rectangular track of land.

The variance of the estimator A, according to Eq. 6.39, is

rr% = Ekn;} 4 fj;at*f + (B E)“rf%—

i G ) o 8%
= (ol 2 T 605(4) vmo-(ﬂ)
(60) ( 1 ) (60) 4 = i § ) 9
o ABAN i 3Y0SY o f 081
= (60) (T) + (60) ) + (100) T)

= 3600(0.16) + 3600(0.08) + 10,000(0.09) = 1764 m*

Thus, the standard error of the area A is 07 = 42 m’.
Finally, using Eq. 6.40, we obtain the 95% confidence interval for the area A (with koos =
— 1.96 and k“.g?ﬁz 196) as

(6000 — 1.96 x 42; 6000 + 1.96 x 42)
= (5916.9; 6083.1) m? <

Il

{A)oos

6.6 CONCLUDING SUMMARY

In modeling real-world phenomena, the form of the probability distribution of a random
variable may be deduced theoretically on the basis of physical considerations or inferred
empirically on the basis of observational data; the latter will be the subject of Chapter 7.
However, the parameters of a distribution model, or the main descriptors (mean and variance)
of the random variable must necessarily be related empirically to the real world: therefore,
l estimation based on factual data is essential and required for practical applications. The

essential statistical methods of parameter estimation are presented in this chapter, which
' are of two types, namely, the point and interval estimations.

The common methods of point estimation are the method of moments and the method
of maximum likelihood, the first method estimates a parameter indirectly by first evaluating
the moments (such as the mean and variance) of the random variable through the corre-
sponding sample moments, whereas the latter method derives the estimator of a parameter

directly.

Clearly, when population parameters are estimated on the basis of limited or finite
samples, errors of estimations are unavoidable. Such sampling errors constitute one source
of epistemic uncertainty. Within the classical methods of estimation, such errors are not
included in the point estimates of the parameters; the estimators may be tested for compliance
with specified values or prescribed standards through hypotheses testing, or expressed in
terms of appropriate confidence intervals that contain the true parameters within a prescribed
probability (or confidence). An alternative consideration of these errors will be discussed
in the Bayesian approach to estimation, which is the subject of Chapter 9.
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» PROBLEMS

6.1 The foundation for a building is designed to rest on 100 piles
based on the individual pile capacity of 80 tons. Nine test piles
were driven at random locations into the supporting soil stratum
and loaded until failure of each pile occurred. The results are as
follows:

Test Piles

Pile Capacity (tons)

1 82
2 75
3 95
A 90
5 88
6 92
7 78
8 85
9 80

(a) Estimate the mean and standard deviation of the individual
pile capacity to be used at the site.

(b) At the 5% significance level, should the piles be accepted
based on the results of the nine test piles? That is, perform a
one-sided hypothesis test, with the null hypothesis that the mean
pile capacity is 80 tons.

(c) Establish the 98% confidence interval for the mean pile ca-
pacity, assuming that the standard deviation of the population is
known, o =3s.

(d) Determine the 98% confidence interval for the mean pile
capacity on the basis of unknown variance,

6.2 The average speed of vehicles on a highway is being studied.
(a) Suppose observations on 50 vehicles yielded a sample mean
of 65 mph. Assume that the standard deviation of vehicle speed
is known to be 6 mph. Determine the two-sided 99% confidence
intervals of the mean speed.

(b) In part (a), how many additional vehicles’ speed should be
observed such that the mean speed can be estimated to within
=+ 1 mph with 99% confidence?

(¢) Suppose John and Mary are assigned to collect data on the
speed of vehicles on this highway. After each person has sepa-
rately observed 10 vehicles, what is the probability that John’s
sample mean will exceed Mary’s sample mean by 2 mph?

(d) Repeat part (c) if each person has separately observed 100
vehicles instead.

6.3 Suppose the annual maximum stream flow of a given river

has been observed for 10 years yielding the following statistics:

sample mean = X = 10,000 cfs

g - 6 <
sample variance = 57 = 9 x 10°( cfs)?

(a) Establish the two-sided 90% confidence interval on the mean
annual maximum stream flow. Assume a normal population.
Ans. (8261, 11739)
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(b) Ifitis desired to estimate the mean annual maximum stream
flow to within £1,000 cfs with 90% confidence. how many
additional years of observation will be required? Assume the
sample (not the true value) variance based on the new set of data
will be approximately 9 x 10° (cfs)?, (Ans. 17)

6.4 Five piles have been load tested until failure: the load mea-
sured at failure denotes the actual capacity of the given pile. The
following table summarizes the data from the load tests:

Predicted
Capacity P

Actual

Pile Test No.  Capacity A N=A/P

1 20.5 13.6 to be determined
2 18.5 20.4
3 10.0 8.8
4 15.3 14.3
5 26.2 22.8

Observe that the capacity of each pile has also been predicted by
a theoretical model as indicated in the table above. The factor N
is simply the ratio of the actual pile capacity to the predicted pile
capacity: i.e., N = A/P.

(a) Complete the table by calculating the respective value of N
for each test pile.

(b) Determine the sample mean and variance of N. (Ans. /. 154,
0.048)

(e) Determine the 95% confidence interval of the mean value of
N.Ans. (0.881, 1.427)

(d) In order to estimate the mean value of N to + 0.02 with 90%
confidence, how many additional piles should be tested? Assume
that the variance of N is known and equal to 0.045 for this part.
(Ans. 300)

(e) Assume N is a normal random variable whose mean value
and variance are given exactly by the corresponding sample val-
ues from part (b). Consider a new site where a pile has been de-
signed and its capacity is predicted by the model to be 15 tons.
What is the probability that the pile will fail under a load of
12 tons? (Ans. 0.0537)

6.5 Concrete placed on a structure was subsequently cored after
28 days, and the following results were obtained of the compres-
sive strengths from five test specimens:

4142, 3405, 3402, 4039, 3372 psi

(a) Determine the 90% two-sided confidence interval of the
mean concrete strength,

(b) Suppose the confidence interval established in part (a) is too
wide, and the engineer would like to have a confidence interval
to be = 300 psi of the computed sample mean concrete strength.
Generally, more specimens of concrete would be needed to keep
the same confidence level. However, without additional samples,




what is the confidence level associated with the specified interval
based on the five measurements given above?

(e} If the required minimum compressive strength is 3500 psi,
perform a one-sided hypothesis test at the 2% significance
level.

6.6 At a weigh station, the weights of trailer trucks were ob-
served before crossing a highway bridge.

(a) Suppose observations on 30 trucks yielded a sample mean of

12.5 tons. Assume that the standard deviation of truck weights
is known to be 3 tons. Determine the two-sided 99% confidence
intervals of the mean weight of trailer trucks on the particular
highway.

{(b) In part (a), how many additional trucks should be observed
such that the mean truck weight can be estimated to within
=+ 1.0 ton with 99% confidence?

6.7 The distribution of ocean wave height, F, may be modeled
with the Rayleigh PDF as

y h )
fu(h) = - « g E h=0

>
a?

in which « is the parameter of the distribution. Suppose that the

following measurements of the wave height were observed:

1.50, 2.80, 2.50, 3.20, 1.90, 4.10, 3.60, 2.60, 2.90, 2.30m

Estimate the parameter o by the method of maximum likelihood
(MLE).

6.8 The daily dissolved oxygen concentration (DO) for a loca-
tion A downstream from an industrial plant has been recorded
for the past 10 consecutive days as tabulated below:

(a) Suppose the minimum concentration of DO required by the
Environmental Protection Agency is 2.0 mg/l. Perform a hypoth-
esis test to determine whether the stream quality satisfies the EPA
standard at the significance level of 5%.

Day DO (mg/1)

50

_['-J_—!-J!\J_I'J—_—l-)f‘)‘i

:\C'x-.J:h’.n.L'.uau—|

r

(b) Assume that the daily DO concentration has a normal dis-
tribution N(p, o); estimate the values of the parameters p

and o
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(¢) Determine the 95% confidence interval for the true mean DO
concentration.

6.9 The height of a radio tower may be determined by measur-
ing the horizontal distance L from the center of the tower base to
the instrument, and the vertical angle £, as shown in the figure
below.

(a) The distance L is measured three times with the following
readings:

124.30, 124.20, and 124.40 ft

Determine the estimated distance and its standard error.
(Ans. 124.30 ft; 0.0577 ft)

(b) The angle f is measured five times, with the following
readings:

40°24.6', 40°25.0, 40°25.5', 40°24.7, 40°25.2'

Determine the estimated and its standard
(Ans: 40025'; 0.164').

(¢) Estimate the height of the tower H. Assume that the instru-
ment is 3 ft high with a standard deviation of 0.01 ft.

(d) Evaluate the standard error of the estimated height of the

angle, eITOr.

tower, o 5.
(e) Determine the 98% confidence interval of the actual height
of the tower.

B
B
|3ft£oor

L 1

Determining height of tower.

6.10 Each of the inner and outer radii of a circular ring, as shown
in the following figure was measured five times with the follow-
ing readings:

outer radius, r, = 2.5,2.4,2.6,2.6,2.4cm
5

inner radius, r; = 1.6, 1.
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Area of circular ring.

(a) Determine the best estimates of the outer and inner radii, and
the corresponding standard errors.
(b) The hatched area between the two concentric circles can be
estimated based on the mean values of the estimated outer and
inner radii; namely, the area is

A =n(F —F)
What is the estimated area? Ans. 12.57 em?.
(¢) Determine the standard error of the estimated area. (Ans.
0.819 cm?)
(d) If it is desired to determine the sample mean of r, to within
+0.07 cm with 99% confidence, how many additional indepen-
dent measurements will be required? (Ans. 12)
6.11 The two distances b, and b,, in meters, and the angle B,
shown in the figure below were measured independently as

shown in the table.

by
Area A /\ﬁ
1
b

b, m b>, m Bin - and’
120.4 89.8 60° 20/
119.8 89.6 60° 10/
120.2 90.4 59° 45’
120.3 90.2 59° 35’
119.6 89.5 o0° 5
120.1 59 50/
119.7
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(a) Determine the estimated (mean) distances b, and b, and the
angle fi.

(b) Evaluate the respective standard errors.

(¢) Estimate the area, A, of the triangular lot, and evaluate the
associated standard error by first-order approximation.

(d) Determine the 90% confidence interval of the area.

6.12 The lengths @ and b of the triangular lot, shown below.,
were measured independently as follows:

a, m b, m
80.5 121.4
79.9 120.6
80.2 120.3
20.1 120.1
79.6 120.2
80.8

(a) What is the estimated area of the lot?

(b) Determine the standard error of the estimated lot area.

(¢) What is the 95% confidence interval of the true area?

(d) From a regression analysis (see Chapter 7), suppose the ex-
pected cost of land is given by

E(CIA)=10000+15A (in $)

in which A is in m?, and the conditional standard deviation of C
for given A is

seia = 20,000 (in %)

What would be the probability that the lot cost will exceed
$90,000, assuming normal distribution?

6.13 The mileage of a certain make of car may not be exactly that
rated by the manufacturer. Suppose ten cars of the same model
were tested for combined city and highway mileages, with the
following results:
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Car No. Observed Mileage (a) Estimate the sample mean and sample standard deviation of

& S the actual mileage of this particular make of car.

35 mpg . ; o . ;
PE (b) Suppose that the stated mileage of this particular model of

I

2 40 . s ; e

& 17 cars 1s 55 mpg; perform a hypothesis test to verify the stated
) o ‘ . p i 3 =

mileage with a significance level of 2%,
4 42 : ' . 57 ; . )
5 32 (¢) Determine the corresponding 95% confidence interval of the
b

) e actual mileage.

6 43 ‘ ‘ N

7 38

3 32

9 41
10 34
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Determination of Probability
Distribution Models

7.1 INTRODUCTION

The probability distribution model appropriate to describe a random phenomenon is gen-
erally not known; i.e., the functional form of the probability distribution is not defined.
Under certain circumstances, the basis or properties of the physical process underlying the
random phenomenon may suggest the form of the required distribution. For example, if a
process is composed of the sum of many individual effects, the Gaussian distribution may
be appropriate on the basis of the central limit theorem, whereas if the extremal conditions
of a physical process are of interest, one of the asymptotic extreme-value distributions may
be a suitable model (discussed in Sect. 7.4).

In many cases, the required probability distribution may need to be determined empir-
ically based on the available observational data. For example, if the frequency diagram for
a set of data can be constructed, the required distribution model may be inferred by visually
comparing a particular PDF with the corresponding frequency diagram (see Chapter 1 for
examples). Alternatively, the available data may be plotted on probability papers prepared
for specific distributions (as described below in Sect. 7.2); if the data points plot approxi-
mately with a linear trend on one of these papers, the distribution associated with this paper
may be an appropriate distribution model.

An assumed or prescribed prior probability distribution, perhaps determined empir-
ically as described above or developed on theoretical grounds, may be verified, or dis-
proved, in the light of available data using certain statistical tests, known as goodness-of-fit
tests for distribution. Moreover, when two or more distributions appear to be plausible
probability distribution models, such tests can be used to discriminate the relative valid-
ity of the different distributions. Two such goodness-of-fit tests are commonly used for
these purposes—the Chi-square (x?) test and the Kolmogorov—Smirnov (K=S) test: a third
test—the Anderson—Darling test—is particularly useful when the tails of a distribution are
important.

In practice, the choice of the appropriate distribution model may be dictated by math-
ematical tractability or convenience. For example, because of the mathematical simpli-
fications possible with the normal distribution and the wide availability of probability
information (such as probability tables) for this distribution, the normal or lognormal dis-
tribution is frequently used to model nondeterministic problems—at times even when there
is no clear-cut basis for such a model. Probabilistic information derived on the basis of
such prescribed distribution models could be useful, particularly when the information is
needed only for relative purposes. However, when the form of a distribution is important,
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particularly when ample data are available, the methods described in this chapter should
provide the tools needed for its determination.

1.2 PROBABILITY PAPERS

Graph papers that are constructed for plotting observed data and their corresponding cu-
mulative frequencies (or probabilities) are called probability papers. Probability papers
are constructed such that a given probability paper is associated with a particular prob-
ability distribution; i.e., different probability papers correspond to different probability
distributions.

Preferably, a probability paper should be constructed using a transformed probabil-
ity scale in such a manner as to obtain a linear graph between the cumulative probabil-
ities of the underlying distribution and the values of the random variable. For example,
in the case of the uniform distribution, the cumulative probabilities are linearly related to
the values of the variate; thus, the probability paper for this distribution would be con-
structed using arithmetic scales for both the values of the variate and the associated cu-
mulative probabilities (between 0 and 1.0). For other distributions, however, special scales
will be required for the cumulative probabilities in order to achieve the desired linear
relationship.

1.21 Utility and Plotting Position

Observed data may be plotted on any probability paper. Each value of a set of data must be
plotted at the appropriate cumulative probability; this data point consisting of an observed
value and a cumulative probability is called a plotting position on a probability paper. The
plotting position for each data point may be determined as follows:

Foraset of N observations x. X2, ..., Xy, arranged in increasing order; the mth value is plotted
at the cumulative probability of L.
N+1
This plotting position applies to all probability papers; its theoretical basis is discussed
in Gumbel (1954). There are also other plotting positions, such as (m—1)/N, which was
advocated by Hazen (1930) and has been used widely: however, this p]ulfi ng position has
certain theoretical weaknesses. In particular, when there are N observations, this plotting
position with probability of (m—1)/N would yield a return period of 2N for the largest
observation instead of the correct value of N (Gumbel, 1954). Still other plotting positions
have been suggested (e.g., Kimball, 1946); however, none seems to have the theoretical

attributes and computational simplicity of N :r -
The utility of a probability paper is to provide a graphical portrayal of the frequency
curve produced by a set of observational data. The linearity (or linear trend), or lack of a
; linear trend, of the set of sample data points plotted on a particular probability paper may
3 be used as a basis for inferring or determining whether the distribution of the underlying
population is the same as that of the probability paper. On this basis, therefore, probability
papers may be used to establish or explore the possible distribution (s) of the underlying pop-
ulation. In the following sections, we shall describe the construction of several probability
papers. In particular, in Sects. 7.2.2 and 7.2.3 we illustrate the construction and application
of two commonly used probability papers—namely, the normal and the lognormal prob-
ability papers. In Sect. 7.2.4 we describe the construction of probability papers for other
distributions.
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Figure 7.1 Construction of the normal probability paper.

7.22 The Normal Probability Paper

The normal (or Gaussian) probability paper is constructed on the basis of the standard
normal CDF as follows:

* One axis, in arithmetic scale, represents the values of the random variable X, as
illustrated in Fig. 7.1.

= On the other axis, perpendicular to the first, are two parallel scales: one in arithmetic
scale represents values of the standard normal variate, s, whereas the other shows the
cumulative probabilities, $(s), corresponding to the indicated values of s as shown
also in Fig. 7.1.

A normal variate X with probability distribution N(zt, o) is represented on this paper by a
straight line passing through the point at X = p and ®(s) = 0.50, with a slope of (x, — p)/s,
which is equal to the standard deviation o, where x,, is the value of the variate at probability
p. In particular, at p = 0.84, s = 1; hence, the slope is (xpgs — ).

Any set of data may be plotted on the normal probability paper; however, if the result-
ing graph of the data points, plotted with the plotting positions described earlier in Sect.
7.2.1, shows a lack of linearity (or linear trend), this would indicate that the underlying
distribution of the variate is not Gaussian. Conversely, if the data points plotted on this nor-
mal probability paper show a linear trend, the straight line drawn through these data points
represents a specific normal distribution for the data set, at least within the range of the
observations.

Data for the fracture toughness of steel plates are given in Table E7.1: the measured toughness has
been rearranged in increasing order. The fracture toughness and corresponding cumulative probability
of the data are plotted on the normal probability paper as shown in Fig. E7.1.

In Fig. E7.1, the data in Table E7.1 are plotted on a normal probability paper. Values of the
fracture toughness K. are plotted against the corresponding cumulative probabilities of m/(N + 1),
with NV = 26. The straight line drawn through the data points (by eye) as shown in Fig. E7.1 represents
the normal distribution of the observed fracture toughness data, from which we obtain the mean value
U= T7 ksi~/in. From the same straight line, we also observe that the value of K, at the probability
of 84% is 81.6; thus, the standard deviation is ox, = 81.6 — 77 = 4.6 ksi+/in.
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TABLE E7.1 Fracture Toughness of Steel Base Plates (after Kies et al., 1965)

m K m/(N + 1) m K mi(N + 1)
1 69.5 0.0370 2 719 0.0741
3 72.6 0.1111 4 3.1 0.1418
> 73.3 0.1852 6 L 0.2222
7 74.1 0.2592 8 74.2 (0.2963
9 153 0.3333 10 T30 0.3704
L1 Pladhis 0.4074 17 75.8 0.4444
13 76.1 0.4815 14 76.2 0.5185
15 162 0.5556 16 76.9 0.5926
17 T 0.6296 18 7.9 0.6667
19 78.1 0.7037 20 79.6 0.7407
21 79.7 0.7778 22 79.9 0.8148
23 80.1 0.8518 24 82.2 0.8889
25 83.7 (.9259 26 093.7 0.9630

180 =y =7 R ) T SRR e i | 1

Slope =
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Figure E7.1 Fracture toughness of steel plotted on normal probability paper. > |

7.23 The Lognormal Probability Paper

The lognormal probability paper can be obtained from the normal probability paper by
simply changing the arithmetic scale for values of the variate X on the normal probability
paper to a logarithmic scale. The resulting paper would be as shown in Fig. E7.2. In this
case, the standard normal variate becomes,

o InX-—2A In X — Inx,
S = — = =

; ¢

where x,, is the median value of X.
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> EXAMPLE 7.2

Observational data from a lognormal population should plot with a linear trend on
the lognormal probability paper, so that a straight line can be drawn through the data
points. From this straight line, the median x,, is simply the value of the variate on this line
corresponding to the cumulative probability of 0.50, whereas the parameter ¢ (or the ¢.0.v.)
is given by the slope of the line, i.e.,

o In(xfxg)

s
Conversely, if the data points of the mth value among N observations plotted at a cumulative
probability of m/(N 4 1) do not yield a linear trend on this probability paper, then the
underlying population may not be lognormal.

Data for the fracture toughness of MIG welds are shown in Table E7.2. Values of the toughness,
arranged in increasing order, are shown in columns 2 and 5 in Table E7.2, and the corresponding
plotting positions m/(N + 1) are shown in columns 3 and 6.

TABLEE7.2 Fracture Toughness of MIG Welds (data from Kies et al., 1965)

m m
m K P m K
N+1 N+1
| 54.4 0.05 2 62.6 0.10
3 63.2 0.15 4 67.0 0.20
5 70.2 0.25 6 70.5 0.30
7 70.6 33 8 71.4 0.40
9 718 0.45 10 74.1 0.50
11 T4.1 0.55 12 74.3 0.60
13 78.8 0.65 14 81.8 0.70
15 83.0 0.75 : 16 84.4 0.80
19 85.3 0.85 18 86.9 0.90
19 §7.3 0.95
200> i e LA IR L i a e e I I
& 74
Lognormal {g”z} v 108
e BEE R R T TSR L g e :
3,:& ~ Xpm=74 : | Slope = gn(xo 84/Xm)
& U . 1 j = In(84/74) = 0.12
8 l i
£ dple i |
2 i |
S il | 1
o | |
2 l i
o | 1 1
¥ 120 ! !
! |
10 ) I | I 1 L I

l | l I | | l
Q0T 0 1.2 510 200 40 60 80 90 95.9899 999 99.99
m
Cumulative probability = .5

Figure E7.2 Fracture toughness of welds plotted on lognormal probability paper.
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We can observe from Fig. E7.2 that the data points plotted on this probability paper yield a
linear trend. Accordingly, the straight line drawn through the data points represents the lognormal
distribution for the MIG welds with a median value of 74 ksi and a c.o.v. of 12% as indicated in
Fig E7.2. g

Measured data of the precipitation and runoff on the Monocacy River that were described earlier in
Example 6.12 are rearranged in increasing order as shown in Table E7.3. The corresponding data points
are plotted on the respective lognormal probability papers as shown in Fig. E7.3a for precipitation,
X, and in Fig. E7.3b for the runoff, ¥.

TABLEE7.3 Precipitation and Runoff Data on the Monocacy River

m- Precipitation X (in.) Runoff Y (in.) f\’%l m  Precipitation X (in.) Runoff ¥ (in.) rEnE
1 1.01 0.17 0.038 2 Ll 1 0.19 0.077
3 113 0.23 U115 4 1.15 0.33 0.192
5 1.16 0.39 0.192 6 157 0.39 0.231
7 17 0.40 0269 | 8 1.20 0.45 0.308
9 1:52 {152 0.346 |10 1.54 0.56 0.385
11 1:54 0.59 0423 |12 L5} 0.64 0.462
13 1.64 0.66 0.500 |14 173 0.70 0.538
) 1:79 0.76 0571 ke 2.09 077 0.615
17 2.09 0.78 0.654 |18 257 0.95 0.692
19 2.75 0.97 0.731 120 2.93 1.02 0.769
21 3.19 1.12 0.808 |22 3.54 1.24 0.846
23 3:57 1.59 0.885 |24 541 1.74 0.923
25 5.62 2.92 0.962

On the basis of these two graphs, we may conclude from Fig, E7.3a that the distribution of the
precipitation is not lognormal, whereas, from Fig. E7.3b, the runoff could reasonably be modeled
with the lognormal distribution with parameters iy = In 0.66 = 0.42 and ¢y = 0.79.

10 ilIITlII\II\[]\\III[Ii‘

8 o

Precipitation, in.

Obe bl ol L 1 ] el o v B Bo b e B0 F 1, o F LT
Q01 0.1 12 5 10 20 40 60 80 9095 9899 99.9 99.99

Cumulative probability = NL:T

Figure E7.3a  Precipitation plotted on lognormal probability paper.
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Figure E7.3b  Runoff plotted on lognormal probability paper. <4

The normal and lognormal probability papers are commercially available.

1.24 Construction of General Probability Papers

A probability paper may be constructed for any probability distribution. For a given distri-
bution, the corresponding probability paper should be such that values of a variate and the
respective cumulative probabilities will yield a straight line on the appropriate paper. Con-
versely, any straight line on a specific probability paper represents a particular distribution
with given values of the parameters. For this purpose, a probability paper, therefore, should
be constructed such that it is independent of the values of the parameters of the distribution.
This can be accomplished by defining a standard variate, if one exists, appropriate for the
distribution.

In the last two sections above, we illustrated the construction and application of the
normal and lognormal probability papers; in the following examples, we illustrate the
construction and application of other probability papers.

Construction of the Exponential Probability Paper—Consider now the construction
of the probability paper for the shifted exponential probability distribution. The PDF of this
distribution is

Fx(x) = Ae™ ¥4, X =a

= () X <

where A is the parameter, and a is the minimum value of X. In this case, the standard variate
is S =A(X — a), and its PDF is then, according to Eq. 4.6,

fs(s) = fx (l +a) ‘l =e’; s§20
A

A

=0 s <0
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TABLE 7.1  Grid Line Positions for Shifted Exponential Probability Paper

s Fs(s) § Fs(s) s Fy(s)
0.11 0.10 1.20 0.70 3.00 0.95
0.22 0.20 1.39 0.75 3.10 0.955
0.36 0.30 1.61 0.80 3.22 0.96
.51 0.40 1.90 0.85 3135 (0.965
0.69 0.50 2.30 0.90 [ 3.51 0.97
0.80 0.55 2:53 0.92 3.69 0.975
0.92 0.60 2.60 0.93 3.91 0.98
1.05 0.65 2.81 0.94 4.20 0.985

4.61 0.99

with corresponding CDF,
Fs(s)=1—e™", s =0
On the basis of the above, we construct the exponential probability paper as follows:

* On one (e.g., the horizontal) axis, scale the values of the standard variate s (in arith-
metic scale); on the same or a parallel axis, mark the corresponding cumulative
probabilities according to the above Fg(s).

* On the other (perpendicular) axis, mark the values of the original variate X (in arith-
metic scale).

For illustration, specific values of s and the corresponding Fis(s) are calculated as summa-
rized in Table 7.1. Grid lines are then drawn for given Fs(s) at the indicated values of s
shown in Table 7.1. The resulting paper is shown in Fig. 7.2.

A straight line, with positive slope, on this paper represents a particular shifted expo-
nential distribution, in which the intercept on the x-axis is the value of a, and its slope is
/M.

Values of x
(in arithmetic scale)

1 3 56 7 B8 8 992 9596 .97 98 .99
1
T

0 1 2 3 4

Figure 7.2 Construction of the exponential probability paper.
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A=0.001

346.
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TABLEE7.4 Sample Values from an Exponential Population

Sample values from an exponential population should plot with a linear trend on the exponential
probability paper. To illustrate this, consider the hypothetical set of data in Table E7.4 for a random
variable X. The mth values of X and corresponding plotting positions m/(N -+ 1) are shown plotted
in Fig. E7.4. From the straight line drawn visually through the data points in Fig. E7.4, we obtain
estimates of the minimum value a = 150, and the slope 1/A = 2000/2.69 = 743; thus, the parameter

Figure E7.4 Sample values of X plotted on exponential probability paper.

i m m
X m Ll X m X n
N+1 N+ 1 N +1
200 1 0.024 1635 a7 0.902 952 30 0.756
201 2 0.049 559 21 0512 1844 38 0.927
203 3 0.073 909 28 0.683 952 31 0.756
212 3 0.122 408 i 0.415 1427 36 0.878
248 7 0.171 2497 39 0.951 306 11 0.268
389 16 0.390 774 24 0.585 787 25 0.610
1331 453 0.854 046 29 0.707 254 8 0.195
1031 35 0.805 2781 40 0.976 732 23 0.561
208 4 0.098 308 12 0.293 842 27 0.659
226 6 0.146 274 9 0.220 981 32 0.780
289 10 0.244 531 19 0.463 1122 1 0.829
543 20 (.488 460 18 0.439 611 22 G537
360 15 0.366 791 26 0.634 332 13 0317
343 14 0.341
2000
>
©
®
=
g
1000
0 L Fd(s)
e e e .8 85 o 9596 97 98 .89
I I} | ]
I T I I
0 1 5 4
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In the case of an exponential distribution, we observe that
1 — Fy(x) =¢ ™ or In[1 — Fy(x)] = —ix

Therefore, by scaling [1 — Fx(x)] in logarithmic scale on one axis. and values of X in
arithmetic scale on the other perpendicular axis, the graph between [1 — Fy(x)] and x is a
straight line on this semilogarithmic paper with a slope of A. On this semilog paper, however,
values of sample data must be plotted at the plotting positions of [1 —m/(N + 1)].

The Gumbel Probability Paper—The Type I (Gumbel) distribution is one of the asy mptotic
distributions of extreme values (see Chapter 4). Its CDF for the distribution of the largest
value is given by the double exponential form,

—or(x H)l: — 00 <X < 00

Fy(x) =exp[—e
where 1 and & are the parameters. For this distribution, the standard variate is
S=0a(X —u)
and its CDF is

s

Fs(s) = exp(—e™)

TABLE 7.2 Grid Line Positions for Constructing
Gumbel Probability Paper

s Fy(s) ‘ s Fs(s)
-2.0 0.0006 25 0.921
=1.5 0.011 3.0 0.951
—1.0 0.066 35 0.970
—0.5 0.192 4.0 0.982

0 0.368 4.5 0.989

0.5 0.545 5.0 0.993

1.0 0.692 3.5 0.996

1.5 0.800 6.0 0.998

2:0 0.873 7.0 0.999

Specific values of s and corresponding probabilities F(s) are calculated as summarized in
Table 7.2. These tabulated values and probabilities can then be used to construct the Gumbel
probability paper as follows:
* Scale the values of s in arithmetic scale on one axis. and the associated probabilities
Fs(s) on the same (or a parallel) axis as shown in Fig. 7.3.
* The other perpendicular axis as shown in Fig. 7.3 are the values of the variate X in
arithmetic scale.

The result is the Type I extremal probability paper, which is also known as the Gumbel
probability paper. A straight line on this paper represents a particular Type [ asymptotic
extreme value distribution; the value of X on this line at s = 0 or Fs(s) =0.368 is the value
u, whereas the slope of the straight line is /e, as illustrated in Fig. 7.3.
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Figure 7.3 Construction of the Gumbel probability paper.

» EXAMPLE 7.5 In Table E7.5 we show data on the occurrence of the annual largest magnitude earthquakes for
31 years observed between 1932 and 1962 in California (Epstein and Lomnitz, 1966). Also shown
in this table are the corresponding plotting positions that are used to plot the data on the Gumbel
probability paper as shown in Fig. E7.5. From this figure, we can determine the parameters (at s = 0),

u=15.7 and the slope of the graph 1/ = %(% =050 oriar = 2.00.

TABLEE75 Annual Maximum Earthquake Magnitudes in California (1932-1962)

m ‘ m : m
m mag, x TR m mag, x N1 m mag, x e
1 4.9 0.031 11 5.8 0.344 21 6.2 0.656
2 53 0.063 12 5.8 0.375 22 6.2 0.688
3 53 0.094 13 5.8 0.406 23 6.3 0.718 1.3.1
4 50 0:125 14 5.9 0.438 24 6.3 0.750 i
3 5.5 0.156 15 6.0 0.469 25 6.4 0.781
6 2.5 0.188 16 6.0 0.500 26 6.4 0.813
7 5 ) 0.218 17 6.0 0.531 27 6.5 0.844
8 5.6 0.250 18 6.0 0.562 28 6.5 0.875
9 3.6 0.281 19 6.0 0.594 29 Tl 0.906 \
10 5.6 (548 20 6.0 0.625 30 | 0.938
31 1.7 0.969
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Figure E7.5 Annual largest earthquakes plotted on Gumbel probability paper.

7.3 TESTING GOODNESS-OF-FIT OF DISTRIBUTION MODELS

When a particular probability distribution has been specified to model a random phe-
nomenon, determined perhaps on the basis of available data plotted on a given probability
paper, or through visual inspection of the shape of the histogram, the validity of the specified
or assumed distribution model may be verified or disproved statistically by goodness-of-
fit tests. Three such tests for distribution are available and used widely—the chi-square,
the Kolmogorov—=Smirnov (or K-S), and the Anderson—Darling (or A—D) methods; one
or the other of these methods may be used to test the validity of a specified or assumed
distribution model. When two (or more) distributions appear to be plausible models, the
same test may be used also to discriminate the relative superiority between (or among)
the assumed distribution models. The A-D test is particularly useful when the tails of a

distribution are of importance.

7.3.1 The Chi-Square Test for Goodness-of-Fit

Consider a sample of 7 observed values of a random variable and an assumed probability
distribution for modeling the underlying population. The chi-square goodness-of-fit test
compares the observed frequencies ny, ny n, of k values (or in k intervals) of the variate
with the corresponding theoretical frequencies e, e, ..., ¢; calculated from the assumed
theoretical distribution model. The basis for appraising the goodness of this comparison is
the distribution of the quantity
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» EXAMPLE 7.6

which approaches the chi-square ( ;(f )distribution with f =k — 1 degrees-of-freedom (d.o.f.)
as n— oo (Hoel, 1962). However, if the parameters of the theoretical model are unknown
and need to be estimated also from the available data, the d.o.f. f must be reduced by one
for every unknown parameter that must be estimated.

On the basis of the above, if the assumed distribution yields

ko 32
(n; —e;) o -
Z,, e ] (7.1)

>
i=1 &

in which ¢;_4f is the critical value of the xf distribution at the cumulative probability
of (1 —a). the assumed theoretical distribution is an acceptable model, at the significance
level a. Otherwise, if Eq. 7.1 is not satisfied, the assumed distribution model is not sub-
stantiated by the observed data at the « significance level. Values of ¢,_, ; are tabulated in
Table A.4.

In applying the chi-square test for goodness-of-fit, it is generally necessary for satis-

J.

factory results to have (if possible) & > 5 and ¢; >

Severe thunderstorms have been recorded at a given station over a period of 66 years. During this
g I ) £
period, the frequencies of severe thunderstorms observed are as follows:

20 years with zero storm 6 years with three storms
23 years with one storm 2 years with four storms
15 years with two storms

The histogram of the annual number of rainstorms recorded at the station is displayed in Fig. E7.6.
From the data, we estimate the mean annual occurrence rate of severe rainstorms to be 1.197 per year.
In Fig. E7.6, we also display the Poisson distribution with an annual occurrence rate of v=1.197.
which appears to fit the observed histogram well.

Let us now apply the chi-square test to determine whether the Poisson distribution is a suitable
model, at the 5% significance level. In this case, since four storms in a year were observed only twice,
these data are combined with the data for three storms per year; thus, we have k = 4. Table E7.6 shows
the calculations needed for the chi-square test.

Since the parameter v is estimated from the observed data, the d.o.f. for the x? distribution
is f=4—2=2. From Table A.4, we obtain at (1—e)=0.95, ¢pos>=5.99. And from Table E7.6,

------- T Predicted
220 ko (based on
§ Poisson distribution
5 with v= 1.197)
_qé Observed
= 10
il i B A
Pdg o e et

Number of storms in a year

Figure E7.6 Histogram and the Poisson model for storm occurrences.
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TABLEE7.6 Chi-Square Test of Poisson Model for Rainstorm Occurrences

No. of Storms per Year Observed Frequencies, n; Theoretical Frequencies, e; (n; — e s i
€

0 20 19.94 0.0036 0.0002

1 23 23.87 0.7569 0.0317

2 15 14.29 0.504 1 0.0353

=3 -8 _7.90 0.0100  0.0013

3 66 66.00 0.0685

we have
Z (n; — e fe; = 0.068 < 5.99

Therefore, the Poisson distribution is suitable for modeling the annual occurrences of rainstorms at
the station, at the 5% significance level. <

Consider the histogram of the crushing strength of concrete cubes shown in Fig. E7.7. Also shown
in the same figure are the normal and lognormal PDFs with the same mean and standard deviation
as estimated from the observed data set. Visually, it appears that the two theoretical distributions are
equally valid to model the crushing strength of concrete.

In this case, the chi-square test can be used to discriminate the relative goodness of fit between the
two candidate distributions. For this purpose, eight intervals of the crushing strength are considered
as indicated in Table E7.7.

The two parameters of both the normal and lognormal distributions were estimated from the
sample data; consequently, the number of d.o.f. in both cases is f=8 — 3=5. Therefore, at the
significance level of & = 5%, we obtain from Table A.4, ¢g9s5 = 11.07. Comparing this with the sum
of the last two columns in Table E7.7, we see that both the normal and the lognormal are suitable for
modeling the crushing strength of concrete; however, the lognormal model is superior to the normal
model as indicated by the values of 3 (n; — ¢;)*/e; for the two distributions, as shown in columns 5
and 6 of Table E7.7.

n= 143
0.8
Lognormal | u = 7.50 ksi
-Normal } o= 0.53 ksi
0.6

0.4

0.2

I |
6 7 8 9

Crushing strength, ksi

Figure E7.7 Histogram of crushing strength of concrete cubes. (Data from Cusens and Wettern,
1959.)
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TABLE E1.7 Computations for Chi-Square Tests of Normal and Lognormal Distributions

: 3 ;
Theoretical Frequencies, ¢; ;— ei) fe;

Interval Observed ¢« -« . i
(ksi) Frequency, n; Normal Lognormal Normal Lognormal
<6.73 9 11 9.9 0.40 0.09
6.75-7.00 1T 13.2 14.0 1.09 0.92
7.00-7.25 22 2.1 22.1 0.04 0.00
7.25-7.50 31 26.1 26.9 0.92 0.62
7.50-7.75 28 26.1 25.6 0.14 0.23
7.75-8.00 20 2150 19.8 0.05 0.00
8.00-8.50 9 20.2 19.4 5,22 5.5
> 8.50 7 L 42 5.3 _1.87 0.54
3 143 143.0 143.0 10.73 797

From a sample of 320 observations, the histogram of residual stresses of wide flange steel beams is
shown in Fig. E7.8. Superimposed on the same figure are the PDFs of three theoretical distribution
models: the normal, lognormal, and the shifted (or 3-parameter) gamma distributions. From the
data set. the first three moments were estimated to be, 1 =0.3561, o =0.1927, and 8 =0.8230
(skewness coefficient). Accordingly, the normal and lognormal distributions are assumed to have
the estimated values for u and o, whereas the shifted gamma is assumed with the three estimated
moments.

By visual inspection of Fig. E7.8, we can observe that the normal distribution is clearly not
suitable. However, the lognormal and the shifted gamma distributions appear to fit the histogram
well. In order to verify the relative validities of the three distribution models, we perform the chi-
square test for goodness-of-fit with the calculations shown in Table E7.8.

N=320 p=03561 ©c=0.1927 o,=0:8230

35
- Histogram
=i S ey A D T T Normal
—v—.— Lognormal

\S]
2]

Shifted gamma

n
o

ke
o

Frequency (%)

s
o

(()).00 0.20 0.40 0.80 0.80 1.00
Residual stress/yield stress

Figure E7.8 Chi-square tests to discriminate three distribution models for residual stresses.
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i TABLE E7.8 Computations for Chi-Square Tests of Three Distributions

Interval Observed Theoretical Frequencies S(ni—e)le;

Res. Str./Yield Str. Frequency Norm Lognorm Shifted Gamma Norm Lognorm Shifted Gamma

I
|
: <0.111 15 326 '8 232 948  10.90 288
| 0.111-0.222 7 L gy 61.0 1560  0.02 1.97
0.222-0.333 88 67.0 959 78.1 6.57  0.66 1.25
: 0.333-0.444 54 71.6  66.0 66.5 433 . 217 2.35
0.444-0.555 38 554", 37.1 442 544 - 002 0.87
0.555-0.666 31 310 193 24.9 0.00  6.75 1.51
0.666-0.777 16 125 = db.] 12.4 096  3.40 1.03
0.777-0.888 3 37 50 5.7 012 099 127
= (.888 3 08" 63 40 481 o105 0,25
VT 30 230 . 500 320 413 - 267 13.4

From Table E7.8, we see that among the three distributions, the shifted gamma distribution gives
the lowest value for Y (n; — e;)*/e;. Also, at the significance level of 1% and a dof.of f=9—4=5,we
obtain from Table A.4 the critical value of ¢yg9 5 = 15.09 for the normal and lognormal distributions,
whereas for the shifted gamma distribution f = 9—5 =4 and ¢y 9.4 = | 3.28. Therefore, according to the
chi-square test, only the shifted gamma distribution (among the three distributions) is approximately
valid at the 1% significance level for modeling the probability distribution of residual stresses in

wide-flange beams. B

It may be emphasized that because there is some arbitrariness in the choice of the
| significance level &, the chi-square goodness-of-fit test (as well as the Kolmogorov—Smirnov
| and the Anderson-Darling methods, described subsequently in Sects. 7.3.2 and 7.3.3) may
| not provide absolute information on the validity of a specific distribution. For example, it
| is conceivable that a distribution acceptable at one significance level may be unacceptable
| at another significance level; this can be illustrated with the shifted gamma distribution of
| Example 7.8, in which the distribution is valid at the 1% significance level but will not be
. valid at the 5% level.

In spite of this arbitrariness in the selection of the significance level, however, such sta-
tistical goodness-of-fit tests remain useful, especially for determining the relative goodness-
of-fit of two or more theoretical distribution models, as illustrated in Examples 7.7 and 7.8,
Moreover, these tests should be used only to help verify the validity of a theoretical model
that has been selected on the basis of other prior considerations, such as through the appli-
cation of appropriate probability papers, or even visual inspection of an appropriate PDF
with the available histogram.

7.3.2 The Kolmogorov—Smirnov (K-S) Test for Goodness-of-Fit

Another widely used goodness-of-fit test is the Kolmogorov-Smirnov or K-S test. The
basic premise of this test is to compare the experimental cumulative frequency with
the CDF of an assumed theoretical distribution. If the maximum discrepancy between
the experimental and theoretical frequencies is larger than normally expected for a given
sample size. the theoretical distribution is not acceptable for modeling the underlying popu-
lation; conversely, if the discrepancy is less than a critical value, the theoretical distribution is

acceptable at the prescribed significance level «.
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$4(X), Fix)

pla—L 1 | [
Xy Xo X3 Xy X X

Figure 7.4 Empirical cumulative frequency versus theoretical CDF.

For a sample of size n, we rearrange the set of observed data in increasing order. From
this ordered set of sample data, we develop a stepwise experimental cumulative frequency
function as follows:

S,(x)=0 T <X

k | 25
—_— Xp <X < Xgy (TZ)
n
=] X = Xy
where xj, x3,...,: x, are the observed values of the ordered set of data. and # 1s the sample

size. Figure 7.4 shows a step-function plot of §,, and also an assumed theoretical CDF Fy(x).
In the K-S test, the maximum difference between S, (x) and Fy(x) over the entire range of
X is the measure of discrepancy between the assumed theoretical model and the observed
data. Let this maximum difference be denoted by

o)

D, = max|Fyx(x) — S, (x)] (7.3)
X

Theoretically, D, is a random variable. For a significance level a, the K-S test compares the
J n &

observed maximum difference, D, of Eq. 7.3, with the critical value D¢ which is defined
for significance level « by

PD, <D =1—-«a (7.4)

The critical values D? at various significance levels « are tabulated in Table A.5 for various
sample size n. If the observed D, is less than the critical value D¢, the proposed theoreti-
cal distribution is acceptable at the specified significance level «; otherwise, the assumed
theoretical distribution would be rejected.

The K-S test has some advantage over the chi-square test. With the K-S test, it is not
necessary to divide the observed data into intervals; hence, the problem associated with
small e; and/or small number of intervals k in the chi-square test would not be an issue with
the K-S test.

> EXAMPLE 7.9 The data for the fracture toughness of steel plates in Example 7.1 were plotted on a normal proba-
bility paper as shown in Fig. E7.1. The data appear to yield a linear trend producing a straight line
corresponding to a normal distribution N(77. 4.6). Let us now perform a K-S test to evaluate the
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TABLEE7.9 Computations of S, and F x(x) for Determining D
: i : x Ty k ; ‘ x—77
k X S,.6x) Fy(x) = ‘D( 16 ) k X Sa(x) Fy(x) = (D( vy )
1 69.5 0.00 0.05 14 76.2 0.54 0.43
2 719 0.08 0.13 15 752 0.58 0.43
3 72.6 0,12 0.17 16 76.9 0.62 0.49
o 731 0.15 0.20 1 71.0 0.66 0.50
5 73.3 0.19 021 18 719 0.69 0.57
6 735 0.23 0.22 19 78.1 0.73 0.59
7 74.1 0.27 0.26 20 79.6 0.77 0.71
3 4.2 0.31 0.27 21 79.7 0.81 0.72
9 75.3 0.35 0.36 22 79.9 0.85 0.74
10 T35 0.38 0.37 23 80.1 (.88 0.75
11 7 ol 0.42 0.39 24 82.2 0.92 0.87
12 75.8 0.46 0.40 25 83.7 0.96 0.93
13 76.1 0.50 0.42 26 937 1.00 0.999

appropriateness of the proposed normal distribution model in light of the available data, at the 5%
significance level.

With the tabulated data that have been rearranged in increasing order in Table E7.1, we illustrate
the calculations of Eq. 7.2 for the empirical cumulative frequency and the corresponding theoretical
CDF for the N(77, 4.6) as shown in Table E7.9. The two cumulative frequencies are plotted as shown
in Fig. E7.9. From Fig. E7.9, or Table E7.9, we can observe that the maximum discrepancy between
the two cumulative frequencies is D, =0.16 and occurs at x = K; = 77 ksi \/ﬁ

In this case, the sample size is n = 26; therefore, at the 5% significance level, we obtain the
critical value of D¢ from Table A.5 to be D = 0.265. Since the maximum discrepancy D, =0.16
is less than 0.265, the normal distribution N(77, 4.6) is verified as an acceptable model at the 5%
significance level.

1.0F
0.8
0.6
CDF =
0.4

Oer

L
70 80 90
Kj, ksi /in.

Figure E7.9 Cumulative frequencies for the K-S test of fracture toughness.

In Example 7.8, we tested the goodness-of-fit of three candidate distributions (the normal, lognormal,
and the shifted gamma) for the residual stresses in wide flange steel beams using the chi-square test.
With the same data, let us now use the K-S test to determine the goodness-of-fit of the same three

distributions.
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For the K-S test, we constructed Fig. E7.10 to display the empirical cumulative frequency func-
tion of the observed data and the respective CDFs of the normal, lognormal, and shifted gamma
distributions. The respective maximum discrepancies for the three theoretical distributions, in accor-
dance with Eq. 7.3, are found to be as follows:

For the normal: D, =0.1148
For the lognormal: D= 0:0785
For the shifted gamma: D, = 0.0708

With the sample size of n=320 and at the significance level of 5%, we obtain from Table A.5 the
critical value of D2 = 1.36//n = 1.36/ /320 = 0.0760. Comparing the above D, values for the
respective distributions with this critical value, we sec that at the significance level of 5%, the shifted
gamma distribution (with D, = 0.0708 < 0.0760) is verified to be acceptable for modeling the residual
stresses, whereas the normal and lognormal distributions must be rejected.

1.00 , er
080 " _.‘
g
Tp b
T 060
o
<
= 0407 -~ Cumulative freq |
- Normal
—-— Lognormal
0.20 | —— Shifted Gamma |
OOO | = | 1 1 |
0 0.2 0.4 0.6 08 1
X”
Figure E7.10 Empirical cumulative frequency and the CDFs of three distribution models <

7.3.3 The Anderson-Darling (A-D) Test for Goodness-of-Fit

In the K-S test, the probability scale is in an arithmetic scale. We may observe that both the
proposed theoretical and the empirical CDFs are relatively flat at the tails of the probability
distributions. Hence, the maximum deviation in the K-S test will seldom occur in the tails
of a distribution, whereas in the chi-square test, the empirical frequencies at the tails must
generally be grouped together. As a result, either test would not reveal any discrepancy
between the empirical and theoretical frequencies at the tails of the proposed distribution.
The Anderson—Darling (A-D) goodness-of-fit test was introduced by Anderson and Darling
(1954) to place more weight or discriminating power at the tails of the distribution. This can
be important when the tails of a selected theoretical distribution are of practical significance.
The procedure for applying the A-D method can be described with the following steps:

1. Arrange the observed data in increasing order: x|, X2, ..., X;, .... X, with x,, as the

largest value.
2. Evaluate the CDF of the proposed distribution Fy (x;) at x;, fori=1,2,... n.

3. Calculate the Anderson—Darling (A-D) statistic

A? = 72[(25 D{nFy(x;)+ In[1 = Fx(xpe1-)}/n] —n (7.5)
i=1
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4. Compute the adjusted test statistic A* to account for the effect of sample size n.
This adjustment will depend on the selected form of the distribution; see Eqgs. 7.7
through 7.10.

5. Select a significance level @ and determine the corresponding critical value ¢, for
the appropriate distribution type. Values of ¢, are given in Table A.6 (a through d)
tfor four common distributions.

6. For a given distribution, compare A* with the appropriate critical value ¢,. If A* is
less than ¢, the proposed distribution is acceptable at the significance level «.

The test is valid for a sample size larger than 7; i.e, n > 7. Because the A-D statistic is
expressed in terms of the logarithm of the probabilities, it would receive more contributions
from the tails of a distribution. We emphasize that the critical value, ¢. in the A-D test for
a given significance level o depends on the form of the proposed theoretical distribution.
Also the adjusted A-D statistic, A*, will depend on the sample size n. These are given and
defined in Table A.6, specifically, as follows:

For the normal distribution, the critical value ¢, is given by

bg) b}
oy =day | 1 +— + —ﬂ) (7.6)

n n-

in which values of a,, by, and b are given in Table A.6a for a prescribed significance level
o, and the adjusted A-D statistic for a sample size n is

(7.7)

H n-

L 0.75 225
A“’:x\*(l_()+ £ )

For the exponential distribution, the critical value of ¢, at a specified significance level
« 1s given in Table A.6b, and the corresponding adjusted A-D statistic, A*, is given by

A* = A2 (I 0+ 0'(’) (7.8)
A= a2 (10+— .

For the gamima distribution, the critical value of ¢, depends on the value of the parameter
k as given in Table A.6¢c. Moreover, the adjusted A—D statistic also depends on the parameter
k as follows:
Fork =1, A* = A*(1.04+0.6/n)
Fork = 2 A* = A2+ (0.2+0.3/k)/n (7.9)

For the extremal distributions, of the Gumbel and Weibull types, the critical values of
¢, at specified significance levels « are given in Table A.6d. In this case, the adjusted A—D
statistic is given by

A* = A? (| 0+ 0‘2) (7.10)
s —_ - \/IT' . \

The steel toughness data of Example 7.1 was previously fitted with a normal distribution, and its
goodness-of-fit was validated in Example 7.9 by the K-S Test. With the same data, we will now
perform a validation of the normal distribution with the A—D Test at the 5% significance level. Table
E7.11 summarizes the result of the calculations according to the procedure outlined earlier. The
proposed normal model is N(76.99, 4.709) with the parameters, ¢ and o, estimated from the sample
of size 26. From the results in Table E7.11, we calculate the A—D statistic as

i —699.476
A= ———— — 26 = 0.903
26
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TABLE E7.11 Computations for the Anderson-Darling Test of the Normal Distribution

i X Fy(x;) Fy(xr.p) (2i-1){InFy(x) +1In[1—Fy(x7.)1}
1 69.5 0.055787 0.999806 —11.4342
2 71.9 0.139745 0.922853 —13.5899
3 726 0.175460 0.865630 —18.7375
4 731 0.204226 0.745369 —20.6953
5 7353 0.216478 07 31552 -25.6083
6 13.5 0.229144 0.717368 —30.1072
74.1 0.269526 0.710143 —33.1429
8 74.2 0.276587 0.592990 —32.7622
9 75.3 0.359648 0.576430 —31.9883
10 Fita) 0.375650 0.500652 —31.7974
11 757 0.391869 0.492180 —33.9035
12 758 0.400052 0.433188 —34.1294
13 76.1 0.424850 0.433188 —35.5937
14 762 0.433188 0.424850 —37.5221
15 76.2 0.433188 0.400052 —39.0774
16 769 0.492180 (.391869 —37.3946
17 770 0.500652 0.3756350 -38.3753
18 71.9 0.576430 0.359648 —34.8824
19 78.1 0.592990 0.276587 —31.3151
20 79.6 0.710143 0.269526 —25.5977
21 79.7 0.717368 0.229144 -24.2892
22 79.9 0.7315852 0.216478 —23.9313
23 80.1 0.745369 0.204226 —23.5042
24 822 0.865630 0.175460 15.8497
25 83.7 0.922853 0.139745 —11.3098
26 937 0.999806 0.055787 —2.9375

Y =—699.476

and the corresponding adjusted statistic becomes

: 073 2as
A = 0903 (1.0 g o e ) = {31157
26 26°

\

From Table A.6a, we obtain at the significance level of @ =0.05, the values for a,, by, and by as
a, =0.7514; by = —0.795; and b, = —0.890, yielding the critical value of
—0.795 0.890

Tihhae G ﬂ) = 0.727
26 26°

coos = 0.7514 (] +

Since A* > (0.727, the normal distribution is not acceptable at the 5% significance level. However, at
the 1% significance level, the constants a.,, by, and by from Table A.6a arc 1.0348, —1.013, and - 0.93
respectively. Hence, the critical value is ¢g = 0.994. Therefore, at the 1% significance level, since
A* < cygr, the normal distribution would be acceptable. <

We might point out that the A-D test described above for the normal distribution
is applicable also to the lognormal distribution. As the logarithm of a lognormal variate
is normally distributed, we simply need to take the logarithms of the sample values of
the variate in applying the same A-D test as for the normal distribution. That is, all the
computations for a normal distribution would remain the same except that the sample values

of the variate must be replaced by the respective logarithms of the variate: e.g., in Table
E7.11, x; must be replaced by the corresponding In(x;).
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» EXAMPLE 7.12 As shown in Fig. E7.5, the annual largest earthquake magnitudes in California observed between 1932
and 1962 show a linear trend on the Gumbel probability paper. On this basis, the Gumbel distribution
with the parameters u=35.7 and e =2.0 is a viable model for the annual maximum earthquakes
in California. We will now perform an A-D test for goodness-of-fit of this distribution at the 5%
significance level.

The required calculations are summarized in Table E7.12.
Therefore, according to Eq. 7.5, the A-D statistic is

e
A~:MVﬂ%m3—3|:05m

and the adjusted statistic according to Eq. 7.10 is

e 02):
A 0.512 (1.0 -+ /Al 0.530 J,
TABLE E7.12 Computations for the Anderson—Darling Test of the Gumbel Distribution
i X Fy(x) Fy(xs. ;) 2i—1 ){m[’x(x,) +In[l—Fyx(x3-:)1}
1 49 0.00706 (.98185 —8.962
2 i 0.10801 0.94100 —15.167
3 R 0.10801 0.94100 -=25.279
4 5.5 0.22496 0.81718 —22.338
3 3 0.22496 0.81718 —28.720
6 3 0.22496 0.78146 —33.138
i 53 0.22496 0.78146 —39.164
8 506 0.29482 0.73993 —38.523 |
9 5.6 0.29482 0.73993 —43.660
10 5.6 (0.29482 0.69220 —45.594
11 5.8 0.44099 0.69220 —41.938
12 5.8 0.44099 0.57764 —38.654
13 5.8 0.44099 0.57764 —42.015
14 5.9 0.51154 0.57764 —41.370
15 6.0 0.57764 0.57764 —40.910
16 6.0 0.57764 0.57764 —43.732
17 6.0 0.57764 0.57764 —46.553
18 6.0 0.57764 0.51154 —44.286
19 6.0 0.57764 0.44099 —41.825
20 6.0 0.57764 0.44099 —44.086
21 6.2 0.69220 0.44099 —38.928
.47 6.2 0.69220 0.29482 —30.839
23 6.3 (.73993 0.29482 —29272
24 6.3 0.73993 0.29482 =30.573
25 6.4 0.78146 0.22496 —24.571
26 6.4 0.78146 0.22496 —25.573
o 6.5 0.81718 0.22496 —24.207
28 6.5 0.81718 0.22496 —25.121
29 k) 0.94100 0.10801 —9.981
30 Tl 0.94100 0.10801 —10.331
31 L7 0.98185 0.00706 —1.550

3 =-976.86
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From Table A.6d, we obtain the critical value ¢, = 0.757 at the significance level of 5%. Therefore,
according to the A—D test, since A < ¢, the Gumbel distribution is an acceptable or valid distribution
at the 5% significance level. <

7.4 INVARIANCE IN THE ASYMPTOTIC FORMS OF
EXTREMAL DISTRIBUTIONS

In determining the appropriate probability distribution, it is well to emphasize that when
extreme values are involved, one of the asymptotic forms of extremal distributions may be
appropriate. In this regard, the invariance property of the asymptotic forms should also be
of relevance; that is, the asymptotic form of an extreme value distribution will not change
with the value of n.

We saw in Chapter 4, Sect. 4.2.3, that the largest and smallest values of samples of
size n from a known initial distribution will converge to one of the three asymptotic forms
of extreme value distributions as n — oo. This means that when our interest or concern is
related to the extremes, one of the asymptotic forms of distributions may be selected. In this
regard, we may wish to re-emphasize that the appropriate asymptotic form depends only
on the tail behavior of the initial distribution. In particular, the following properties of the
tail behavior are of significance:

* The largest (or smallest) value from an initial distribution with an exponential tail in
the direction of the extreme, such as the exponential and normal distributions, will
approach the Type I asymptotic form.

* The largest (or smallest) value from an initial distribution with a polynomial tail in
the direction of the extreme, will converge asymptotically to the Type Il asymptotic
form. This includes, in particular, the lognormal distribution.

» The largest value from an initial distribution with an upper bound (or smallest value
with a lower bound) value will approach the Type [II asymptotic form.

Finally, we should also emphasize that if the initial distribution is one of the asymptotic
extremal forms, the distribution for increasing n will remain of the same asymptotic form;
i.e.. the form of distribution of the extremes will remain invariant with increasing n, although
the parameters will change with n. In particular, we observe, for example, that if V¥ is the
annual maximum with a Gumbel distribution, the maximum in n years will also be Gumbel
distributed; we show this as follows:

Suppose
aly—u)

Fy (y) = expl—e

with parameters u and c.
Then, according to Eq. 4.23, the distribution of the maximum in n years, ¥,,. would be

Fy, (y) =[Fy (»)]" = exp [—He“”-“”‘] = exp [ g et -)I] (7.11)

Therefore. Y, remains a Gumbel (Type 1) distribution with corresponding parameters

Inn
Uy = U + — and o, =«
o
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In Example 7.5, we observed that the occurrence of the annual largest magnitude earthquakes was
determined {o follow the Gumbel (7ype I) extreme value distribution with parameters u=3.7 and
a = 2.00. On the basis of Eq. 7.11, the distribution of the 10-year maximum magnitude will remain
a Gumbel distribution with parameters

In 10
= 6.85 and oy = )

il

On this basis, we can say that the most probable largest magnitude earthquake in California in the
next ten years will be 6.85 on the Richter scale. Similarly, in the next 25 years, the most probable
earthquake will be of magnitude

U, = 5.+ l_n_gj = 1531
2.0
By the same token, extrapolating from 10 years to 25 years, we will also obtain
e
i 2.00 <

In Example 4.21, the fracture strength of a welded joint was modeled by the Weibull distribution (the
Type HT asymptotic distribution of smallest value), as defined in Eq. 4.32, with parameters w = 15 ksi,
k=1.75, and the minimum strength is & =4 ksi. Now, suppose that we have a structural member
with five welded joints of the same type. Then, according to Eq. 4.25, the CDF of the lowest fracture
strength among the five welded joints in the structural member would be

k
e o

Py =1 expt n (_'__M_W)
W=

which remains a Weibull distribution. However, with n = 5. the probability that the lowest fracture
strength of the structural member will be at least 16.5 ksi becomes

. 55 AN
P(Y = 1065)=exp | =5 X | ————- = 0.002
15—4

which is a much lower probability than that of (0.286 for a single joint as shown in Example 4.21. 4

7.5 CONCLUDING SUMMARY

In Chapter 6 we presented the statistical methods for estimating the parameters of a prob-
ability distribution from a sample of observed data, and related hypothesis test of the
parameters. In this chapter we presented the empirical techniques for determining or select-
ing the appropriate distribution in light of the same data, and also methods for testing the
goodness-of-fit of the selected or assumed distribution(s).

A probability paper constructed for a particular probability distribution may be used to
select an appropriate probability distribution. The presence, or absence, of a linear trend in
the data points plotted on a particular probability paper can be used to determine whether the
distribution associated with the probability paper is appropriate to represent the underlying
population.

The validity of an assumed, or selected, theoretical distribution may also be appraised by
goodness-of-fit tests; the two commonly used tests are the chi-square and the Kolmogorov—
Smirnov or K-S tests. A third test, the Anderson—Darling method may be a more accurate
test for goodness-of-fit when the tail(s) of the assumed distribution is important. All such
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tests, however, depend on the prescribed level of significance, the choice of which is largely
subjective. Nevertheless, these tests are statistically useful, particularly for discriminating
the relative validities of two or more candidate distribution models,

Finally, it is well to emphasize that when extreme values are involved, one of the
asymptotic forms of extremal distribution may be appropriate. The invariance property of

the asymptotic forms is also of significance in such applications.

PROBLEMS

7.1 The data for the fracture toughness of steel base plates have
been compiled as shown in Table E7.1. In Example 7.1, these
data were plotted on a normal probability paper.

(a) Plot the same set of data on a lognormal probability paper,
and draw a straight line through the plotted data points if a linear
trend can be observed.

(b) Estimate the median and c.o.v. of the fracture toughness on
the basis of the straight line of Part (a).

7.2 The annual maximum wind velocity V at a town has been
recorded for the past 20 years as follows:

Wind Speed, Wind Speed,

Year V (kph) Year V (kph)
1980 78.2 1990 78.4
1981 75.8 1991 76.4
1982 81.8 1992 72.9
1983 85.2 1993 76
1984 75.9 1994 79.3
1985 78.2 1995 774
1986 72.3 1996 711
1987 69.3 1997 80.8
1988 76.1 1998 70.6
1989 74.8 1999 73.5

(a) Construct a Type I extreme value (Gumbel) probability pa-
per, and plot the above data for the maximum wind velocity on
this paper.

(b) Draw a straight line through the data points in the above
probability paper (if a linear trend is observed) and determine
the parameters of the underlying extremal distribution.

(¢) Perform a chi-square test for goodness-of-fit of the Tvpe I
distribution for modeling the annual maximum wind velocity at

the 2% significance level.

7.3 The ultimate strains of 15 #5 steel reinforcing bars were
measured, yielding the results shown below (data from Allen,
1972):

(a) Plot the data on both the normal and lognormal probability
papers. From a visual inspection of the plotted data points, which
of the two underlying distributions is a better model to represent
the probability distribution of the ultimate strain of reinforcing

bars”?

Ultimate Strain, Ultimate Strain, Ultimate Strain,

Bar# U(in%) Bar# U(in%) Bar# U (in%)
I 19.4 6 17.9 11 16.1
2 16.0 7 17.8 12 16.8
3 16.6 8 18.8 13 17.0
4 17.3 9 20.1 14 18.1
5 18.4 10 19.1 15 18.6

(b) Perform chi-square tests for both the normal and lognormal
distributions at a significance level of 2%, and on the basis of the
test results, determine which of the two is a more suitable distri-
bution to model the ultimate strains of steel reinforcing bars.
(¢) Perform also the Kolmogorov—Smirnov tests for the same
two distributions, and determine the relative validity of the two
distributions on the basis of this test.

7.4 The exponential distribution is often used to model the
time-to-failure (or malfunction) of mechanical equipment or ma-
chines. In order to verify the distribution of a certain type of diesel
engine, a large number of units of the engine were tested, and the
time-to-failure (in hours) of the units were recorded as tabulated

below.
Time-to-failure (hr) of Diesel Engines

0.13 121.58 2959.47 2.34
0.78 672.87 124.09 393.37
3.55 62.09 85.28 84.09
14.29 656.04 380.00 646.01
54.85 735.89 208.58 412.03
216.40 895.80 678.13 813.00
1296.93 1057.57 861.93 39.10
952.65 470.97 1885.22 633.98
8.82 151.44 862.93 658.38

2995 163.95 1407.52

855.95

(a) Construct the exponential probability paper, and plot on it
the above time-to-failure data of the particular type of engine.

(b) If there is a linear trend in the data points on the above
exponential paper, estimate the minimum and the mean time-to-

failure of the particular type of diesel engine.




(¢) Perform a chi-square test to evaluate the validity of the ex-
ponential distribution at the 5% significance level.

(d) Alternatively, perform also a Kolmogorov—Smirnov test of
the same distribution at the same 5% significance level.

7.5 The number of vehicles arriving at a toll booth, per minute,

were observed as follows:

0312011 1.2.01,4,3; 1, 1,0,0, 1,0, 2, 2,0, 1, 0,0
(a) Assuming that the arrival rate of vehicles at the toll booth is
a Poisson process, estimate the mean arrival rate.

(b) Perform a chi-square test to determine the validity of the
Poisson distribution at the 1% significance level.

7.6 The PDF of the Rayleigh distribution of a random variable
Xis

¥ "\.u"
~e" ? : xz0

fx(x) =

=0 : <=

in which the parameter « is the mode, or most probable value,
of X.

(a) Construct the probability paper of the above Rayleigh dis-
tribution. What does the slope of a straight line on this paper
represent?

(b) A set of data for strain range induced by vehicle loads on
highway bridge members is tabulated below. Plot the set of data
on the Rayleigh probability paper constructed in Part (a) above.
(¢) In light of the results of Parts (a) and (b) above, what con-
clusion can you draw regarding the Rayleigh distribution as to
its suitability for modeling the live-load stress-range in high-
way bridges? To verify or invalidate the Rayleigh distribution,
perform a K-S test at the 1% significance level.

(d) Determine the most probable value of the strain-range
(if possible) from Part (b).

Measured Strain Range (micro-in./in.)

48.4 52.7 42.4
47.1 44.5 146.2
49.5 84.8 115.2
116.0 52.6 43.0
84.1 53.6 103.6
99.3 33.5 64.7
108.1 43.8 69.8
47.3 56.3 44.0
93.7 34.5 36.2
36.3 62.8 50.6
122.5 180.5 167.0

(Data courtesy of W. H. Walker.)

7.7 Data on the rate of oxygenation, K, in streams have been
obtained for the Cincinnati Pool, Ohio River, at 20°C and sum-
marized as follows. (Data from Kothandaraman, 1968.)

Prablems 303

Range of K/per day

No. of Observations

0.000-0.049 1
0.050-0.099 Il
0.100-0.149 20
0.150-0.199 23
(0.200-0.249 15
0.250-0.299 11
0.300-0.349 2

(a) If a normal distribution is proposed to model the oxygena-
tion rate at the Cincinnati Pool, Ohio River, estimate the mean
and standard deviation of the distribution.

{(b) Perform a chi-square test for the goodness-of-fit of the pro-
posed distribution at the 5% significance level.

7.8 A random variable X with a triangular distribution between
a and a + r is described by the following PDF:
) 2(x —a)
fx(x) = ———: a
;)
=0 g

<X =a+r

otherwise

(a) Determine the appropriate standard variate § for the trian-
gular distribution.

(b) Construct the corresponding probability paper. What do the
values of X at F5(0) and Fs(1.0) on this paper mean?

(¢) Suppose the following sample values were observed for X:

36 32 34 71
18 69 45 66
56 71 53 58
64 50 55 53
72 28 62 48

75

Plot the above set of sample values on the triangular probability
paper constructed in Part (b) above. and from this plot estimate
the minimum and maximum values of X.

7.9 The shear strength [in kips per square foot (ksf)] of 13 undis-
turbed samples of clay from the Chicago subway project are
tabulated below (data from Peck, 1940):

Shear Strength of Clay, ksf

0.35 0.42 0.49 0.70 0.96
0.40 0.43 0.58 0.75
0.48 0.68 0.87

0.41

(a) Plot the above data on a lognormal probability paper, and
draw a straight line through the data points (if a linear trend can
be observed).

(b) Estimate the parameters of the distribution from the straight
line in Part (a) above.

(¢) Test the goodness-of-fit of the lognormal distribution using

the Kolmogorov—Smirnov test at the 2% significance level. Do
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the same with the Anderson—Darling test at the 2.5% significance
level.

7.10 Passenger cars coming to an intersection muststop at a stop
sign and must wait for a gap sufficiently long to cross or make a
turn. The acceptance gap, G, measured in seconds, varies from
driver to driver: some drivers are more alert or more risk-taking,
whereas others are more careful or slow-moving. Observations at
several similar intersections in a city were recorded as follows:

Acceptance Gap, G (sec) Number of Observations

0.5-1.5 0
1.5-2.5 6
2.5-35 34
3.5-4.5 132
4.5-5.5 179
5.5-6.5 218
6.5-7.5 183
7.5-8.5 146
8.5-9.5 69
9.5-10.5 30
10.5-11.5 3
11.5-12.5 0

(a) Plot a histogram for the above data of the observed accep-
tance gap.

(b) From the above histogram, determine whether the normal
or lognormal distribution is a better model for the acceptance
gap, G.

(¢) From the observed data, estimate the sample mean and sam-
ple standard deviation of the acceptance gap. For this purpose,
the average gap length may be used for each of the intervals of
G in the first column of the tabulated data.

(d) Perform chi-square goodness-of-fit tests for both the normal
and lognormal distributions at the 1% significance level. and
on this basis determine which of the two distributions is more

appropriate to model the acceptance gap G.

7.11 Measured data for the annual rainfall intensity in a water-
shed area was presented in Table 1.1 of Chapter 1. These data are

repeated below as follows:

Observed Rainfall Intensity, in.

43.30 54.49 58.71
53.02 47.38 42.96
63.52 40.78 5507
45.93 45.05 41.31
48.26 50.37 58.83
50.51 5491 48.21
49.57 51.28 44.67
43.93 39.91 67.72
46.77 53:29 43.11

59.12 67.59

(a) Based on the histogram shown in Fig. 1.1 of Chapter 1, a
lognormal or a gamma PDF may be a plausible distribution to
model the rainfall intensity of the watershed area. Plot the data
on a lognormal probability paper.

(b) Prescribe a gamma distribution and estimate its parameters
by the method of moments.

(¢) Determine which of the two distributions is better suited to
model the pertinent rainfall intensity by performing chi-square
goodness-of-fit tests for both distributions.

7.12 Data for the observed settlements of piles and the corre-
sponding calculated settlements are compiled in Table E8.3 of
Chapter 8. Based on these data, we can calculate the ratios of the
observed to the corresponding calculated settlements; the results
are as follows:

Ratios of Observed Settlement to Calculated Settlement

0.12 0.97 0.86 1.14 0.94
2:37 0.88 0.92 1.01 0.99
1.02 1.04 0.99 0.87 0.52
0.94 1.06 1.38 1.04 1.18
1.00 0.86 0.82 (.84 1.09

The ratio of the observed to the calculated settlements is a
measure of the accuracy of the calculational method. From
the above data, we can observe that this ratio has considerable
variability.

(a) Assuming that the ratio is a Gaussian random variable, plot
the above data on a normal probability paper and observe if there
is a linear trend of the data points.

(b) If a linear trend is observed, draw a straight line through the
data points and estimate the mean and standard deviation from
the straight line. Perform a chi-square goodness-of-fit test for
the normal distribution at the 5% significance level. Also, do the
same with the Anderson-Darling test.

(¢) Otherwise, if no linear trend can be observed in Part (b), plot
the same data on another probability paper, such as the lognormal
paper, and determine the suitability of this alternative distribu-
tion to model the relevant ratio, including a goodness-of-fit test
at the 2% significance level to verify its suitability.

7.13 In Example 8.8 of Chapter 8, the data tabulated in Table
E8.8 include the mean depth of glacier lakes in the Swiss Alps,
which we summarized below as follows:

Mean Depth of Glacier Lakes, m

2.9 12.0 333
5.0 13.6 279
4.7 28.6 46.9
7.1 18.6 50.0
10.4 34.3 83.3




Obviously, the mean depths of glacier lakes are highly variable.
Assuming that the above data are representative of glacier lakes

in general, determine the appropriate distribution to model the
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8.1

Regression and Correlation
Analyses

INTRODUCTION

When there are two (or more) variables, there may be some relationship between (or among)
the variables. In the presence of randomness, the relationship between the two variables
will not be unique; given the value of one variable, there is a range of possible values of
the other variable. The relationship between the variables, therefore, requires probabilistic
description. If the probabilistic relationship between the variables is described in terms of
the mean and variance of one random variable as a function of the value of the other variable,
this requires what is known as regression analysis. When the analysis is limited to linear
mean-value functions, it is called linear regression. More generally, however, regression
may be nonlinear. The linear or nonlinear relationship obtained from a regression analysis
does not necessarily represent any causal relation between the variables; i.e., there may not
be any cause-and-effect relationship between the variables. Such a relationship, however,
may be used to predict the value or statistics of one variable based on the value of the other
control variable.

For linear regression, the degree of linearity in the relationship between two random
variables may be measured by the statistical correlation, in particular, by the correlation
coefficient as defined in Sect. 3.3.2. When the correlation coefficient is high, close to 1.0,
one can expect high confidence in being able to predict the value of one variable based on
information about the value of the other (control) variable. Evaluation of the correlation
coefficient from a set of observed data is through cerrelation analysis.

In this chapter, we start our discussion of linear regression with constant variance, in-
cluding the determination of the conditional variance and confidence interval of a regression
equation, and the related correlation analysis. This is then extended to linear regression with
nonconstant variance, nonlinear regression, and multiple regression analyses, concluding
with illustrations of engineering applications of regression analyses.

8.2 FUNDAMENTALS OF LINEAR REGRESSION ANALYSIS
8.21

Regression with Constant Variance

When pair-wise data points for two variables, say X and Y, are plotted on a two-dimensional
graph, the data points may show some scatter as illustrated in Fig. 8.1. Such a plot is called
a scattergranmi.

In the case shown in Fig. 8.1, we can say that the range of possible values of Y tends
to increase with increasing values of X, or vice versa. However, knowing the value of one
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% T y’ =a+f3x \
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Figure 8.1 Scattergram of two variables X and Y.

variable, say X = x, does not give perfect information on the other variable ¥. Conceivably,
the range of values of Y is governed by a probability distribution. We may observe also
from Fig. 8.1 that the mean value of ¥ increases with increasing values of X, and if this
relationship is linear, we have a linear regression; 1.e.,

E(Y|X =x) =« + Bx (8.1)

where o and f are constants, known as the regression coefficients, whichare the intercept and
slope, respectively, of the straight line. Equation 8.1 is known as the regression equation, and
it represents the regression of ¥ on X. The regression coefficients & and g must necessarily
be estimated from the available data.

From the scatter of the data points in Fig. 8.1, we would expect a variance of ¥ that may
depend on the value of X, i.e., a conditional variance of ¥ given X = x or Var(¥Y|X = x). In
general, this conditional variance may vary with x. However, let us first consider the case
in which Var(Y|X = x) is constant.

We can observe from the scattergram of the plotted data points that there could con-
ceivably be many straight lines, depending on the values of the regression coefficients, that
might represent the mean-value of ¥ as a linear function of X. The “best” straight line may
be the one that passes through the data points with the least cumulative error. To obtain this
particular straight line, we observe from Fig. 8.1 that for each data point (x;. ;) the difference
between the observed value y; and the value from a candidate straight line y; = o + px; is
|v; — vi|. For a sample of observed data pairs of size n, i.e., [(x1, y1), (x2, ¥2), .. .5 (X, V)l
the total absolute error for all the data points can be represented by the total cumulative
squared error; 1.€.,

n n

A% = Z (vi — x,)* = Z (yi —a — Bx;)’ (8.2)

i=1 i=l

Then, we may obtain the straight line with the least squared error by minimizing A* of
Eq. 8.2, yielding the following equations for obtaining o and £. That is,

— = —2(yi —a— Bix;)) =0
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and

j.ﬂ‘ n .
r, = Z —2x; (v —— Bx;) =0

The above procedure is known as the method of least squares, from which we obtain the
least-squares estimates of « and f from the sample of size n as follows:

] p A _
o = Z yi — Z‘\', =¥y — pbXx (8.3)
1 n
and
5 Xi¥; —HXY (X —X) (¥ —F)
e s 84
Y x;—nx’ Sl —x)
where
\[?
2=
X, v = the sample mean of X and Y, respectively
n = the sample size
Therefore, the least-squares regression equation is
E(Y|X =x)=@&+ Bx (8.5)

which may be written simply as E(Y|x) = & + Bux.

We may emphasize that, strictly speaking, the above regression line is valid only over
the range of values of X for which data had been observed. Extrapolating beyond the range
of observed data may lead to erroneous conclusions.

Equation 8.1 or 8.5 is referred to as the regression of Y on X, in which the regression line
or equation can be used to predict the mean value of ¥ given a value of X. If both X and ¥ are
random variables, we may also obtain the least-squares regression of X on Y using the same
procedure; in this latter case, we would obtain the regression equation for E(X|Y = y),
which can be used to predict the mean value of X for a given value of ¥. In general, this
latter equation is a different linear equation from that of £(Y|X = x): however, the two
linear regression lines will always intersect at (X, y). For example, in Problem 8.4, Meadows,
etal. (1972) compiled the per capita energy consumption ¥ versus the per capita GNP output
X of different countries. If the interest is to predict the per capita energy consumption on
the basis of the GNP output of a country, the regression of ¥ on X would be appropriate.
On the other hand, the per capita GNP output of a country may be estimated on the basis
of the per capita energy consumption of its populace; in this latter case, the regression of X
on Y would be required.

8.2.2 \Variance in Regression Analysis

The Conditional Variance

The regression equation of Eq. 8.5 predicts the mean value of Y as a function of X. Accord-
ingly, the relevant variance of Y that is of interest must be conditional on a given value of X,
i.e., the conditional variance Var(Y |X = x). For the case where this conditional variance is



8.2 Fundamentals of Linear Regression Analysis 309

assumed to be constant with x, an unbiased estimate of this variance from a sample of size

nis

| n R - )
= Y -2 -8 ) -3 (8.6)

n—2

i=l i=1

We observe from Eq. 8.2 that this is also

2 b )
Syle = P (8.6a)

The corresponding conditional standard deviation, therefore, is sy)..

The ratio of the conditional variance of Eq. 8.6 relative to the original sample variance
st is a measure of the reduction in the original variance of ¥ resulting from taking into
account the variation of the variance with X. This reduction in the variance may be re-

presented by

P=1- = (8.7)

We shall see in Sect. 8.3.1, Eq. 8.12, that r* is closely related to the correlation co-

efficient p.

8.23 Confidence Intervals in Regression
As the regression equation (e.g., of ¥ on X) gives the predicted mean value of ¥ for given
values of the control variable X = x, we might be interested in the confidence interval of the
regression equation, which should provide some measure of the range of the true equation.
Such a confidence interval is equivalent to the confidence intervals of the estimated mean

values of Y, i.e., E(Y|X = x;), for varying values of x;.

Since the regression coefficients & and B are estimated from finite samples of size n,
they are individually 7-distributed with (n — 2) degrees-of-freedom (Hald, 1952); therefore,
the mean value y; = E(Y|X = x;) estimated from the linear regression equation at X =x;
will also have a ¢-distribution with (n — 2) d.o.f. Accordingly, the statistic

SYlx \‘."‘ n

will have the t-distribution with (# — 2) d.o.f (Hald, 1952). On this basis, we may obtain
the (1 — «) confidence interval for the regression equation at several selected values of

X =ux;as

(8.8)

| \ sy
(vin hy_o = Fi £1(1—2)n2 " 5¥ ‘
MYl [l T i (1=3)n=2 ‘\" n Y (x—X)°

where v, = E(Y|X = x;), sy, is the conditional standard deviation of ¥ as given In
Eq. 8.6, and ;s ,_> is the value of the t-distributed variate at the probability of (1 — %)
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with (n — 2) d.o.f. as given in Table A.3. Among the confidence intervals of Eq. 8.8 at the
selected discrete values of x;, the interval will be minimum at x; = X, the mean value of X.
Connecting these discrete points along the regression line should yield the appropriate
confidence interval of the regression equation.

> EXAMPLE 8.1 Observed data for blow counts, N, and corresponding measured unconfined compressive strength, g,
of very stiff clay are given in the first two columns of Table E8.1. The sample of 10 pairs of data is
also plotted in Fig. E8.1.

On the basis of the calculations in Table E8.1 we obtain the respective sample means of N and
g as
187 21 23

N=— =187 and g =—— =2.123tsf
10 10

and corresponding sample variances
5 o ] 2 sl 2
5= §f4353 —10x18.7°)=95.12 and 5, = 6(5().()9 — 10 x 2123 )= 122

From the results of Table E8.1, we also obtain

oo 02T 2 00, % 18 x 2143 :
B= 4 : =0.112 and &=2123-0.112x 18.7=0.029
4358 — 10 x 18.7

and the regression equation is
EgIN = N;) =0.029 +0.112N;

which is superimposed on the data points in Fig. ES.1.
The conditional variance of g for given N is

AL i 0.305
no-2 " 8

P = = 0.038

and the corresponding conditional standard deviation is s,y = 0.195 tsf.

TABLE E8.1 Computations for Example 8.1*

Blow Compressive
Counts, N; Strength (tsf), g, N? g¢ Nig; gl =&+ BN (q; — q})?
4 0.33 16 0.11 132 0.48 0.022
8 0.90 64 0.81 1.20 0.93 0.001
11 1.41 121 1.99 15.51 1.26 0.023
16 199 256 3.96 31.84 1.82 0.029
i 1.70 289 2.89 28.90 1.93 0.053
19 2.25 361 5.06 42.75 2.16 0.008
21 2.60 441 6.76 54.60 2.38 0.048
25 2.71 625 7.34 67.75 2.83 0.014
32 3.33 1024 11.09 106.56 36l 0.078
34 4.01 1156 16.08 136.34 3.84 0.029
> 187 21.23 4353 , 5609 . ° 49277 A?=0.305

*The tabulated results can be organized conveniently using spreadsheets as in Example 8.3.
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Figure EB.1 Unconfined compressive strength vs. blow counts of stiff clay.

Using the calculations in Table E8.1, the estimated correlation coefficient according to
Fq. 8018

1,492.77 — 10x 18,7 24123
9 V95.124/1.22

p= =0.99

To determine the 95% confidence interval for the regression equation of ¢ on N, let us use the
following selected values of N; =4, 11, 19, and 34, and with £ 975 5 = 2.306 from Table A.3, we obtain

(4187

AN = i) o = D4TTE 23065 D15 [ e
: \Hai¥ fo.os i V10 " (353 - 10 x 18.7%)

= (0.210 — 0.744) st

P

AtN; =11 (i), o = 1.261 £2.306 x 0.195 ;";flr el 37
i ¥ 10 " (4353 —10 x 18.7%)

= (1.076 — 1.446) tsf

: g0y a0 _ ] (19— 18.7)°
AEN =19 (an)ss = 2157 £ 23060 00195 | oo —— =
e i V 10 - (4353 — 10 x 18.7%)

= (2.015 — 2.299)tsf

. SR : i G4— 1877
AN =34 (diniye =3831523060.105 [ L = — s
! o V 10 (4353 — 10 x 18.7%)

¥

= (3.562 — 4.112) tsf

The above confidence intervals at the selected discrete values of N are also displayed in Fig. ES.1.
These may then be used to construct the 95% confidence interval for the linear regression equation
of g on N, which are the lower and upper dash curves in Fig. E8.1. <

8.3 CORRELATION ANALYSIS

[ntuitively, if the conditional standard deviation sy, is small (close to zero), we can say that

the linear regression equation provides a good predictor of ¥ for given values of X. However,
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a better statistical measure of the linear relationship between two random variables X and
Y is the correlation coefficient, which was defined in Eq. 3.81 as py.y =Cov(X, Yooy,
where Cov(X, Y) is the covariance between X and Y. We shall see later in Eq. 8.12 that
px.y is related to Sy In essence, the correlation coefficient is a measure of the goodness-
of-fit of the linear regression equation in light of the set of sampled data. The accuracy of
the predicted mean value of Y for a given value of X will then depend on the correlation
coefficient.

8.3.1 Estimation of the Correlation Coefficient
For a set of n pairs of observations, the estimate of the correlation coefficient is
. 1 30 =Xy —7) I Zj’__l Xiyi —nxy

Pxy = = = (8.9)
n—1 SxSy n— 1 SxSy

where X, v, sx. and sy are, respectively, the sample means and sample standard deviations
of X and Y. According to Eq. 3.82, the value of p ranges from —1 to +1. If the estimated
Py y is large (close to £1.0), there is a strong linear relationship between X and Y; this
is illustrated in Fig. 8.2, which shows the linear regression line between the compression
index and void ratio of soils. Conversely, if py y is very small or close to zero (uncor-
related), this would indicate a lack of linear relationship between X and VY, as illustrated
in Fig. 8.3 between the modulus of rupture and the modulus of elasticity of laminated
wood.
From Egs. 8.4 and 8.9, we can show that the estimated correlation coefficient 1s

o 20— E)0k—F) (-\.\') i (8.10)

P = S —- — =
L(,\’,‘ s )“ Y Sy
or
A Sy
B =p— (8.10a)
Sy
« Test results on

10k Mexico City clay by Rutledge i

- |

< Br -
>
4]
el
=

S 6 =
w
(2]
o
o

§ ar =
o

2 A =3

|
1 l | | I J
0 2 4 6 8 10
Void ratio, €

Figure 8.2 Compression Index vs. void ratio of soil. (After Nishida, 1956.)
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Figure 8.3 Modulus of rupture vs. modulus of elasticity of laminated wood. (After Galligan and
Snodgrass, 1970.)

Equation 8.10a gives a useful relationship between the estimates of the correlation coeffi-
cient p and the slope of the regression line 8. Furthermore, by substituting Eq. 8.10a into
Eq. 8.6, we obtain

2 I 2 «3‘} =2 n—1, 5
Sy, = -'_fj Z(_\-, —y) —p —JZ(.&,-~A) == —_—\,..(_I — 07) (8.11)

Sy n—2

from which we also have

4 ol
n— 2%

(8.12)

:
n—1 sy

which we see is equal to 72 of Eq. 8.7 for large n. On this basis, therefore, we can conclude
that a higher value of || means a greater reduction in the conditional variance associated
with the linear regression equation, and hence a more accurate prediction of ¥ based on the
regression of ¥ on X.

8.3.2 Regression of Normal Variates

Theoretically, the correlation coefficient p is defined only for the bivariate normal dis-
tribution of two correlated random variables, Moreover, the assumptions of linear model
and constancy of variance underlying linear regression are, in fact, inherent properties of
two populations that are jointly normal. From these standpoints, when we perform a linear
regression of ¥ on X with constant variance, and estimate the regression coefficients and
the correlation coefficient, we are implicitly assuming that the underlying populations are
normal. -
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» EXAMPLE 8.2

We may recall from Example 3.38 that il two random variables X and Y are jointly
normally distributed, the conditional mean and variance of ¥ given X = x are as follows:
- ay 2 12
EY|I X =x)=pr+p—(x—pyx) (8.13)
X
and

et V| W 2 2 ‘

Var(Y|X = x) = oy(1 — p7) (8.14)

in which p is the correlation coetficient between the two variates. The results of Eqs. 8.13
and 8.14, therefore, clearly show that if two variates are jointly normal, the regression of ¥
on X, or vice versa the regression of X on ¥, is linear with constant conditional variance:
i.e., independent of x or y. Specifically, for the regression of ¥ on X, we see that the linear

equation of Eq. 8.13 is of the form of Eq. 8.1 with a slopeof = p and an intercept of

Ox
o =y — Buy.

In Example 6.12 of Chapter 6, we presented the precipitation and corresponding runoff data recorded
during the 25 rainstorms on the Monocacy River. In hydrology, it is of interest to be able to predict
the runoff of the river on the basis of the precipitation; for this purpose, the regression of the runoff
on precipitation. therefore, is relevant. Denoting ¥ for runoff and X for precipitation, we tabulate the
calculations necessary to evaluate the regression coefficients in Table E8.2.
From the results of Table E8.2, we obtain the sample means and sample variances of X and Y,

respectively, as follows:

S+ 33080 ¢ 5 20.05 i

e o e 2,16; ¥ = pomn 0.80

h

and corresponding sample variances
;s 1 ) ) e L )
5% = =(153.44 = 25 x 2.16%) = 1.533; 5, = —(24.68 — 25 x 0.80") = 0.362
24 24
Thus, we obtain the following regression coefficients:

A 5924 — 25 x 2.16 x 0.80 . 3
B = =:0.433% and & = 0.80—0.435 x2.16 = —0.140

153.44 — 25(2.16)*

Graphically, the linear regression line is shown in Fig. E8.2.

y'=-0.14 + 0.435x bl

no
EEEEE L )

- 95% confidence T

< interval for Hy

= 15 her

(o] i -

= L

=3 i

o 1k

0.1 i L + 95% confidence intervals at

F = finite values of x
_Ill’?’-\\\\‘\[\tfl s oo i Lt S e e s s s
I 1 2 3 4 b 6

Precipitation, x, in.

Figure E8.2 Data points and regression of runoff on precipitation.
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TABLEE8.2 Computations for Example 8.2
Storm Precip., Runoff,
No. x; (in.) ¥; (in.) Xi¥i xF ¥} V=G +pre (- ¥
1 1.11 0.52 0.58 1.23 0.270 0.343 0.0313
) il 0.40 0.47 1.37 0.160 0.369 0.0009
5 1.79 0.97 1.74 3.20 0.941 0.637 0.1110
4 5.62 2.592 16.40 31.60 8.526 2.280 0.4000
3 1.2 017 0.19 1,28 0.029 0.351 0.0328
6 1.54 0.19 0.29 2.37 0.036 0.530 0.1158
i 3.19 0.76 2.43 10.15 0.578 1.245 0.2360
8 173 0.66 1.14 2.99 0.436 0.612 0.0023
9 2.09 0.78 1.63 4.37 0.608 0.770 0.0001
10 273 1.24 3.41 753 1.538 1.059 0.0328
11 1.20 0.39 0.47 .44 0.152 0.381 0.0001
12 1.01 0.30 0.30 1.02 0.090 0.299 0.0000
13 1.64 0.70 E 15 2.69 0.490 0.574 0.0158
14 1.3 O 17 1,21 2.46 (1593 0.544 0.0511
15 1.54 0.59 .91 231 0.348 0.530 0.0036
16 2.09 0.95 1.99 4.36 0.902 0.770 0.0326
17 3.54 1.02 3.62 12 55 1.040 1.400 .1442
18 1.1 0.39 0.46 1.37 0152 0.368 0.0004
19 115 0.23 0.26 1.32 0.053 0.360 0.0169
20 2.57 0.45 1.16 6.60 0.202 0.980 0.2810
21 337 1.59 5.66 12.74 2.528 1.415 0.0306
22 a.11 1.74 8.90 26.18 3.028 2.084 0.1185
23 1.52 0.56 0.85 23l 0.314 0.521 0.0015
24 293 1.12 3.28 8.58 1.254 L35 0.0002
25 2.93 0.64 0.74 1.34 0.410 0.365 0.0755
> =5389 20.05 59.24 15344 24 678 A= a0
The constant conditional variance of the runoff for a given precipitation is
— =10.075
and its conditional standard deviation is sy, = +/0.075 = 0.274 in. In this case, using Eq. 8.9, we

obtain the correlation coefficient as

A= = el = (.898
24 V1.533,/0.362
Assuming that the runoff at a given precipitation is a normal variate, we may assess the probability
of a specified runoff at a given precipitation. For instance, the probability that the runoff of the
Monocacy River will exceed 2 in. during a rainstorm with 4 in. of precipitation would be as follows.
For a precipitation of X =4 in., the mean runoff would be

E(Y|X =4)=—0.1440435 x4 = 1.6.in.

Therefore, the normal distribution of the runoff ¥ when the precipitation is X = 4 in. is N(1.6, 0.274)
in. Hence, the probability that the runoff will exceed 2 in. is

‘2=1.6

PY>2|X=4=1- q)( ) =l + L.928 =1} Q72

0.274 |
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We can also establish the 95% confidence interval as follows: For this purpose, let us select
five discrete values of the precipitation at x; = 1.0, 2.16, 3.0, 4.0, and 5.0 in. Then, according to
Eq. 8.8, the respective confidence intervals at these five different values of .v; are, individually, with
tpo75.23 = 2.069 from Table A.3.

fe (1.0 —2.16)
V25 P -2

Atx = 1.0: (iyino)y e = 0295+ 2.069 x 0274,/

= (0.138 — 0.452)in.

2 e Tk
44 - 25 x 2.167

i (
Atx; = 2,161 (pypi6)ges = 0.800+2.069 x 0. 774\; g

Il

(0.687 — 0.913)in.

/ \ e Wl (3.0 — 2.16)°
Al L300 ilarinols 10 S 1,065 442,068 x ().:/4\, e e T

]

(1.027 -> 1.303)in.

2 (4.0 —2.16)°
V 153.44 — 25 x 2.16?

Atx; =4.0:  (Hrjao)y,s = 1.600 £2.069 x 0.274,/

(1.368 — 1.832)in.

Atxi =50 - liypse) 2,035 4 2.069 x 0.274, A G210,
X == 50 fpisalel = 2030, X + — ——
Wirisigs: V25 " 15344 -25 x 2.162

= (1.746 — 2.324)in.

which are also displayed in Fig. E8.2, therefore yielding the 95% confidence interval of the regression
line of the runoff on precipitation. \\c can observe that the minimum range of the 95% confidence

interval along the regression line occurs at the mean value of X = 2.16 in. of precipitation. <
> EXAMPLE 8.3 Table E8.3 shows a set of data of observed settlements of pile groups (Col. 3), reported by Viggiani

(2001), under the respective loads; also shown in the same table (Col. 4) are the corresponding calcu-
lated settlements using a nonlinear model proposed by Viggiani (2001). We may perform the regression
of the observed settlement, ¥, on the calculated settlement, X; the calculations are summarized in
Table E8.3.

From Table E8.3, we obtain the sample means and sample standard deviations of ¥ and X,
respectively, as follows:

600.36 563.34
y= i > = 24.014mm L = 22.534 mm

25

P

F

sy = \ 4‘506—1 16 — 25 x 24.0142) = 37.44 mm

.\7\, (41185.44 — 25 x 22.534%) = 34.45 mm

According to Egs. 8.3 and 8.4, we obtain the corresponding regression coefficients for the regression
of Y on X as follows:
-H 842.89 — 25 x 24.014 x 22.534

. —— =1.064: and. & = 24.014—1.064 x 22.535 — 0.038
41,185.44 — 25 x 22.534¢

A=

The data given in Columns 3 and 4 of Table E8.3 are plotted in Fig. ES.3.
Therefore, the linear regression equation of ¥ on X is

E(Y|X =x) = 0038 + 1.064x
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TABLEE8.3 Summary of Data and Calculations for Example 8.3

Case Load, Obs. S, Cal. S, N
No. mn yi, mm X, mm ¥ X XV 0.038 + 1.064x; (v]—w; )
1 0.22 1./ 548 0.49 3481 4.13 6.316 31.530
2 12 64 27 4096 729 1728 28.728 1244.11
3 0.89 5 4.9 25 24.01 24.5 3.252 0.064
4 0.44 25 26.6 625 707.56 665 28.34 11.156
5] 0.44 29.5 294 870.25 864.36 867.3 al =0 3.312
6 W] 3.8 39 14.44 1521 14.82 4,188 0.15
7 1.93 59 6.7 34.81 44.89 39.53 7.167 1.605
8 0.49 38.1 36.8 1452.61 1354.24 1402.08 39.193 1.195
9 5 185 175 34,225 30,625 32375 186.238 1.533
10 5.09-8.9 28.1 Az 789.61 1069.29 918.87 34.831 45.306 f
11 0.06-0.26 0.6 0.7 0.36 0.49 0.42 0.783 0.033 /
12 0.66 29.2 31.9 852.64 1017.61 931.48 3398 22.848
13 0.76 32 324 1024 1049.76 1036.8 34511 6.305
14 0.82 54 4.9 29.16 15.21 21.06 4.188 1.469
15 0-1.25 3.6 4.4 12.96 19.36 15.84 472 1.254
16 3.93 359 31.6 1288.81 998.56 1134.44 33.66 5.018
17 0.47 11.6 I'L1.5 134.56 18225 1334 12.274 0.454
18 0.41 12.7 14.6 161.29 213.16 185.42 15.572 8.248
19 1.02 46 44 .4 2116 1971.36 20424 47.28 1.638
20 0.24 3.8 4.5 14.44 20.25 17:1 4.826 1.033 A
21 0.105 4.9 3.2 24.01 27.04 25.48 S 571 0.45
22 1.65 1.7 11.8 136.89 139.24 138.06 12,593 0.797
23 0.598 1.83 3.49 335 12.18 6.39 3,751 3.489
24 0.68 043 8 88.92 64 75.44 8.55 0.744
25 0.95 6.6 6.05 43.56 36.6 39.93 6.475 0.016
> 600.36 563.34 48064.2 411854 43842.9 1393.79
250

= 200 |
@ E(Y)=0.038 + 1.064x =

E ¥y by Tl gt

= 150 - s -
= g

w

B

® 100 -
o

w

]

C 50

————— 95% confidence interval

L 1
50 100 150 200

Calculated settlement

Figure EB.3 Data points and regression of observed settlement on calculated
settlement.
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and with Eq. 8.9, we obtain the correlation coefficient
i I (43842.89 — 25 % 24.014 x 22.534)
p=— (7—7—&,, fadil et ) =0.98
24 37.44 x 34.45
which shows a very high correlation between the observed and calculated settlements. The conditional
standard deviation of Y given X, according to Eq. 8.6a, is

We may observe that this sy, is much smaller than the unconditional standard deviation
sy = 37.44 mm.
We may also construct the 95% confidence interval of the regression line following Eq. 8.8.
For this purpose, we first evaluate the corresponding 95% confidence interval at the following se-
lected discrete values of x;: 25 mm, 50 mm, 100 mm, 150 mm, and 180 mm. From Table A.3,
| lngr5.23 = 2.069.

il 12572 534

\ 25 7 (41.185.4 — 25 x 22.5342)

Atx; =25 mm: . {ly)os = 26.600 £ 2.069 x 7.784

= (23.38 — 29.82) mm

: A j I (50— 22.534)°
At x; = 50 mm: {ty)gs = 53.238 £2.069 x 7.784,| — + e —
| - Y 25 (41,1854 — 25 x 22.534%)
= (49.08 — 57.39) mm
b (100 — 22.534)

Atot = 100.8m: " (hos = 106.44 £ 2.069 5 7784, | — 3 -~ T =2 ;
v preik gl i XN S T 1854 - 25 x 22.5347)

= (98.38 — 114.50) mm

| ] (150 — 22.534)°

hi=m o i
V 25 (41,1854 —25 % 22.534%)

Atx; = 150 mm: {y)os = 159.64 = 2.069 x 7.784

= (147.06 — 172.22) mm

i (180 — 22.534)"
Atx; = 180 mm: (fy)os = 191.56 £ 2.069 x 7.784.[ — + - _( - .
V25 | (41,185.4 — 25 x 22.5342)

= (176.19 — 206.92) mm

By connecting two lines through the respective lower-bound and upper-bound values, as calcu-
lated above, we obtain the 95% confidence interval of the regression line as shown in dash lines in

Fig. E8.3. <

8.4 LINEAR REGRESSION WITH NONCONSTANT VARIANCE

The scattergram of observed data points may sometimes show a significant variation in the
degree of scatter with varying values of the control variable; in such cases. the conditional
variance or standard deviation about a regression equation will not be constant and may be
a function of the control variable. The regression analysis presented in Sect. 8.2.1 can be
extended to take account of the variation of the conditional variance. For this purpose, the
conditional variance may be expressed as

Var(Y|X = x) = o g%(x) (8.15)
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where o is an unknown constant and g(x) is a predetermined function of x. Again, for linear
regression of ¥ on X, we have

E¥|X=x)=ua+ Bx

in which the regression coefficients & and £ may be different from those of Eq. 8.1. In
this case, it would be reasonable to assume that data points in regions of small conditional
variance should carry higher “weights™ than those in regions of large conditional variances.
On this premise, accordingly, we assign weights inversely proportional to the conditional
variance, or
1 I

Wi = = ——

Var(Y | X = x;) o-g=(xi)

Then we can show that the total squared error is
n 1
=3 wi (i —a — Bx;)’
i=l

from which the least-squares estimates of the regression coefficients & and £ become

YWy — BY wix;
N 3wy

(8.16)

and
Lnf{Zn,\\]f{Zn',\ O wiv) S1T)
Ywi( wix?) — (> wix;)? ’

‘&,

in which
5 1
Wi = 0w, = ——
g-(x;)

An unbiased estimate of o2 from a sample of size n is then
I

\ A~ A . —
2 2wilyi—@&—Bx) Y wilyi — ) (8.18)
8 = = 18
n—2 n—2
Hence, an estimate of the conditional variance of ¥ given X = x, according to Eq. 8.15, is
G N 819
Sy =8 - g°(x) (5.19)
or
Syl = 5g(x) (8.19a)

Correlation Coefficient and Confidence Interval

The correlation coefficient of Eq. 8.9 or 8.10 should still be valid for the present case; in
particular, Eq. 8.10 is valid in which § is given by Eq. 8.17. That is, p = X where sy
and sy are the respective sample standard deviations of X and Y. Also, the corresponding
confidence interval may be determined with Eq. 8.8, where

¥; = E(Y|X = x;) is given by the linear regression equation with the regression
coefficients estimated with Eqgs. 8.16 and 8.17; and

i -.)1 ) )
Syle = 8(x),/ Z 2 Wi — Ji) of Eq. 8.19¢ and 8.18.

\ n-—2
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Data of the observed maximum settlements and the maximum differential settlements for 18 storage
tanks in Libya are plotted as shown in Fig. E8.4. From this figure, we can observe that the scatter of
the differential settlement appears to increase linearly with the maximum settlement. Accordingly, we
may assume that the conditional standard deviation of the maximum differential settlement ¥ increases
linearly with the maximum settlement X; that is, g(x) =x, Var(Y|X = x) =o22, and w; = 1/x7.

The details of the calculations are tabulated in Table E8.4, from which we obtain the sample
means and sample standard deviations of X and ¥, respectively, as follows:

29.7 H 19.9
—— =1.65 and V= —— = ].11
18 : 18

X =

and

Sk.= 1 ~—(63.49 — |8 % 1.652)=:0.923; =28 R — 18 1.112)=10.627
Yy V.17

Also, with Egs. 8.16 and 8.17, we obtain the regression coefficients
2238 x 12.42 — 15.84 % 11.31 11.31 —0.65 < 1584
22.38 x 18 — 15.842 22.38

Therefore, the linear regression of ¥ on X is E(Y | x) = 0.045 + 0.65x.

- = .65 and G- =0.045

35
= ;
A o
E 3
5 L y':0.045+0.65x\/,f
iy e
\ ”
2. 0 90% confidence
§ interval for gy x A
D
£ 1.5 R
L=
=
s
>
g gt o 95% confidence intervals at
; finite values of x
s f 1 1 \ |
0 1 2 3 4

Maximum settlement, cm

Figure E8.4 Settlements of tanks in Libya. (Data from Lambe and Whitman, 1969.)

According to Eq. 8.18, the estimate of o is

, _ 0.9418

o =.0.0589

18 —2

and from Eq. 8.19a, we obtain the conditional standard deviation of Y as a function of X to be
syie = x7/0.0589 = 0.243x

In this case, the estimated correlation coefficient, from Eq. 8.10, is
g ~ Sy w0923
p=B— =060 x —— =096
Sy 0.627
The corresponding confidence interval for the regression equation may be developed as follows.
For this purpose, let us select the following discrete values of x;: 0.5, 1.5, 2.5, and 3.5. Then, for a
90% confidence, we obtain with Eq. 8.8 and #5515 = 1.746 from Table A.3, the following respective
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intervals at the selected values of x;:

! ; [1 0.5 165
Atx; = 0.5 (el oy = 03701 1.746(0 243 % 05) [i— + : .
el Y 18  (63.49— 18 x 1.65%)

= (0.288 — 0.451)

[1 s sy
\ 18 * (63.49 — 18 x 1.65%)

Atx = 1.5 (r1e)yog = 0.975 = 1.746(0.243 x 1.5)

|
lo.90

=(0.823 — 1.12°H

At 2.5 (yie) 1.670 = 1.746(0.243 x 2.5) f‘" A ol 5
Xi = 4.0 \ Ix = L. _ . FD K LD s T
Atx; WL¥1x ) 00 ’ V18 ' (6349 — 18 x 1.65%)

= (1.326 — 2.014)

/1 2L @365
V18 7 (63.49 — 18 x 1.657) ,

Aty == 3 5 {:'fl)- ')(mu = 72,3204 1. 746(0:243 < 3.5)

= (1.512 — 3.122)

With the above intervals at the selected discrete values of x;, we can construct the 90% confidence in-
terval for the regression equation of the maximum differential settlement on the maximum settlement,
as displayed in Fig. E8.4.

TABLEE8.4 Calculations for Example 8.4

Max. Diff.
Tank Settlement Settlement {
No., x; (cm) i (em) W; WX Wiy Wk wixt o owily— 7Y
| 0.3 0.2 EEqd 3.33 222 0.67 1.0 0.0178
2 0.7 0.7 2.04 1.43 1.43 1.00 1.0 0.0816
3 0.8 0.5 1.56 1025 0.78 0.62 1.0 0.0066
4 0.8 1.1 186 E2s 1 572 k=39 1.0 0.4465
5 0.9 0.3 123 1:11 0.37 0.33 1.0 0.1339
6 1.0 0.6 1.00 1.00 0.60 0.60 1.0 0.0090
7 I.d 0.6 0.83 0.91 0.50 0.55 1.0 0.0212
8 1.4 1.0 0.51 0.71 0.51 0.71 1.0 0.0010
9 1.5 1.0 0.44 0.67 0.44 0.66 1.0 0.0002
10 1.6 1.0 0.39 0.63 0.39 0.62 1.0 0.0028
11 1.6 1.3 0.39 0.63 0.51 0.81 1.0 0.0180
12 2.6 1.5 0.25 0.50 0.38 0.75 1.0 0.0060
13 24 &3 0.17 0.42 0.22 0.53 1.0 0.0158
14 2.6 23 0.15 0.38 0.35 0.90 1.0 0.0479
1 2.9 1.9 0.12 0.34 023 0.66 1.0 0.0001
16 2.9 23 0.12 0.34 0.28 0.80 1.0 0.0164
17 3.7 1.7 0.07 021 0.12 0.44 1.0 0.0394
18 175 0.6 0.44 0.67 0.26 0.40 1.0 0.0776
}_ 29.7 19.9 22.38 15.84 1131 12.42 18.0 09418

«

8.5 MULTIPLE LINEAR REGRESSION

A dependent variable may be a function of more than one independent or control variable. In

such cases, if the variables are random, the mean and variance of the dependent variable will
also be functions of the independent variables. When the mean-value function is assumed
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to be linear, the resulting analysis is called multiple linear regression. The basic analysis of
multiple linear regression is simply a generalization of the regression analysis developed in
Sect. 8.2 for two variables.
Suppose the dependent variable of interest is ¥ and that it is a linear function of
k random variables X, X,,...,X;. It follows that the mean value of ¥ at X, =x;,

Xo=%oi 005 Xpe=Fnit=1; 2.v0m5 n, 1s
yi=PFB+ Bixit + Boxiz + - -+ + Brxu (8.20)
for each i, where Bg. B,...., B are constant regression coeflicients that must be estimated
from the observed data (x;1, X2, ... ,: x;), whereas the conditional variance of ¥ for given
ralues x;1, X, . . .. Xy 1s assumed to be constant for any 7; i.e.,
Var(Y|x;1, xi2, ..., Xiv) =g (8.21)
or is a known function of (x;1, xp2, ... ,. i) 1.e.,
\ 5 )
Var(Y |xi1, Xiz, oo .y Xir) =0 g°(xi1, Xiny o v vy ) Xik) (8.22)

Regression analysis is then performed to estimate 3,, fy,..., ; and o based on a set of
observed data of size n, namely, (x;1, X2, ..., X, i), i=1,2,...,n.
Equation 8.20 may be written conveniently in matrix form as follows:
y =X8 (8.20a)
where y' is a vector ¥’ = {y|. ¥, ..., ¥;}, in which each y; is given by Eq. 8.20; 3 is a
vector of the regression coefficients 3 = {8,, fi..... B}, and X is an n by k + 1 matrix
(i.e., n rows and & 4+ 1 columns):

1 xn X2 o0+ Xik

I xo1 X2 -+ Xx
X =

I Xnl Xn2 e Xnk

Let us now concentrate our attention on the case in which the conditional variance is
constant. The total squared error for a set of n data points is then
n " n
A? = Z (vi—y) = Z [yi — Bo — Prxi1 — - — Bexu]’ (8.23)
= i=1
Then, on the basis of least squares, we minimize A? to obtain the following set of linear
equations for determining the estimates of 8, j=0,1,2,....k

A’ f 5 ’ .
: = Z [: — Bo — Brxin — -+ — Bixir] =0

B, =
)Aj n . " N
— = Z-"H [vi = Bo — Bixir — -+ = Brxa] =0 B
api r
‘ .-Aj n . R . N -
(.j = Z-‘}A [}}' — Bo —B1xip — o — ﬂkr"rk] =0
3P '

i=1

Equation 8.24 consists of & + 1 equations with the £ + | unknown regression coefficients.
Again, in matrix notation, the set of equations of Eq. 8.24 may be written as
X'Xg=X"y (8.24a)

where y = {¥{,v2,.... ¥} is the vector of the observed values of ¥ and T is the transpose.
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Premultiplying both sides of Eq. 8.24a by the inverse of the matrix XX, we obtain the
solutions for the least-squares estimates of the regression coefficients as

B=(X"X)"'X"y (8.25)
where 3 is a (k + 1) vector, B= {Bo. Bis - - -, B}, with which we obtain the multiple

regression equations, in matrix form,
Y =XB (8.26)

In scalar form. Eq. 8.26 represents a set of k multiple regression equations as follows:
k
vi = B + E Bixijs i=L12,..., 1 J = L k (8.26a)
j=1

where B, and f3; are the components of 3.
An unbiased estimate of the conditional variance of Y for given values of X, X, ... .. X1
18
i o)
, > (=)
A® i=l

§2 —— - s (827
Y |y Xgsaa%k ”7'( _ .’T—}\'* 1 { )

in which v/ is given by Eq. 8.26a. The reduction in the original variance of ¥ may also be
evaluated with r of Eq. 8.7 by substituting sy|y, .. v, for sy,

An important factor in determining the frost depth for highway pavement design is the mean annual
temperature for the site under consideration. The mean annual temperatures that have been recorded
at 10 different weather stations in West Virginia are summarized in Table E8.5a.

At locations in the state where temperature records are not available, the mean annual temperature
4l a construction site in West Virginia may be predicted on the basis of its elevation and latitude based
on the information recorded in Table E8.5a.

For the above purpose, the following multiple linear equation may be assumed:

E(Y|x1,%2) = Bo+ fix1 + B

where
¥ = the mean annual temperature, in “F
x; = elevation, in feet above sea level
x; = north latitude, in degrees

Table 85a Mean Annual Temperatures in West Virginia. (Data from Moulton and Schaub, 1969.)

Weather Station Elevation, ft North Latitude, deg. Mean Annual Temperature, °F

Bayard 237> 39.27 47.5
Buckhannon 1459 39.00 323
Charleston 604 38.35 56.8
Flat Top 3242 37.58 48 4
Kearneysville 550 39.38 54.2
Madison G675 38.05 354
New Martinsville 635 39.65 54.4
Pickens 2929 38.66 48.8
Rainelle 2424 37.97 50.5

Wheeling 659 40.10 2.7




324 Chapter 8. Regression and Correlation Analyses

To evaluate the regression coefficients, we form the following matrix based on the data of Table
E8.3a:

I 2375 2927 47.5
1 1459 39.00 S35
1 604 38.35 56.8
1 3242 37.58 48.4 5
il Bo
55 39.38 54.2 . :
5= I o and the vectors, y = : and 8= | g,
1 675 38.05 394 .
1 635 39.65 54.4 &
1 2727 38.66 48.8
1 2424 3797 50.5
il 659 40.10 5279
from which we obtain, through matrix operations, Eqs. 8.24a through 8.26:
10 13,850 388
X'X = 115,350 336100 592%10°
388392 10P 15 06]
357.12 —0.0038 —9.051
(XXt =k ogo0s8- - kil x 107 .5 .9.23F <10
—9.051 9.237 = 10° 0.2296
and
320:7 121.05
X"y = | 772,104 Hence, 3 = (X"X) ™ (X"y) = | —0.0034
20,208 1.644
and the regression coefficients are B, = 121.05, ; = —0.0034, and ps = —1.644. Thus, we obtain

the multiple linear regression of ¥ on X, and X, as
Yy = E(¥|x;.205) = 121.05 — 0.0034x; — 1.644x;
With the above regression equation, we summarize the results of the calculations in Table E8.5b.
From these results, we also obtain the following. The respective sample means
15,350 [ 388.01 52009

X= T = X = = 38.60; ¥= = =20
10 i 10 : 10

and respective sample standard deviations:

sy, = ./ =(33,552.622 — 10 x 1535%) = 1054 ft;
LT Y0

f /1
Sy, = «f =(15,061 — 10 x 38.802) = 0.87°N, ‘and = sy =/ =(27,202 — 10 x 52.07%) = 3.15°F
2T ND Vo

Also, according to Eq. 8.27, the conditional standard deviation of ¥ is

380

bl b (T
e T L

S¥ixjim =
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Tahle E8.5b Calculations for Example 8.5

Elevation x;;, (ft) Latitude x;. °N Mean Temp. v; °F y! O
2375 39.27 47.5 48.43 0.86
1459 39.00 523 51.99 0.10

604 38.35 56.8 55.97 0.69

3242 37.58 48.4 48.27 0.02

550 39.38 54.2 54.45 0.06

675 38.05 551 56.22 1.25

635 39.65 544 3372 0.46

2727 38.66 48.8 48.24 0.31
2424 37.97 50.5 50.41 0.01

659 40.10 52.7 52.89 0.04

Y 15,350 388.01 520.7 A% =380

Applied to Gary, West Virginia, which is located at an elevation of 1426 ft and at a latitude of
37.37°N. the expected mean annual temperature would be

E(Y|1426,37.37) = 121.3 — 0.0034 x 1426 — 4.65 x 37.37 = 54.80°F

with a conditional standard deviation of 0.74°F.
If the mean annual temperature in Gary can be assumed to be Gaussian, the 10-percentile value
of the temperature, vg 10, would be determined as follows:

Py Sl (_ﬂun — 54.80 0.10 i
< ¥ = & Fr e S ——— = .
(¥ =y, i

from which, we obtain yj 1o = 54.80 + 0.74®7! (0.10)=54.80 —0.74 x 1.28=53.9°F. <

Multiple Correlations

In multiple regression, the dependent variable ¥ would be a function of two or more in-
dependent or control variables. Therefore, ¥ may be correlated with each of the indepen-
dent variables, e.g., between Y and X, with corresponding correlation coefficient py x ..
Moreover, cach pair of the indcpcndch[ variables may also be mutually correlated with a
correlation coefficient py, x, between X; and X;. From the set of observed data of sample
size n, the estimates of the respective correlation coefficients between ¥ and Xj, following
Eq. 8.9, would be

~ 1 —
I i XY —nXy
n—1 Sy, -8y

» 8.6 NONLINEAR REGRESSION

Functional relationships between, or among, engineering variables are not always linear, or
may not always be adequately described by linear models. Observed data, from ficld mea-

| surements or experiments, for the variables may show nonlinear trends in the scattergrams
| of the data points. In such cases, a nonlinear relationship between the variables would be

|| more appropriate. The determination of the appropriate nonlinear relationships on the basis
|- of observational data involves nonlinear regression analysis.

] Nonlinear regression is usually based on an assumed nonlinear function of the mean-
! value of the dependent variable, Y, as a function of the independent (or control) variable X,
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with certain undetermined coefficients that must be evaluated on the basis of the observed
data. The simplest type of nonlinear functions for the regression of ¥ on X is

E(Y|x)=a+ Bg(x) (8.28)

where g(x) is a predetermined nonlinear function of x. For example, g(x) may be a polyno-
mial function, x + x*; an exponential function, ¢*; or a logarithmic function, In x, or any
other nonlinear function of x. This is usually coupled with a constant conditional variance,
Var(Y |x) = constant, or a conditional variance that is a function of x, i.e., g(x).

By defining a new variable x" = g(x), Eq. 8.28 becomes

E(Y|x"y= o+ Bx (8.29)

We can then see that Eq. 8.29 is of the same mathematical form as the linear regression
equation of Eq. 8.1. Furthermore, if the observed data points (x;, ;) are also transformed to
(x!, v;), the original nonlinear regression of ¥ on X is, therefore, converted to a corresponding
linear regression of ¥ on X', and the regression coefticients @ and 8 can be estimated with
Eqgs. 8.3 and 8.4, whereas the conditional variance .s‘f .~ can also be estimated with Eq. 8.6.

Data of the average all-day parking cost (in the 1960s) in the central business districts of 15 U.S. cities
were collected as listed in Table E8.6, and the data are plotted against the city population. The data
points in the scattergram of Fig. E8.6a clearly show a nonlinear trend. However, if we use x’ =1In x
in place of x, the scattergram would be as shown in Fig. E8.6b, which would then show a reasonably
linear trend. On the latter basis, we may model the average all-day parking cost as a linear function
of In x or with the following nonlinear regression equation:

EXx)=a+8Inx
where
Y = average all-day parking cost, in 1960s $

x = urban population, in 1000s

TABLE E8.6 Summary of Data and Computations for Example 8.6

Population  Parking Cost

City No.  x; (in 1000) ¥ (in §) = Inz - v ,\‘F _\"3 ¥ (y; — _\",'J"‘
1 190 0.50 5 25 2.62 275 025 "95] 0.000
2 310 (.48 5.74 2.73 0. 0723 63 0.023
3 270 0.53 5.60 2.97 St 028 - (.60 0.005
4 320 0.58 S 335 333 4034 063 0.003
5 460 0.60 6.13 3.68 2006 036 072 0.014
6 340 0.67 5.83 3.91 340 045 065 0.000
7 380 0.69 5.94 4.10 353 048 0.68 0.000
8 520 0.75 625 4.69 39.1 - 636 . 0.75 0.000
9 310 0.80 3.74 4.59 329 064 063 0.029
10 400 0.80 5.99 4.79 359 064 069 0.012
11 470 0.81 6.15 4.98 379 066 L3 0.006
12 840 0.92 6.73 6.19 45.3- 0.85- 0.87 0.003
i3 1910 0.92 7.56 6.95 571 08 107 0.023
14 3290 1.40 8.10 11.34 636 | 196 121 0.036
ib 3600 Bl 8.19 9.17 67.1 1.25 123 0.012

94.97 76.08 A?=0.166

11.57
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8.6 Nonlinear Regression

From the calculations summarized in Table E8.6, we also obtain the following. The sample

means

oo aeg ; e 114
X = =yE3 and v =
15 L 15

and sample standard deviations

se =y 77 (6128 -15x6332) =092 and sy =/ (9.80 — 15 x 0.7712) = 0.25

Then, with Egs. 8.3 and 8.4, we obtain the regression coefficients,

76.08 — 15 x 6.33 x 0.771

— - = 0.244 and & =0.771 - 0:244 x 6.33 = —0.773
612.8 — 15 x 6.33°

f=
Hence, the regression of ¥ on In X is
E(Y|lnx) = —0.773+ 0.244Inx

which is displayed in Fig. E8.6b, whereas the corresponding nonlinear regression of ¥ on X is shown
in Fig. E8.6a.
The conditional standard deviation of ¥ given x’ =1In x is
[ 0.166

Syl = 4 ——— = +/0.0128 = 0.113
v

and the corresponding correlation coefficient, for the linear regression of ¥ on In X, according to
Eqg. 8.9, is

I [76.08 — 15 x 6.33 x 0.771°
H(‘h P e e —) — 0.89

. i 2 X
£ 0.92 % 0.25

which shows that there is a reasonable linear relation between ¥ and In X.

_. _.
o (3]

e
3

Parking cost, 1969 dollars

i | i | L
0 1000 2000 3000 4000

Urban population, (in 1000)

In arithmetic scale

Figure 8.6a Data points of parking cost vs. population (in arithmetic scale) and regression equation
of ¥ on X. (Data from Wynn, 1969.)
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Parking cost, 1969 dollars

1 L |
100 500 2000 3000

Urban population, (in 1000)
In log scale

I
4000

Figure 8.6b Data points of parking cost vs. population (in semilog scale) and regression of ¥ on In
X. (Data from Wynn, 1969.)
<

In order to predict the average dissolved oxygen (DQ) concentration in a pool based on the average
pool temperature, T, measured data for DO (in mg/1) and corresponding pool temperature 7 (in “C)
were obtained as summarized in Table E8.7. In this case, an exponential model may be an appropriate
functional relation between the DO and the temperature 7' that is,

DD =l
By taking the natural logarithm of both sides of the above equation, we have
e =Ing = f 1
Therefore, using X = T and ¥ = In DO, we obtain the linear regression of ¥ on X,

E(Y|X)=lna 4+ X or ElnDOIT)=Ina+ T

TABLE E8.7 Summary of Data and Calculations for Example 8.7

Ave. Temp., -Ave. DO, In y/= 3.86

X (0 yi (mg/h), © Iny; © xlny % (Iny;)?  —0.11x; (Iny; — In y})?
232 42 1.44 33.41 538.2 2.07 1.31 0.0169
234 7 .31 30.65 547.6 172 1.29 0.0004
23.8 3.8 .34 31.89 566.4 1.80 1.24 0.0100
24.1 25 0.92 2217 580.8 0.85 1.21 0.0841
24.4 3.1 lul3 29.57 595.4 1.28 1.18 0.0025
24.6 3.2 .16 28.53 605.2 1.34 i1y 0.0001
o 2.9 1.06 27.03 650.3 1.2 1.06 0.0000
27.2 2.3 0.92 25.02 739.8 0.85 0.87 0.0025
273 3.0 1.10 30.03 745.3 121 0.86 0.0576
21 23 (.83 22.83 7563 0.69 0.84 0.0001
28.7 1.6 0.47 13.49 823.7 022 0.70 0.0529

5 2197 32.8 1168 . 29262 . 71490  13.15 A% =0.2271
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From the calculations summarized in Table E8.7, we obtain the following. The respective sample
means:

279.7 el 2 11.68
= r = 2513 and InDO.=

and the respective sample standard deviations

= L.06

(1 e
s _\ S(7149.0— 11 x 25.43%) = 1.883; and  snpo =/ 7=(13.15 = 11 x 1.06?) = 0.281

We also obtain the estimates for the regression coefficients
20062 — 11 % 2543 X 106

[-} = = - = —0.11 and Ina=1.06+0.11x 2543 = 3.86
71490 — 1l x 25.43%

Hence, the linear regression of In DO on T is
E(lnDO|T) =3.86—0.11T

which is shown in the semilogarithmic graph of Fig. E8.7, superimposed on the data points. The
equivalent nonlinear regression of DO on T would be

E(DOIT) = exp(3.86 - 0.11F) =475 "' ¢
The estimated correlation coefficient associated with the above linear regression equation of In DO

on T is. according to Eqg. 8.9,

1 (29262 - 11 %2543 %106
p=— ( = 074
10 1.883 x 0.281

or by Eq. 8.10,
1.883
0.28

and the corresponding conditional standard deviation of In DO for given T is

p=(=0.11) =—0.74

10.227

SwpolT = \ —|| o 0.159

B | —

We may also construct the confidence interval of the linear regression of In DO on T using the
following discrete values of the temperature T: T =23.5°, 25.0°, 26.5°, and 28.0°C.

AtT

Ii

Ll : T (23.5 — 25.43)°
2 35500 {Bibalogs = 1.27342.262 x (. l)‘)\j 1 4 7149 — 11 < 35.435

(1.12 — 1.43)

AT =25.0°C: - (ppoloss = 1110 2262 x 0,159, 1 +
{Min polp.os \ | (7149 — 11 x

= (1.00 — 1.22)

o s P e o bR (26.5 — 25.43)
26.5C " linlobs = 0.945 £ 2262 % 0.159. [ <=4

ALT [—+
V IT * (7149 — 11 x 25.43%)

= (0.82 — 1.07)
ALT = 280°C:  (moolgas = 0.780 % 2,262 % 0,159, |- & (80 - 25437
£ = <000 \Hin e g5 == + 2.262.-% T -
R \ T " G149 = 11 x 2545

|

= (0.59 > 0.97)

With the above fourintervals for the corresponding discrete values of T, the 95% confidence interval
for the linear regression line may be constructed as shown in Fig, E8.7.
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s

4

Average pool DO, DO, mg/

0
9
8
7L i
6
5 . .
DO = 47.5¢ 913237
4

oLl L L | l L
23 24 25 26 27 28 29

Average pool temperature, I.C

Figure E8.7 Dissolved oxygen (DO) and temperature (7) relationship. (Data from Butts,
Schnepper, and Evans, 1970.) «

In mountainous regions, the hazard of glacier lake outburst is of major concern. The maximum
discharge and runout distance of an outburst is a function of the volume of a glacier lake. Through
remote sensing data, the area of a lake, A, can be determined and from empirical data on mean depths,
D, of glacier lakes, the required volume of a lake may be estimated. Available data for the Swiss Alps
are tabulated in Table E8.8 (after Huggel et al., 2002).

TABLE E8.8 Summary of Data and Calculations for Example 8.8

Lake Area. Depth

Name of Lake AmixlS D'm xn=logdl yw=logh; XV i \; v (i — )

Ice Cave Lake 0.0035 2.9 3.5441 0.4624 1.6388 12.56 0.2138  0.5428 0.0065
Gruben Lake 5 0.01 5 4.0000 0.699 2.796 16.00 0.4886 0.732 0.001

Crusoe-Baby 0.017 4.7 4.2304 0.6721 2.8432 17.8962 0.4517 0.8276 0.0242

Lake

Gruben Lake 3 0.021 7.1 4.3222 0.8512 3.6791 18.6814 0.7245 0.8657 0.0002
Gruben Lake 1 0.023 10.4 4.3617 1.017 4.4358 19.0244 1.0343 0.8821 0.0182
MT’ Lake 0.0416 12 4.6191 1.0792 49849 21.336 1.1646  0.9889 0.0082
Lac d’Arsine 0.059 13.6 4.7708 1.1335 34077 « 220605 1.2848 1.0519 0.0066
Nostetuko Lake 0.2622 28.6 54186 1.4564 78916 ¢ 293613 . LI2E] = 3007 0.0184
Between Lake 04 18.8 5.6021 1.2742 71382, 313835 1.6236 1.3968 0.015

Abmachimai Lake 0.565 34.3 5:752 1:5353 8.831 33.0855 23571 « 14591 0.0058
Gjanupsvatn 0.6 hidt 57782 1.5224 9.0000 33.3876 23177 14699 0.0028
Quongzonk Co 0.753 279 5.8768 1.4456 94955 ' 345368 - .2.0898. " 1.5109 0.0043
Laguna Paron 1.6 46.9 6.2041 1.6712 10.3683 38.4908 27929 1.6467 0.0006
Summit Lake 5 50 6.699 1.699 113816« 44.8766 28866 18521 0.0234
Phontom Lake 6 83.3 6.7781 1.9206 13.018 45.9426 3.6887 1.8849 0.0013

¥ 158553 38R 79572 118.4391 101,706« 419.323 . . 252398 68946 A*—0.1365
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In this case, regression may be performed for log D on log A: i.c.,
logD =a+ flogA
which we can observe is linear in log—log space. The details of the calculations are summarized in
Table E8.8.
From Table E8.8, we obtain the sample means of lake areas and depths as

378.8

——— =2525m

L 15,355 i -l
A= —— = 1.024 x 10° m* and 1)
15 15
and the respective sample standard deviations of log A and log D are
[ 77.957\* ol
Siogd =, | =] (419.323) — |5( = ) = | 006
14 15
|1 18.439\*
Segp = | — | (25.240) = 15 ( : ) = 0.429
\ 14 13

Estimates for the regression coefficients are

L 77,957 + 18.439
by i A A .
2 =045 Td= = - 04150 = 0928

77.
419.323 15x( ‘
\ 15

Therefore, the regression equation for log D on log A is
E(log D|log A) = —0.928 4 0.415]log A

and in terms of the original variables, the mean depth, D, and area. A, the relevant nonlinear relation

1S
D =0.1184%41°

The graph of the data points and the above linear regression equation of log D on log A are shown in
D on log A is, according to

Fig. E8.8.
The correlation coefficient associated with the regression of log

Eq. 8.9,
I Fbainent hig s 18.439 1
101 — 15 = 4
5 15 L5 i
0= = (.86
1.006 x 0.429

and the corresponding conditional standard deviation of log D for given log A is

[0.1365

e e e
Vis—2

_\'](.\._‘_ DilogA — = 0.102

We may also construct the 95% confidence bounds for the regression of log D on log A at the following

selected values of A:
= 3.699):

A = 5000 m? (orlog A
(3.699 — 5.197)°
: L - (0,383 - 0831)

15 5 1972

/ \ i i [
(th10g b} o = 0.607 £ 2.160 x 0. mzv TR

or

{pp)gs = (241 — 6.78)m
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28

24 s E (Log D) =—0.928 + 0.415Log A - =

Log D

******** 95% confidence interval

| \ |
0 2 4 6 8

Log A

Figure EB.8 Relationship between log D and log A for Glacier Lakes. (After Huggel et al., 2002.)

A = 50, 000 m? (orlog A = 4.699)

et 10 4.3 160 X010 | pra s600 0 Y0 (0.958 — 1.086
Lo Dl ae = HUZZ 5 2. PR LR et = B o o 2] I ]
Wio 215 : V15 " @19323— 15 x 5.197%) ’

or

(ttp)os = (9.08 — 12:19)m

A = 500, 000 m* (orlog A = 5.699)

e [1 5.699 — 5.197)
Lo b op e 14870160 e Dilod o o s AR e
Ep)ss V15 T (419323 15 x 5.197%)

or

{1tp) os = (23.60 — 31.70) m

A = 5,000,000 m? (orlog A = 6.699)

[ 3
; i /] (G699 =S 09nF - i
(iogn) s = 1.852 + 2.160 x 0.102 [ -— + — _ e = M1 1950
Y 15 (419.323 — IS x 5.1972)

or

{tn)os = (55.85 = 90.57)m

which can be used to establish the 95% confidence intervals of the regression line as shown in
dash lines in Fig. E8.8. <
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8.7 Applications of Regression Analysis in Engineering

The form of the nonlinear functions assumed in Eq. 8.28 can be generalized as follows:
E(Y|lx)=a+ pig1(x) + foga(x) + - - - + Brgr(x) (8.301)

where g;i(x), j=1. 2, ..., k are predetermined functions of the independent variable x. An
example of Eq. 8.30 is the following polynomial relation,

E(Y|x)=a+ Bix + Box? + - + Bixt (8.31)

We now observe that by converting each of the polynomial terms in Eq. 8.30 into the
respective transformed variables, z; = g;(x), Eq. 8.30 becomes :

EY|x)=a+ bz + Baza+ -+ Brzx (8.32)

Hence, by evaluating each of the transformed variables z; = g;(x) on the basis of the original

data set, the nonlinear problem of Eq. 8.30 is transformed to that of a multiple linear

regression problem of Eq. 8.32, and the procedure presented earlier in Sect. 8.5 should /
apply.

8.7 APPLICATIONS OF REGRESSION ANALYSIS IN ENGINEERING

Regression analyses have been used widely in practically all branches of engineering, either

to develop empirical relations between two (or more) variables or to confirm a theoretical

relationship and evaluate the needed constants on the basis of observed data. Oftentimes

the necessary theoretical relationship between engineering variables cannot be derived on

the basis of theoretical considerations; in these cases, the required relationship may be |
established empirically on the basis of experimental or field observations. For example,

by plotting the logarithm of the observed fatigue life N (in cycles to failure) of a material

versus the logarithm of the applied stress range (maximum minus minimum stress) S, a

linear trend can be observed as shown in Fig. 8.4.

This linear trend may be represented by the linear regression equation,

logN =a —blog§

100 —
90
80
70

60

50 § ] -

30

20
Material : A7, A36, A373 Mild Steel

Stress Cycle : Zero to Tension

Stress range S, ksi

10 =
100 200 300 500 700 1000 2000 3000

Cycles to failure N, in 1000

Figure 8.4 S-N relation for fatigue of mild steel. (Data courtesy of W. H. Munse.)
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in which the constants a and b can be evaluated as estimates of the regression coefficients
based on the set of measured data. The above regression equation, therefore, yields the
so-called S—N relation of the form

NS' =a

There are also situations in which the mathematical form of a required relationship among
the principal variables may be postulated from heuristic considerations; regression analysis
may then be applied to assess the validity (statistically) of the mathematical equation or to
evaluate the values of the parameters on the basis of the observed data. For example, Smeed
(1968) postulated that the peak flow of traffic [in passenger car units (pcu)] into the center
of a city is

Q0 =afA'?

where [ = the fraction of the city center that is occupied by roadways; A = the area of the
city center in fi*; and @ = a constant that depends on the speed of the traffic and efficiency
of the road system. Basically, this equation is based on the hypothesis that the volume of
traffic (in pcu) that can enter the central area is proportional to the circumference of the
central area. Data from 35 cities, including 20 from the UK, are shown plotted on a log-log
graph in Fig. 8.5.

The least-squares linear regression of log (Q/f) on log A vields a slope of 0.53 for the
regression line. Also, from the regression line of Fig. 8.5, the constant « can be evaluated
as the value of (Qff) atA=1.

There are also situations in engineering in which it is difficult to measure a quantity (or
variable) of interest directly, but may be obtained indirectly through its relationship with

| another variable. For example, in determining the maximum stress at the extreme fiber of
i a steel beam, it is difficult to measure the stress directly; however, through the stress-strain
relationship of the beam material, the maximum stress can be determined by measuring
the corresponding strain at the extreme fiber of the beam. Also, some engineering variables

1000 . . ; ; : :

Gradient of least-squares line = 0.53
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. 200
- |
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Figure 85 Peak traffic flow (pcu) into city center of area A. (After Miller, 1970.)
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Figure 8.6 Compression index vs. void ratio of soil. (After Nishida, 1956.)

can be measured more readily and economically than others; for example, the initial void
ratios of clay samples can be measured inexpensively in a laboratory, whereas the direct
measurement of the compression index of the same soil would be much more costly and
would require considerable effort and time. In such a case, if an empirical relation is
established between the void ratio and the compression index of soils, such as the relation
illustrated in Fig. 8.6, we can simply measure the void ratio and predict the compression
index of a soil by applying the appropriate regression equation.

Another example in this regard is the determination of the fully cured 28-day concrete
strength; obviously, this will require testing the concrete specimens after 28 days. At the
rate that construction progresses nowadays, 28 days would be too long; methods of early
determination of concrete strength are highly desirable for quality assurance and have been
suggested, such as using an accelerated strength obtained through an accelerated curing
process. A linear regression has been developed, e.g., by Malhotra and Zoldners (1969), as
shown in Fig. 8.7, between the 28-day strength and the accelerated strength of concrete,
based on data from nine construction jobs across Canada.

In traffic engineering, Heathington and Tutt (1971) have developed linear relationships
between short-interval observed traffic volume and long-term traffic volume in six cities in
Texas; some of these results are shown in Fig. 8.8. Obviously, there is considerable benefit
in using short-term observations for predicting long-term traffic conditions.

Multiple linear regression also finds many applications in engineering; for example,
Martin et al. (1963) used multiple linear regression to determine the expected number of
trips generated, V', per dwelling unit in a community as a function of automobile ownership
X, population density X, distance from the central business district X3, and family income
X4 as follows:

E(Y|x1, X2, X3, x4) = 4.33 + 3.89x; — 0.005x, — 0.128x3 — 0.012x4
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TABLE 8.1 Multiple Regression of Trip Generation

[ndependent

Variables Regression Equation S¥lx)ts r (Eq. 8.7)
X1, X2, X5, X, Vv =433+ 3.89x; — 0.005x; — 0.128x3 — 0.012x,4 0.87 0.837
X1, X5 _\" = 3.80 4+ 3.79x; — 0.003x, 0.87 0.835
Xa, X4 VvV =549 — 0.0089x, 4+ 0.227x, 1.02 0.764
X, v =2.88 +4.60x, 0.89 0.827
X yi=17.22—-0.013x; 1.10 0.718
X, v =3.07 4 0.44x, 1.20 0.655
X3 .\" =355 -+ 0.74x3 1.30 0.575
v/ = E(Y|xy. ..., x;) = Expected number of trips per dwelling unit.

X1 = Automobile ownership (no. per dwelling unit).
X> = Population density (no. per net residential acre).
X3 = Distance from central business district (in miles).
X4 = Family income (in 1960s US$1000).

Alternative multiple linear regressions, using fewer independent variables, were also
performed for this problem. The respective results of these different regression analyses are
summarized in Table 8.1. We can observe from the values of r (see Eq. 8.7) in Table 8.1
that the reduction in the unconditional variance of ¥ generally increases with the number
of independent variables included in the regression analysis.

Nonlinear regression is also widely used in engineering. Besides those illustrated earlier
in Examples 8.5 and 8.6, Fig. 8.9 shows an application involving the logarithmic transfor-
mation, in which data points of the average stress per cycle of repeated loading are plotted
against the logarithm of the number of cycles to failure of concrete beams. Superimposed
on the data points is the linear regression for determining the S-N relation for predicting
the ex‘pected fatigue Iil'c nl'concrcic beams. In [his‘ case, because of the large variability of

lhe dppluarmn ofa dc)uhh. ]ngdnlhm:c [mnslol mation is ll]Ll.‘;[[cllkd in Fig. 8.10, where
data points of the logarithm of river flows and the logarithm of distance downstream are
plotted, yielding a linear regression equation for the transformed variables.

Another application of the double logarithmic transformation is shown in Fig. 8.11 in
which data points of the maximum sustained wind speed and the radial distance from the
center of a hurricane are plotted, with the corresponding linear regression line superimposed.
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Figure 8.9 S-N diagram of concrete beams. (After Murdock and Kesler, 1958.)
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Polynomial functions are also often used in nonlinear regression. For example, a third-
degree polynomial function is fitted, through regression analysis, to the data points of vehicle
speeds and corresponding traffic densities in Fig. 8.12.

Numerous other examples of applications of regression analysis can be observed also
in Chapter 1.
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Figure 8.11 Surface hurricane wind profile. (After Goldman and Ushijima, 1974.)
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8.8 CONCLUDING SUMMARY

PROBLEMS

The statistical relationship (particularly the mean and variance) between a dependent vari-
able as a function of one or more independent (or control) variables may be determined
empirically through regression analysis. This is generally limited to a linear equation of
the mean value of the dependent variable as a function of the independent variable(s) with
unknown constants known as regression coefficients. Regardless of the form of the func-
tional relationship, the required regression analysis can be limited to the linear case, as any
nonlinear relationship can be converted into a linear function through proper transforma-
tions of the variables for the purpose of regression analyses. On the basis of least squares,
regression analysis provides a systematic approach for empirically estimating the regression
coefficients from a set of observed data. The strength of linearity underlying a regression
equation is measured by the corresponding correlation coefficient; a high correlation co-
efficient (i.e., close to £1.0) implies the existence of a strong linear relationship between
the variables, whereas a low correlation (close to zero) would mean the lack of a linear
relationship (although there may be a nonlinear relationship). Confidence intervals of a
linear regression equation may also be determined with a specified confidence level.

Regression and correlation analyses have applications in many areas of engineering and
are especially significant in situations where the necessary relationships must be developed
empirically. Moreover. even in situations in which the functional form may be known from
physical considerations, regression analyses can be useful also for evaluating the unknown
constants based on the observed data. We should emphasize, however, that the relationship
developed from a regression analysis may not necessarily imply any causal effect between
the variables: it simply establishes the statistical relationship on the basis of the observed
data.

8.1 Atensile load test was performed on an aluminum specimen.  (a) We may assume that the force—elongation relation over the
I ) g

The applied tensile force and the corresponding elongation of the  range of the applied loads is linear. On this basis, determine the

specimen at various stages of the test are recorded as shown in  least-squares estimate of the Young's modulus of elasticity of

the table on p. 340.

the aluminum specimen, which is the slope of the stress-strain
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curve. The cross-sectional area of the specimen is 0.10 in®, and
the length of the specimen is 10 in.

Tensile Force Elongation

X (kip) Y (107 in.)
| 9
2 20
3 28
4 41
3 52
6 63

(b) Under zero load, the elongation of the specimen must also
be zero. Therefore, the intercept, «, of the regression equation

should be o = 0. In this case, what would be the best estimate of

the Young’s modulus?

8.2 The distance Y necessary for stopping a vehicle is a function
of the speed of travel of the vehicle X. Suppose the following
set of data were observed for 12 vehicles traveling at different
speeds as shown in the table below.

Vehicle No. Speed, kph Stopping Distance, m
1 40 15
2 9 2
3 100 40
4 50 15
5 15 4
6 65 25
7 23 5
3 60 25
9 95 30

10 65 24
11 30 8
12 125 45

(a) Plot the stopping distance versus the speed of travel.
(b) Assume that the stopping distance is a linear function of the
speed, i.e., E(Y|x) = o + fx.

Estimate the regression coefficients, o and g, and the con-
ditional standard deviation sy|,. Also, determine the correlation
coefficient between ¥ and X.

(¢) Determine the 90% confidence interval of the above regres-
sion equation.

8.3 The peak-hour traffic volume and the daily traffic volume
on a given highway bridge have been observed for 7 days. The
observed data are as shown below:

(a) Plot a graph showing the peak-hour traffic volume vs. the
daily traffic volume.

(b) Estimate the correlation coefficient between the peak-hour

traffic volume and the daily traffic volume.

(c) Suppose that the total traffic count on a given day has been
observed to be 55,000 vehicles. What is the probability that the
peak-hour traffic volume on that day exceeded 7000 vehicles per
hour? (Hinz: Use an appropriate regression analysis.)

X ¥

Peak-hour Daily traffic
Traffic Volume volume

(in 1000) (in 10,000)

1.5 0.6

4.6 34

3.0 2.5

5.5 2:8

7.8 4.8

6.8 6.4

6.3 5.0

8.4 Data for the per capita energy consumption and per capita
GNP output for eight different countries have been complied by
Meadows et al, (1972) as tabulated below:

Per Capita Per Capita Energy
Country # GNP, X Consumption, }
I 600 1000
2 2700 700
3 2900 1400
4 4200 2000
5 3100 2500
6 5400 2700
7 8600 2500

8 10300 4000

In the above table,

X = the per capita GNP of a country in 1972 U.S. dollar
equivalent

Y = the per capita energy consumption in kilos of coal
equivalent.

(a) Plot the data on a two-dimensional graph.
(b) Determine the regression equation for predicting the per
capita energy consumption on the basis of a country’s per capita

GNP output, and draw the regression line on the graph of

Part (a).

(¢) Determine the correlation coefficient between X and Y.

(d) Evaluate the conditional standard deviation sy ,.

(e) Determine the 95% confidence interval of the regression line,
and sketch the upper and lower interval lines on the graph.

(f) Similarly, determine the regression equation for predicting
the per capita GNP on the basis of the per capita energy con-
sumption, and evaluate the corresponding conditional standard
deviation sy y—,.




8.5 A survey of passenger car weight (kip) and corresponding
gasoline mileage (miles per gallon) gives the following:

Car Gasoline Mileage (mpg) Weight (kip)
I 25 23
2 17 4.2
3 20 36
- 21 3.0

These four cars represent a random sample of the entire passen-
ger car population.

(a) Suppose passenger car weight (in kips) is normally dis-
tributed and (by analysis using probability paper) its mean and
standard deviation are estimated to be 3.33 and 1.04, respec-
tively. Find the probability that another car picked at random
from the population will weigh more than 4.5 kips.

(b) Using linear regression analysis with constant variance, an-
swer the following:

If you buy a car that weighs 2.3 kips, what is the probability

that it will have a gasoline mileage of more than 28 mpg?

(¢) Develop the 95% confidence interval of the resulting regres-
sion equation, and sketch the interval on the graph.

8.6 The error incurred in a given type of measurement by
a surveyor appears to be affected by the surveyor’s years
of experience. The following is the data observed for five
SUrveyors.

Measurement
Error M in.

Years of

Surveyor Experience, Y

1 3 1.3
2 5 0.8
3 10 1.0
4 20 0.8
5 25 0.5

On the basis of the above information, answer the following and
state '\-'["Lll' il‘a\l.lll]l)liﬂl]\:

(a) For a surveyor with 15 years of experience, what is the
probability that his measurement error will be less than 1 in.?
(Ans. 0.713)

(b) For a 65-year-old surveyor who has 30 years of experience,
can you estimate the probability that his measurement error will
be less than 1 in.? Please elaborate.

8.7 Dissolved oxygen (20) concentration in ppm (parts per mil-
lion) in a stream is found to decrease with the time of travel, 7',
downstream (Thayer and Krutchkoff, 1966). The data shown in
the next table below represent a set of measurements of the DO

versus 1" for a particular stream:

Problems 341

Time of Travel
T (days)

Dissolved Oxygen
DO (ppm)

0.28 0.5
0.29 1

0.29 1.6
0.18 1.8
0.17 2.6
0.18 3.2
0.1 3.8
0.12 4.7

(a) Determine the least-squares regression of DO on 7, i.e., the
regression equation for predicting the dissolved oxygen concen-
tration based on the travel time of the water downstream.

(b) Evaluate the correlation coefficient between DO and T, and
also the conditional standard deviation of DO for given 7',

(¢) Determine the 95% confidence interval of the regression line.

8.8 The actual concrete strength, Y, in a structure is generally
higher than that measured on a specimen, X, from the same batch
of concrete. Data show that a regression equation for predicting
the actual concrete strength is

E(Y[x) = 1.12x 4+ 0.05 (ksi); 0.1l <x<05

and
Var (¥ |x) = 0.0025 (ksi)?

Assume that Y follows a normal distribution for a given value
of x.

(a) For a given job, in which the measured strength is 0.35 ksi,
what is the probability that the actual strength will exceed the
requirement of 0.3 ksi?

(b) Suppose the engineer has lost the data on the measured
strength on the concrete specimen. However, he recalls that it
is either 0.35 or 0.40 with the relative likelihood of 1 to 4. What
is the probability that the actual strength will exceed the require-
ment of 0.3 ksi?

(e) Suppose the measured values of concrete strength at two sites
A and B are 0.35 and 0.4 ksi, respectively. What is the proba-
bility that the actual strength for the concrete structure at site A
will be higher than that at site B? You may assume that the pre-
dicted actual concrete strength between the sites are statistically
independent.

8.9 Data on the construction costs for three houses in a given
residential area are as follows:

Floor Area (1000 sq. ft.) Cost ($1,000)

1.05 63
1.83 92
3.14 204
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Plot the above data on a piece of x-y paper.

(a) Determine by linear regression the relation between the con-
struction cost of houses as a function of the floor area. Sketch
this on the graph.

(b) Estimate the standard deviation of construction cost for the
given floor area.

(¢) How good is the linear relation between cost and floor area?
The answer depends on the correlation coefficient.

(d) If you wish to build a house with 2500 sq. ft. of floor area,
what is the probability that the construction cost will not exceed
$180,000 (based on the information given above)? Assume that
the cost for a given floor area is normally distributed.

8.10 In order to determine the reliability of the rated mileage
(in mpg) of cars, 6 different makes of cars were driven for the
same distance over combined city and highway roads, with the

following results:

Make of Rated Mileage. Actual Mileage,
Car mpg mpg
A 20 16
B 25 19
Cc 30 25
D 30 22
E 25 18
E 15 12

(a) Find the linear regression equation for determining the mean
actual mileage for the given rated mileage of a car: i.e., develop
the equation for
E(Y|X=x)

in which

Y = the actual mileage, in mpg; and

X = the rated mileage. in mpg.
(b) Evaluate the conditional standard deviation of ¥ for a given
X = x, sy, and the correlation coefficient between X and Y.

(¢) Suppose two cars, models Q and R, have rated mileage of

22 mpg and 24 mpg, respectively. What is the probability that the
model Q car will have better actual mileage than that of model
R car?

(d) Plot the data points on an x-y graph, and sketch in the regres-
sion line. Develop and sketch also the 90% confidence interval

of the regression line.

8.11 In Example 8.3, we show the data of observed settlements
of pile groups and the corresponding calculated settlements ob-
tained with a nonlinear model (proposed by Viggiani, 2001)
as shown earlier in Table E8.3 for varying levels of loading
(Columns 2, 3, and 4).

(a) Perform the linear regression of the corresponding calcu-
lated settlements on the observed settlements, i.e.. E(X]y), and
evaluate the conditional standard deviation sy,.

(b) Evaluate the correlation coefficient between X and Y.

(e) Sketch the regression line and determine its 95% confidence
interval: sketch also this interval.

8.12 Suppose a survey of the effect of a fare increase on the loss
of ridership for mass transit systems in the United States reveals
the data tabulated below.

% Fare Increase, X % Loss in Ridership, Y
I

5 =5
35 12
20 7.5
=) 6.3
4 1.2
6 1.7
18 T2
23 8
38 11.1
8 3.6
12 3.7
17 6.6
17 4.4
13 4.5
7 2.8
23 8

(a) Plot the above data for the percentage loss in ridership versus
raph.
(b) Perform a linear regression analysis for predicting the ex-

the percentage fare increase in an x-y ¢

pected percentage loss in ridership as a function of the percentage
fare increase for a mass transit system in the United States.

(¢) Evaluate the correlation coefficient between X and Y, and
estimate the constant conditional standard deviation of the loss
in ridership for a given fare increase.

(d) Determine the 90% confidence interval of the regression
equation of Part (b) above.

8.13 Seismic damage to an urban area will depend on the inten-
sity of a given earthquake. Based on a regression analysis of past
earthquake damage data, the expected damage in a given area
during an earthquake of intensity / was determined to be

E(D|I) = 10.5+ 151

in which D = damage loss in $ million. The corresponding con-
ditional standard deviation was found to be sp;; = 30, which is
constant for all 1.

(a) On the assumption that the seismic damage loss in the area,
D, is a Gaussian variate, what is the probability that the damage
loss will exceed $150 million if an earthquake of intensity / =6
should occur?

(b) If damage-causing earthquakes in the area are limited to in-
tensities of I = 6, 7, and 8 with relative likelihoods of occurrence
of 0.6, 0.3. and 0.1, respectively, what would be the expected
seismic damage loss of the urban area in the next earthquake?

8.14 Several simply supported timber beams were tested exper-
imentally under varying loads £ to determine its deflections D.




The measured deflections at the midspan of the test beams were
measured as follows:

P, tons D, cm
8.4 4.8
6.7 2.9
4.0 2.0

10.2 55

(a) On the basis of the above test results, determine the linear
regression of the deflection on the load, and the associated con-
ditional standard deviation (assume this is constant under all
loads).

(b) Develop also the corresponding 90% confidence interval of
I g

the above regression equation.

(¢) What would be the mean deflection of the beam under a load
P =8 tons? Also, assuming normal distribution, what would be
the 75-percentile deflection under this load?

8.15 Test data on the deformation and Brinell hardness of a cer-
tain type of steel have been obtained as follows:

D (deformation, mm): 6 11 13 22 28 35
H (Brinell hardness, kg/mm:).' 68 65 53 44 37 32

(a) Estimate the correlation coefficient between deformation
and Brinell hardness of the particular steel.

(b) Assuming that the Brinell hardness varies lincarly with the
deformation, determine the regression for E(H|D =d) and the
associated constant conditional standard deviation SHId-

(¢) Suppose that the Brinell hardness corresponding to a given
deformation may be modeled as a normal variate,. What is the
probability that the Brinell hardness for a deformation of 20 mm
will be between 40 and 50 kg/mm??

8.16 Asexpected, the stopping distance, D, for a car depends on
the speed of travel, V, and on the condition of the road surface.
However, there is also variability in the stopping distance at a
given speed even under the same road condition. From several
road tests on a dry pavement, the following were observed:

Stopping Distance Travel Speed

Car # D(ft) V(mph)
1 46 25
2 6 5
3 110 60
4 46 30
5 16 10
6 75 45
7 16 15
8 76 40
9 90 45

10 32 20

Problems 343

(a) Evaluate the correlation coefficient between V and P, On this
basis, can we say that there is a reasonable linear relationship
between the stopping distance and the speed of travel?

(b) Plot the above stopping distance versus travel speed on an
x-y graph.

(¢) From the above graph, a nonlinear function may be suggested
to model the stopping distance-speed relationship as follows:

E(DIV=vi=a+bv+cv?

Estimate the regression coefficients a, b, and ¢, and evaluate also
the conditional standard deviation 8DV =y

(d) Determine the expected stopping distance for a car traveling
al a speed of 50 mph. However, if the driver wants a 90% prob-
ability of stopping the car traveling at 50 mph, what distance
should he allow?

8.17 Data on the daily consumption of water in the Midwest
have been collected for seven towns with varying population as
follows:

Total Consumption,

Town # Population, X (10° gal/day)

1 12,000 1.2

2 40,000 52

3 60,000 7.8

4 90,000 12.8

3 120,000 1

6 135,000 22

7 180,000 3

(a) Based on the above observed data, develop the regression
of the per capita water consumption on the total population; i.e.,
estimate the regression coefficients o and 8 in the linear equation

E(Y|x) =« + Bx

in which ¥ is the per capita water consumption.

(b) Estimate the constant conditional standard deviation SEIX = v
(¢) Determine the 98% confidence interval of the above regres-
sion equation.

(d) Anengineer is interested in studying the daily consumption
of water in a town A, with a population of 100,000, If he assumes
that the per capita consumption of water is a normal variate for
a given population, what is the probability (on the basis of the
above regression equation) that the demand for water in the town
will exceed 17,000,000 gal/day?

8.18 The rate of oxygenation from the atmospheric reaeration
process for a stream depends on the mean velocity of the stream
flow and the average depth of the stream bed. Data for 12 streams
have been recorded as shown in the next table (after Thayer and
Krutchkoff, 1966).
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Suppose the following nonlinear relationship has been suggested

for the mean oxygenation rate:
E(X|\V.H)=aV H”
Mean Velocity, V

Mean Oxygenation Rate, Mean Depth, H

X (ppm/day) (fps) (ft)
2.272 3.07 327
1.44 3.69 5.09
0.981 2.1 4.42
0.496 2.68 6.14
0.743 5.66
1.129 2.64 717
0.281 2.92 11.41
3.361 2.47 2.12
2.794 3.44 293
1.568 4.65 4.54
0.455 2.94 9.5
0.389 2.51 6.29

With the data given in this table, determine the regression coeffi-
cients o, f, and 85, and evaluate the corresponding conditional

standard deviation.

8.19 The peak-hour traffic volume and the 24-hour daily traf-
fic volume on a toll bridge have been recorded for 14 days as

follows:
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The Bayesian Approach

9.1 INTRODUCTION

In engineering, we often need to use whatever information is available in formulating a
sound basis for making decisions. This may include observed data (field as well as ex-
perimental), information derived from theoretical models, and expert judgments based on
experience. The various sources and types of information must often be combined regard-
less of their respective qualities. Moreover, available information may need to be updated
as new information or data are acquired. When the available information is in statistical
form, or contains variability, which is invariably the case with engineering information, as
we saw in Chapter 1, the proper tools for combining and updating the available information
is embodied in the Bayesian approach. In this chapter, we shall present the fundamen-
tals of the Bayesian approach to typical engineering problems involving probability and
statistics.

In Chapter 1, we identified two broad types of uncertainties—the aleatory uncertainty
that is associated with the inherent variability of information, and the epistemic uncertainty
that is associated with the imperfections in our knowledge or ability to make predictions. The
aleatory uncertainty gives rise to a calculated probability, whereas the epistemic uncertainty
leads to a lack of confidence in the calculated probability. In this regard, the Bayesian
approach can be relevant in two ways: (1) to systematically update the existing aleatory
and epistemic uncertainties as additional information or data for each type of uncertainty
becomes available; and (2) to provide an alternative basis for combining the two types of
uncertainties for the purpose of decision making or formulating bases for design (see Ang
and Tang, 1984).

An essential topic concerns the estimation of the parameters of an underlying prob-
ability model; we shall see that the Bayesian approach provides another logical basis for
estimating the parameters, which is different from the classical approach that we presented
in Chapter 6. There is also a role for the Bayesian approach in the regression and correlation
analyses between two (or more) random variables.

9.1.1 Estimation of Parameters

In Chapter 6, we presented the methods of point and interval estimations of the parameters of
a given probability distribution, based on the classical statistical approach. Such an approach
assumes that the parameters are constants (but unknown) and that sample statistics are used
as estimators of these parameters. Because the estimators are invariably imperfect, errors
of estimation are unavoidable; in the classical approach, confidence intervals may be used
to express the degree of these errors.

As implied earlier, accurate estimates of the parameters require large amounts of data.
When the observed data are limited, as is often the case in engineering, the statistical
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estimates have to be supplemented (or may even be superseded) by j udgmental informa-
tion. With the classical statistical approach there is no provision for combining judgmental
information with observational data in the estimation of the parameters.

For illustration, consider a case in which a traffic engineer wishes to determine the
effectiveness of the road improvement at an intersection. Based on his experience with
similar sites and traffic conditions, and on a traffic-accident model, he estimated that the
average occurrences of accidents at the improved intersection would be about once a year.
However, during the first month after the improved intersection is opened to traffic, an
accident occurs at the intersection. A dichotomy, therefore, may arise: The engineer may
hold strongly to his judgmental belief, in which case he would insist that the accident is
only a chance occurrence and the average accident rate remains once a year, in spite of the
most recent accident. On the other hand, if he considers only the observed data, he would
estimate the average accident rate to be once a month. Intuitively, it would seem that both
types of information are relevant and ought to be used in determining the average accident |
rate. Within the classical method of statistical estimation, however, there is no formal basis
for such analysis. Problems of this type may be resolved effectively by combining the
observed data and the judgmental information; formally, this is the subject of Bayesian
estimation.

The Bayesian method approaches the estimation problem from another point of view.
In this case. the unknown parameters of a distribution are assumed (or modeled) also as
random variables. In this way, all sources of uncertainty associated with the estimation of
the parameters can be combined formally (through the total probability theorem). With this
approach, subjective judgments based on intuition, experience, or indirect information are
incorporated systematically with observed data (through the Bayes Theorem) to obtain a
balanced estimation. The Bayesian method is particularly helpful in cases where there is a
strong basis for such judgments. We introduce the basic concepts of the Bayesian approach
in the following sections.

9.2 BASIC CONCEPTS—THE DISCRETE CASE

The Bayesian approach has special significance to engineering design where available
information is invariably limited and subjective judgment is often necessary. In the case
of parameter estimation, we may often have some knowledge ( (perhaps inferred intuitively
from experience) of the possible values, or range of values, of a parameter; moreover, we
may also have some intuitive judgment on the values that are more likely to occur than
others. For simplicity, suppose that the possible values of a parameter £ were assumed to
be a set of discrete values &, i =1, 2, ..., k, with prior relative likelihoods p; = P(© =6;)
as illustrated in Fig. 9.1 (@ is the random variable whose values represent possible values
of the parameter 0).

As additional information becomes available (such as the results of a series of tests or
experiments), the prior assumptions on the parameter & may be modified formally through
the Bayes’ theorem as follows.

Let £ denote the observed outcome of the experiment. Then applying Bayes™ theorem
of Eq. 2.20, we obtain the updated PMF for & as

] ) P(e|® =0, P(O = 6;) ! .
P(O = 6ile) = — i=12....k 9.1)

Y P(c|® =6,)P(O =6)

i=1 ¢
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P,:P(EJ:H‘)
A

2 65 65 a,

Figure 9.1 Prior PMF of parameter 6.

The various terms in Eq. 9.1 can be interpreted as follows:

P (g|® = #;) is the likelihood of the experimental outcome ¢ if ® = #—that is, the
conditional probability of obtaining a particular experimental outcome assuming that the
parameter is ;.

P (® = #;) is the prior probability of & =#8;—that is, prior to the availability of the
experimental information &.

P (® = 6;|¢) is the posterior probability of ® = @;—that is, the probability that has
been revised in light of the experimental outcome €.

Denoting the prior and posterior probabilities as P'(® =6;) and P"(©® =0;), respec-
tively, Eq. 9.1 becomes

Pe|® =6,)P (O =6;)

P (G =6)= (9.1a)

) P(e|® =0,)P'(© =6,)
i=l
Equation 9.1a, therefore, gives the posterior probability mass function of ®. (In general,
we shall use " and ” to denote the prior and posterior information.)
The expected value of ® is then commonly used as the Bayesian estimator of the
parameter; that is,
k
§" = E(®s) = ZH,- PO =6) (9.2)

=1

We may point out that in Egs. 9.1 and 9.2, the observational data & and any judgmental
information are both used and combined in a systematic way to estimate the underlying

In the Bayesian framework, the significance of judgmental information is reflected
also in the calculation of the relevant probabilities. In the preceding case, where subjective
1 judgments were used in the estimation of the parameter ¢, such judgments would be reflected
| in the calculation of the probability associated with the basic random variable X; for example,
1 P(X < a) is obtained through the theorem of total probability using the posterior PMF of
Eq. 9.1a. That is,

|
i
|
|
|
' parameter 8.
|
i
|

k
P(X <a)= Z P(X <a|® =0)P"(O® =6)

i=1
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P(P1p = p)

0.30

0.40
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This represents the updated probability of the event (X < a) based on all the available
information. It may be emphasized that in Eq. 9.3 the uncertainty associated with the error
of estimating the parameter [as reflected in P'(® =0,;)] is combined formally and system-
atically with the inherent variability of the random variable X. In contrast, the combination
will be difficult in the classical statistical approach (presented in Chapter 6), in which the
parameter uncertainty may be described in terms of confidence intervals.

To further clarify the general concepts introduced above, consider the following
examples.

Reinforced concrete piles for a building foundation could be subject to defects resulting from poor
construction quality. Some of the common defects would include insufficient bonding, inadequate
length, cracks, and voids in the concrete. An engineer would like to estimate the proportion of piles
that are defective in a given project that may consist of hundreds of piles. Suppose that from the
engineer’s experience with a range of construction quality for various pile foundation contractors in
the region of the project site, he estimated (judgmentally) that the proportion of defective piles, p, for
the site would range from 0.2 to 1.0 with 0.4 as the most likely value; more specifically. p is described
by the prior PMF as shown in Fig. E9.la. The values of p are discretized at 0.2 intervals to simplify
the illustration.

On the basis of this prior PMF, which is based entirely on the engineer’s judgment, the estimated
probability of a defective pile would be (by virtue of the total probability theorem)

p = (0.2)(0.3) + (0.4)(0.4) + (0.6)(0.15) + (0.8)(0.10) + (1 0)(0.05) = 0.44

In order to supplement his judgment, the engineer ordered a pile to be selected for inspection. The
outcome of the inspection shows that the pile is defective. Based on the result of this single inspection,
the PMF of p would be revised according to Eq. 9.1a, obtaining the posterior PMF as follows:

(0.2)(0.3) _b.136
(0.2)(0.3) -+ (0.4)(0.4) + (0.6)(0.15) + (0.8)(0.1) + (1.0)(0.05) e

Piina-f )
similarly, we obtain the posterior probabilities for the other values of p as follows:

P'(p = 0.4) = 0.364
P'(p = 0.6) = 0.204
P’(p =0.8) = 0.182
P'(p=10)=0.114

Il

These are shown graphically in Fig. E9.1b.

FiPip = p)

4

0.364

0.136

0.204

0 02

0.15
010
I 0.05 I
R
04" 05 .08

0
I I 0.114
06s 08 1D

1.0 g.02 04

Figure E9.1a Prior PMF of p. Figure E9.1b  PMF of p after one inspection.
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The Bayesian estimate for p, Eq. 9.2. therefore, is

P = E(ple) = 0.2(0.136) + 0.4(0.364) + 0.6(0.204) + 0.8(0.182) 4 1.0(0.114) = 0.55

In Fig. E9.1b, we see that because a defective pile was discovered from the single inspection, the
probabilities for the higher values of p; are increased from those of the prior distribution, resulting in
a higher estimate for p. namely, p” = E(p|e) = 0.55, whereas the prior estimate was 0.44. Observe
that the inspection of a single pile, indicating a defective pile, does not imply that all piles will be
defective; instead, the inspection result merely serves to increase the estimated proportion of defective
piles by 0.11 (from 0.44 to 0.55). Figure E9.1c illustrates how the PMF of p changes with increasing
number of consecutive defective piles observed; the distribution shifts toward p = 1.0asn — oc.

054 0

02 ‘04 0 Toa 2o 0 02 D4 06 08+ 1D

ot 1 s T ) R i gy
ponPrin A tEne s 08 e 02 04 06 08 10

n=10 p=e

BPi

I Pi

E o2 End 0608 D Dm0 i 06 08 10

Figure E9.1c PMF of p for increasing number of defective piles inspected.
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Number of consecutive defective piles

Figure E9.1d )" versus number of consecutive defective piles inspected.

Figure E9.1d shows the corresponding Bayesian estimate for p; we observe that after a sequence
of six consecutive defective piles, the estimate for p is 0.90. If a long sequence of defective piles is
observed, the Bayesian estimate of p approaches 1.0—a result that tends to the classical estimate; in
such a case, there is an overwhelming amount of observed data to supersede any prior judgment. Or-
dinarily, however, where observational data are limited, judgment would be important and is reflected
properly in the Bayesian estimation process. We may point out that if a person has a strong feeling
about certain values of the parameter. it would imply a narrow prior distribution. In this case. it would
require a large amount of observed information to override his or her prior judgment.

Now suppose that each of the main columns in the building is supported on a group of three
piles. The column will suffer settlement problems if all the piles in the group are defective. Consider
the case right after a test pile was found to be defective. Based on the posterior PMF of Fig. E9.1b,
and using Eq. 9.3 with X denoting the number of defective piles, the probability that a main column
will have a settlement problem is

P(X =3)= P(X =3|p=02)P(p=02)+P(X=3p=04F (p =04

4+ 4 P(X =3|p=1LOP"(p=10)

(0.2)*(0.136) + (0.4)*(0.364) + (0.6)°(0.204) + (0.8)}(0.182) + (1)(0.114)

= {}.255 <

A traffic engineer is interested in the average rate of accidents v at an improved road intersection.
Suppose that from his previous experience with similar road design configurations and traffic condi-
tions, he deduced that the expected accident rate would be between | and 3 per year, with an average
of 2, and postulated the prior PMF shown in Fig. E9.2. The occurrence of accidents is assumed to be
a Poisson process.

During the first month after completion of the intersection, one accident occurred.

(a) In the light of this observation, i.e.. one accident in the first month, revise the estimate for v.

(b) Using the result of part (a). determine the probability of no accident in the next 6 months.
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v
0.4

0.3 0.3

0 1 2 3
V. per year

Figure E9.2 Prior distribution of v.

SOLUTIONS (a) Let e be the event that an accident oceurred in one month. The posterior probabilities
according to Eq. 9.1a are therefore,
Pehv=11F v =1)

Pav=1l)— - _ i -
Plelv = DP'lv=1)4+ Pelv=2)P (v =2)+ Plely = 3)P'(v = 3)

e VIR(1/12)0.3)

= s = ; - - ={.166
e 1V12(1/12)(0.3) + e Vo(1/6)(0.4) + e /(1 /4)(0.3)

Note that the probability of the observed event for a given value of v is proportional to the exponential
PDF evaluated at an occurrence time of 1 month. Similarly,

Pilv=2)=10411
Pliv=3) =10423

Hence, the updated value of vis ” = E(v|e) = (0.166)(1) + (0.411)(2) + (0.423)(3) = 2.26 accidents
per year.
(b) Let 4 be the event of no accidents in the next 6 months. Then

P(A) = P(Aly = DP"(v= D+ P(Alv =2)P"(v = 2)+ P(Alv =3)P'(v = 3)
— ¢ 12(0.166) + e (0.411) + e */2(0.423)
= (.346 ]

9.3 THE CONTINUQUS CASE
9.3.1 General Formulation

In Sect. 9.2, the possible values of the parameter # (such as p in Example 9.1 and v in
Example 9.2) were limited to a discrete set of values; this was purposely assumed to simplify
the presentation of the concepts underlying the Bayesian method of estimation.

In many situations, however, the value of a parameter could be a continuum of possible
values. Thence, it would be appropriate to assume the parameter to be a continuous random
variable in the Bayesian estimation. In this case, we develop the corresponding results,
analogous to Egs. 9.1 through 9.3, as follows.

Let ® be the random variable for the parameter of a distribution, with a prior PDF
f'(@) as shown in Fig. 9.2. The prior probability that ® will be between 6; and 6; + At is
F(O)AL.
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1l
n
[}

— = p

Figure 9.2 Continuous prior distribution of parameter ©.

Then, if & is an observed experimental outcome, the prior distribution f'(6) can be
revised in the light of ¢ using the Bayes’ theorem, obtaining the posterior probability that
A will be in (8;, 0; + Af) as follows:

P(e|0;) f(0:) A8

k
3 P(el6) f(6)A0
=1

FOHAD =

where P(g|0;) = P(g|0; < 6 <6; + A0). In the limit, the above becomes

P(el6) f'(8)
F16) = == 10)] (9.4)

5 P(_(L:|u)‘,r"'ur)')dif)

The term P(¢|@) is the conditional probability, or likelihood, of observing the experimental
outcome ¢ assuming that the value of the parameter is 6. Hence, P(¢|0) is a function of 6 and
is commonly referred to as the likelihood function of 6 and denoted L(#). The denominator
is independent of #; this is simply a normalizing constant required to insure that f(f)isa
proper PDFE. Equation 9.4, therefore, may be expressed also as

£(6) = kL(O)f'(0) (9.5)

where

k= [,‘x\ L(”)‘f"(H)dHJ is the normalizing constant

L(6) = the likelihood of observing the experimental outcome & assuming a given 0.

We observe from Eq. 9.5 that both the prior distribution and the likelihood function con-
tribute to the posterior distribution of @. In this way, as in the discrete case, the significance
of judgment and of any observational data is combined properly and systematically; the
former through f/(0) and the latter embedded in L(#).

Analogous to the discrete case, Eq. 9.2, the expected value of @ is commonly used as
the point estimator of the parameter. Hence, the updated estimate of the parameter #, in the
light of the observational data &, is given by

o

6f"(0)do (9.6)

oo

6" = E(@le) = /

The uncertainty in the estimation of the parameter can be included in the calculation of the
probability associated with a value of the underlying random variable. For example, if X is
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a random variable whose probability distribution has a parameter #, its probability is

n OC
P(X <a)= / P(X <al0)f"(0)do (9.7)

— 00

Physically, Eq. 9.7 is the average probability of (X < a) weighted by the posterior proba-
bilities of the parameter 6.

Let us consider again the problem of Example 9.1, in which the proportion of defective piles at the
site is of concern; this time, however, we will assume that the probability p is a continuous random
variable. If there is no (prior) factual information on p, a uniform prior distribution may be assumed
(known as the diffuse prior), namely,

i p)= 1) O pic]
On the basis of a single inspection of one pile, revealing that the pile is defective, the likelihood
function is simply that the probability of the event £ = 1 pile selected for inspection is defective,
which is simply p. Hence, the posterior distribution of p, according to Eq. 9.5, is

S4p) = kpll.0) O=p=1l

in which the normalizing constant is

o[ ] -

Fitn)=2p O=sp=i

3%

Thus, the posterior PDF of p is

and the Bayesian estimate of p is then
» 1
nl= Eiple) e / p - 2pdp = 0.667
Jo

If a sequence of n piles were inspected, out of which r piles were found to be defective, then
the likelihood function is the probability of observing r failures among the n piles inspected. If the
proportion of defective piles, or equivalently the probability of each pile being defective is p, and
statistical independence is assumed between the piles, the likelihood function would be defined by

the binomial PMF; i.e.,
n b
Lip) = ( )p’ (1 —p)
.y

Then, with the diffuse prior, the posterior distribution of p becomes

",,-.u{])} L (?1 P,-“ 5 p)t.‘—,- 0 f p (_: 1

,.
.” 7 n—r
( )P' (= plit dp
i

where

1
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Thus, the Bayesian estimator is

1
[ P 4 pr(l = p)''dp
- Jo r

Plioas Elpla) ;
[ (” pr(l—p)Y"dp
Jo r

il

as it
f pr(l—p)Ydp
0

Repeated integration-by-parts of the above integrals yields

1
ot

n ! . ; n+2
(p = p')dp

v

From the above result, we may observe that as the number of inspections n increases (with the ratio
r/n remaining constant), the Bayesian estimate for p approaches that of the classical estimate; that is,
P41 r for |
b Or _large n
i <

n+2 n

An engineer is designing a temporary structure subjected to wind load on a newly developed island
in the Pacific. Of interest is the probability p that the annual maximum wind speed will not exceed
120 km/hr. Records for the annual maximum wind speed in the island are available only for the last
5 years, and among these, the 120 km/hr wind was excecded only once. An island in this region has
a longer record of wind speeds; however, it is at some distance away. After a comparative study of
the geographical condition in the two islands, the engineer inferred from this longer record that the
average value of p for the newly developed island is 2/3 with a c.o.v. of 27%. Since p is bounded
between 0 and 1.0, the following beta distribution (consistent with the above statistics) is also assumed
tor the prior distribution:

f'ip) =20p°(1 — p) =y =1

In this case, the likelihood that the annual maximum wind speed will exceed 120 kph in 1 out of
5 years is

J
Lip) = pil = p)
4
Hence, the posterior PDF of p is

f(p) = kL(p)fip)

5 . 1 -
= (' ) 7' =p [2()[)-‘('1 = p)] = 100kp (1—p)
4
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where

1 1
k= U 100p"(1 — p_)zrl'p} —35
s

f{p) = 360p7(1 — p)? 0

Thus,

A

|

In this case, the prior PDF is equivalent to the assumption of one exceedance in 4 years, whereas
the resulting posterior distribution is tantamount to two exceedances in 9 years. In fact, the above
posterior distribution is the same as that obtained for a case in which two exceedances were observed
in nine years and assuming a diffused (i.e., uniform) prior distribution. This example should serve
also to illustrate a property of the Bayesian approach—namely, that information from sources other
than the observed data can be useful in the estimation process.

The relation between the likelihood function and the prior and posterior distributions of the
parameter p is illustrated in Fig. E9.4. Observe that the posterior distribution is “sharper” than either
the prior distribution or the likelihood function. This implies that more information is “contained” in
the posterior distribution than in either the prior or the likelihood function.

f(p)

3r Posterior

2r b« Likelihood

\
“ -
0 Pt st 1 L 1 \ -
0 0.2 0.4 0.6 0.8 10 P

Figure E9.4 Prior, likelihood, and posterior functions. «

» EXAMPLE 9.5 The oceurrences of earthquakes may be modeled as a Poisson process with a mean occurrence rate v.

Suppose that the historical record for a region A shows that ng earthquakes have occurred in the past
to years. The corresponding likelihood function is then given by

L(v) = P(ngquakesin t, years|v)
(vip)'o

— L—,—‘ 0 v
H“!

0

IV

If there is no other information for estimating v, a diffuse prior may be assumed; this implies that f'(v)
is independent of the values of v and thus can be absorbed into the normalizing constant k. Then the
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posterior distribution of v becomes

1v) £ KL(v)
(¥
e B v v=0
np!

Upon normalization, k =ty. The resulting f“(v) may be compared with the gamma density function
of Eq. 3.44 (for the random variable v), thus indicating that the posterior distribution of v follows the
gamma distribution. The probability of the event (E = n earthquakes in the next ¢ years in region A)

is then given by Eq. 9.7 as follows:

BE) - / P(E)f"(v)dv
JO

+ O ‘ 1y
= / “_?i” prf _[”“ fo) e " dy
Jo n! np!

1}

(/“ bttt o ) (rtno}l 1"t
1 e e e T el [ o
€

Jo (n + ng)! ning! . (¢ 4 ) Fre+!

Since the integrand inside the parentheses is a gamma density function, the integral is equal to 1.0.

Hence,

- \ namg+1) \ ¥
P(E) = _(_E_“Ji“f.'u)! il (n 4 np)! (t/1)"

nling! (r + )" i H!f?“! (1 ﬂ’:’/f[;_)”*’”“"’i

a result that was first derived by Benjamin (1968).

For a numerical illustration. suppose that historical records in the region A show that two earth-
quakes with intensity exceeding VI (MM scale) had occurred in the last 60 years. The probability that
there will be no earthquakes with this intensity in the next 20 years, therefore, is

O+2! (20/60)0
o2l drabmer - - <

P(E) =

9.3.2 A Special Application of the Bayesian Updating Process

An interesting application of the Bayesian updating process is in the inspection and detec-
tion of material defects (Tang, 1973). Fatigue and fracture failures in metal structures are
frequently the result of unchecked propagation of flaws or cracks in the joints (welds) or
base metals. Periodic inspection and repair can be used to minimize the risk of fracture fail-
ure by limiting the existing flaw sizes. Methods of detecting flaws, such as nondestructive
testing (NDT) are often used. However, such detection methods are invariably imperfect;
consequently, not all flaws may be detected during an inspection.

The probability of defecting a flaw generally increases with the flaw size and the
detection power of the device. An example of a detectability curve for ultrasonics method
is shown in Fig. 9.3. Hence, even when a structure is inspected and all detected flaws
are repaired, it is difficult to ensure that there are no flaws larger than some specified
size.

Suppose that an NDT device is used to inspect a set of welds in a structure and all

detected flaws are fully repaired. On the basis of this assumption, the flaws that remain in
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» EXAMPLE 9.6

0.5r

Probability of flow detection

0 0.04 0.08 0.12 0.16
Flow size, in.

Figure 9.3 Detectability versus actual flaw depth. (Data from Packman et al., 1968.)

the weld would be those that were not detected. Let X be the flaw size and D the event that
a flaw is detected. The probability that a flaw size (for example, depth) will be between x
and x + dx given that the flaw was not detected is, therefore,

PDlx < X <x+4+dx)P(x < X <x+dx)

Pix <X <x+dx|D)= =
P(D)

This can be expressed also in terms of the PDF as
f\i (,\"?j) :AP(D|\J]‘\(\) (9.8)

in which fx(x) is the distribution of the flaw size prior to inspection and repair, whereas
fx(x| D) is the distribution of the flaw size after inspection and repair have been performed.
Also, P(D|x) = 1 — P(D|x), where P(D|x) is simply the probability of detecting a flaw
with depth x, which is the function defined by the detectability curve, such as that shown
in Fig. 9.3. Comparing Eq. 9.8 with Eq. 9.5. we observe that Eq. 9.8 is of the same form as

Eq. 9.5, with the following equivalences:

Ix (,v\ﬁl ~ the posterior distribution
P(D|x) ~ the likelihood function

fx(x) ~ the prior distribution

As an illustration, suppose that the initial (prior) distribution of the flaw depths X in a series of welds
has a triangular shape described as follows (see Fig. E9.6):

208.3x; 0<x <006
Jx () = 1§ 20 — 125x: 0.06 < x <0.16
0; x > 0.16
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Assume also that the NDT device used in the inspection has the detectability curve shown in Fig. 9.3:
matherhatically, this curve is given by

0; xr =0
P(Dl|x) = 1 8x; U=x=0125
il = 0125

Substituting the appropriate expressions for each interval of X into Eq. 9.8, we obtain the updated
PDF of flaw depths as follows:

0 x =0
—_ k(1 — 8x)(208.3x 0 <x <0.0¢
FafDY = ( ¥ )(208.5x) X 06
k(1 — 8x)(20 —125x) 0.06 <x =0.125
0 xi=>0.125

which, after normalization, becomes

0 x <0
Lo 495x — 3964x° 0<x <006
_,{\*(.l' D:‘ e i il
47.6 — 678x + 2379x" 006 < x-=:0.125
0 e 00125

The above prior, likelihood, and posterior functions are plotted in Fig. E9.6. It can be observed that
the likelihood function, which is the “complementary function” of Fig. 9.3, behaves as a filter, it
cuts off flaws larger than 0.125 in., and it also eliminates many of the remaining larger flaws. Thus,
after the inspection and repair process, the distribution of flaw depths is shifted toward smaller flaw
S1Z€8.

fx (X)
o Likelihood

Posterior

1 L L
0 0.05 0.10 0y x

Flow depth, in.

Figure E9.6 Distribution of flaw depth. <4
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9.4 BAYESIAN CONCEPTIN SAMPLING THEORY
941 General Formulation

If the experimental outcome ¢ in Eq. 9.4 is a set of observed values (xy, x2,....,x,), rep-
resenting a random sample (see Sect. 6.2.1) from a population X with an underlying PDF
fx(x), the probability of observing this particular set of values, assuming that the parameter
of the distribution is @, is

Pelo) = [ | fu(xil@)dx

i=l

Then, if the prior PDF of 0 is f'(8), the corresponding posterior density function becomes,
according to Eq. 9.4,

[ T fx(x:16 )m} 1)
=1

2 OC n
/ l_[ fx(xi|Odx | f(0)do

oo | i=l

FHe)=

= kL) f'(0) (9.9)
in which the normalizing constant is

\ 1

Fi= [ (l_[.f.\'(.\,f'ﬁ)) F(0)do

i=l

whereas the likelihood function L(#) is the product of the PDF of X evaluated at (xy,
XDy a sy X )i OF

Loy =[] fxxi16) (9.10)

i=1

Using the posterior PDF of 6, Eq. 9.9, in Eq. 9.6 we, therefore, obtain the Bayesian estimator
of the parameter 0. It is interesting to observe that the likelihood function of Eq. 9.10 is the
same as that given earlier in Eq. 6.7 in connection with the classical method of maximum
likelihood estimation. Furthermore, if a diffuse prior distribution is assumed (e.g., as in
Eq. 9.13 below), then the mode of the posterior distribution, Eq. 9.9, would give the maxi-
mum likelihood estimator.

9.42 Sampling from Normal Populations

In the case of a Gaussian population with known standard deviation, o, the likelihood
function for the parameter, 4, according to Eq. 9.10, is

n 1 1 X — 2 n
L) = ———exXp | —= ( ) = N, x;, o)
;‘I_II dma 2 a ]_[ #

- i=l

where N, (x;, o) denotes the PDF of j« with mean value x; and standard deviation o . It can
be shown (e.g., Tang, 1971) that the product of m normal PDFs with respective means u;
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and standard deviations o; 1s also a normal PDF with mean and variance
m
T
> (uilof)
i=l 2 1

i and (0") = ——— (9.11)

m 5 m 3
> 1/0? > 1/0?
i=l =1

Therefore, the likelihood function L(j4) becomes

L) (S
L(,l.l) = ‘IVH = = —————— = :‘\‘ru / ’:' )

S (1 2) [ , e Vnjo?
2 (1/o%) I3 (1/02)
= [ i=1 '
=N, (T nf_) (9.12)
Jn

where X is the sample mean of Eq. 6.1.

Without Prior Information
In the absence of prior information on &, a diffuse prior distribution may be assumed. Ir
such a case, we obtain the posterior distribution of u, as

S7() = kL(w)
(5.5
=kN,|*, —
/ \/ﬁ

()’ -
=N, 7 — (9.13)
(=)

where k is necessarily equal to 1.0 upon normalization. Therefore, without prior information,
the posterior distribution of w is Gaussian with a mean value equal to the sample mean x
and standard deviation o /\/n.

Using the expected value of 1« as the Bayesian estimator, we obtain, in accordance with
Eq. 9.6,

i" = E(ule) =x

That is, the sample mean X is the point estimate of the population mean. We recognize
that this is the same as the classical estimate of Eq. 6.1. Therefore, in the absence of prior
information, the Bayesian and classical methods give the same estimates for the population
mean. Conceptually, however, the Bayesian basis for this estimate differs from that of the
classical approach. Whereas Eq. 9.13 says that the posterior distribution of p is Gaussian
with mean X and standard deviation o /./n, the classical approach (of Sect. 6.2) says that
the sample mean X is a Gaussian random variable with mean p and standard deviation

O’/ V'/E'

Significance of Prior Information

In contrast to the classical approach, however, prior judgmental information can be included

in the estimation of the parameter p. This is accomplished explicitly through the prior

distribution f”(1t); we demonstrate this for the case of a Gaussian population as follows.
When X is Gaussian with known variance, it is mathematically convenient to assume

also a Gaussian prior (see Sect. 9.4.4). Suppose that f'(x) is N(u',0’). Then, with the
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likelihood function of Eq. 9.12, the posterior distribution of 1« becomes

() = kL () f'(p)

,

7 - § ’ /
= k:\,, X, —= :’\.ﬂ(,u. La)

N4
which is a product of two normal PDFs. Again, it can be shown from Eq. 9.11 that f"(10) is
also Gaussian with mean

s XN/ + /@] X(e) + (e n)

= . —_ — (9.14)
[1/(a//n)*] + [1/(c")?] (6 + (62/n)

M

and standard deviation

[ (6")2(c?/n)

” [

= | (9.15)
V (602 +(a2/n)

o

In this case, the Bayesian estimator of u, Eq. 9.6, yields

i =p"
That is, the Bayesian estimate of the mean value is an average of the prior mean '
1 and the sample mean X, weighted inversely by the respective variances, as indicated in
Eq. 9.14. As expected, the posterior mean approaches the sample mean for large sample
size n. However, it will also approach the sample mean if the basis for the judgment is
relatively weak (i.e., large o) or if the population shows small scatter (i.e., small o). In
these cases, a given sampling plan will become more effective.
Equation 9.14 is an example of how prior information is combined systematically with
observed data, in the present case, for estimating the mean value ft.
| It is important to observe that the posterior variance of p, as given by Eq. 9.15. is
| always less than” (o) or (¢%/n); that is, the variance of the posterior distribution is always
less than that of the prior distribution or of the likelihood function.
On the basis of the posterior distribution of p, i.e., N, (", ¢”), and with Egs. 9.14 and
9.15, we may also determine the probability that p is between a and b by

h
Pla < <b) :] fud

9.4.3 Error in Estimation

Any error in the estimation of a parameter # can be combined with the inherent variability
of the underlying random variable, for example, X, to obtain the total uncertainty associated
with X. Accounting for the error in the estimation of 8, the PDF of X becomes (by virtue

Since (o")> = 0 and o%/n = 0,

or

Similarly, it can be shown that (") < o’in.
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of the total probability theorem)
no0
fx(x) = / Fx(x|0) f"(0)do (9.16)
v o
In the case of a Gaussian variate X, with known o, and « estimated from a sample data,

5
fx(x) = / Fx(x|p) £ (d 1

X

where fx(x|pt)=Ny(u, o), and f"(11) is given by Eq. 9.13. Again it can be shown (e.g.,
Tang, 1971) that the last integral above yields the normal PDF

fx(x) = NX, Vol +o2/n) (9.17)

> EXAMPLE 9.7 A toll bridge was recently opened to traffic. For the past 2 weeks, records on rush-hour traffic during
the last 10 work days showed a sample mean of 1535 vehicles per hour (vph). Suppose that rush-
hour traffic has a normal distribution with a standard deviation of 164 vph. Based on this observed
information, the posterior distribution of the mean rush-hour traffic 1 is, according to Eq.-9:13,
N(1535, 164/+/10) or N(1535, 51.9) vph. The point estimate of s, therefore, is 1535 vph,
The probability that & will be between 1500 and 1600 vph is given by

. i 1600-— 1535 1500 + 1535
P(1500 < 1 < 1600) = q>( — " )| — @ _7)
51.9 51.9

P (1.253) — ¢ (—0.674)
= 0.6445

Of greater interest are probabilities associated with the rush-hour traffic (rather than its mean) on a
given work day. Suppose that for the present toll collection procedure, problems could arise if the
rush-hour traffic exceeds 1700 vph on a given day. Then the probability that this will occur on any
given day, based on Eq. 9.17, is given by

P(X = 1700)

[ ( - 1700 L 1___5_357)
V64) + (51.9)2

1. —DH((:958)
= (.69

Il

In other words, in about 17% of the work days, the present toll collection system will be inadequate

during rush hours. Observe that the error in the estimation of u has been included in computing this
probability.

Now suppose that before the toll bridge was opened for traffic, simulation modeling was per-
formed to predict the rush-hour traffic on the bridge. Based on the simulation results alone, it was
estimated that the mean rush-hour traffic on a work day would be 1500 =+ 100 with 90% confidence.
How can this information be used with the observed traffic flow in the estimation of 17

Assuming a Gaussian prior and with the foregoing simulation results, we obtain the prior distri-
bution of the mean rush-hour traffic 1 to be N (1500, 60.8) vph. Then, applying Egs. 9.14 and 9.15,
the posterior distribution of  is also Gaussian with

=L a3 Teli Bie 0 1500310y ¢+
e . = 1520 vph

(60.8)" + (51.9)°
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and

39.5vph

5

Y (60.8) + (51.97

Therefore, by incorporating the result of simulation, the estimated mean rush-hour traffic is 1520 vph
and the corresponding standard deviation is 39.5 vph. <

Five repeated measurements of the elevation (relative to a fixed datum) on the top of a bridge pier

under construction were performed as follows:

20.45m
20.38m
20.51 m
20.42m

20.46 m

Assume that the measurement error is Gaussian with zero mean and a standard deviation of
0.08 m.

(a) Estimate the actual elevation of the pier based on the given measurements,

(b) Suppose that the elevation of the pier was previously measured by another surveying crew; the
elevation was estimated to be 20.42 £ 0.02 m (that is, the mean measurement was 20.42 m with a
standard error of 0.02 m). Estimate the elevation of the pier, taking advantage of this additional prior
information.

SOLUTION Theestimationofan actual dimensiond in surveying and photogrammetry is equivalent to
the estimation of the mean value of a random variable (see Sect. 6.2.3). Measurement error is invariably
assumed to be Gaussian with zero mean; this means tacitly that a set of measurements constitute a
sample from a normal population. Therefore, the results derived in Sect. 9.4.2 are applicable to the
estimation of geometric quantities in surveying and photogrammetry.

(a) The sample mean of the five measurements is

d = —(20.45 4 20.38 + 20.51 4 20:42 + 20.46)

LA —

= 20.444m

and a sample standard deviation of 0.08 m.

Hence, on the basis of the five observations, the actual elevation of the pier has a Gaussian distribution
N(20.444, 0.08/~/5) or N(20.444, 0.036) m. In the convention of surveying and photogrammetry, the
elevation of the pier would be given as 20.444 + 0.036 m.

(b) In the case where prior information is available, such information can be incorporated through a
prior distribution of 8. In the present case, using the pier elevation estimated earlier by the other crew,
the prior distribution of § may be modeled as N(20.42, 0.020) m. Then applying Eqgs. 9.14 and 9.15,
the Bayesian estimate of the elevation is

. (20.420) (0.036) + (20.444) (0.020) 20.49¢
= = 20.426 m

d

(0.036)* + (0.020)°
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and the corresponding standard error is

[ (0.036) (0.020)°
ol agie gl e o 0.017m
4 YV (0:036) + (0.020) <

The annual maximum flow of a stream has been recorded for the last 5 years as follows:

21.5, 19.2, 23.4, 20.1, 18.1 (in 100 m*/sec)

Based on extensive data from nearby streams, it was determined that the annual maximum stream
flow may be modeled by a lognormal distribution. Assume that the parameter ¢ in the lognormal
distribution may be estimated from the above five sample values as follows. The natural logarithm
of the above data values are, respectively, 3.07, 2.96, 3.15, 3.00, and 2.90 from which we obtain the
sample mean ¥ = 3.016, and the sample standard deviation ¢ = 0.097.

Without any prior information, the posterior distribution of A, according to Eq. 9.13, is
N(Xx, (/\/?] or N(3.016, 0.097/ \/5_) = N(3.016, 0.043). However, if prior information is available,
it can be incorporated through the prior distribution of A. For example, suppose that f'(4) is assumed
to be N(2.9, 0.06); then from Eqgs. 9.14 and 9.15 the posterior distribution, (), will be normal
with

3.016(0.06)" + 2.9(0.043)*

ul = S e — 2.08
& (0.06)7 + (0.043)*
and
| (0.06)%(0.043)? .
o/ = | —————— =0.035
27V (0.06) + (0.043)?
That is, in this latter case, the posterior distribution of A is N(2.98, 0.035). <

9.4.4 The Utility of Conjugate Distributions

In deriving the posterior distribution of a parameter by Eq. 9.5 or 9.9, considerable math-
ematical simplification can be achieved if the distribution of the parameter is appropriately
chosen with respect to that of the underlying random variable. We saw this in Sect. 9.4.2 in
the case of the Gaussian random variable X with known o ; by assuming the prior distribution
of  to be also Gaussian, the posterior distribution of ;¢ remains Gaussian, This was similarly
demonstrated for the discrete case in Example 9.4, in which the random variable has a bino-
mial distribution and the prior distribution for its parameter p was assumed to be a standard
beta distribution (with parameters ¢’ =4 and ' = 2). The resulting posterior distribution
for p is also a standard beta distribution, with updated parameters ¢” = 8§ and r" = 3.

Such pairs of distributions are known in the Bayesian terminology as conjugate pairs or
conjugate distributions. By choosing a prior distribution that is a conjugate of the distribution
of the underlying random variable, a convenient posterior distribution, which is usually of
the same mathematical form as the prior, is obtained. Therefore, by selecting appropriate
pairs of conjugate distributions, considerable mathematical simplifications can be achieved.
Table 9.1 summarizes some of the conjugate pairs of common distributions.

It should be emphasized that conjugate distributions are selected solely for mathemat-
ical convenience and simplicity. For a random variable with a specified distribution, its

conjugate prior distribution may be adopted if there is no other basis for the choice of the
prior distribution. However, if there is evidence to support a particular prior distribution,
then such a distribution ought to be used, mathematical complications notwithstanding.
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Conjugate Distributions

(with known o)

Basic Random Variables Parameter Prior and Posterior Distributions of Parameter
Binomial Beta
T " . Fig+r) .
Pxix) = ( )H - o folf) = — — G971 (] — @Y
\X C(g)I'(r)
Exponential Gamma
. . . viva)F—!e
fx(x)=re pl fala) = i
I'(k)
Normal Normal
| : | | 7 2 " | |/ p— e,
i fx(x) = — exp = — M fmlp) = ———exp = )
V2no 2 o vina, 2 Ty

(with known ¢)

Normal Gamma-Normal
1 | \~ 1 L i—=nN"
fx(x) = —exp| —= ) n,o o) = ?c.\p 7;( - .ﬁ)
Va2To = a/n - T/ n
[(rn — 1)/215+V2 4y =132 n—1 u?
. - expl| —— —
T+ 1)/2 (-n:) - l( 2 o )
[ | /
Poisson Gamma
Gty y p(vp)flemvn
Ix(X) = et 1 ML) = ———/———
! ! ! (k)
Lognormal Normal
1 A\’ 1 /A —p\"
[x(x) = ———exp = —) P, falr) = exp ?(
V2mix E Vra 2 o

> EXAMPLE 9.10

The occurrence of flaws ina welded joint may be modeled by a Poisson process with a mean occurrence
rate of p flaws per meter of weld. Actual observations performed with a powerful device (assume it
would not miss detecting any significant flaw) detected five flaws in a weld of 9.2 m. However, from
previous experience with a similar type of welds, the mean flaw rate would vary with the quality of
workmanship on a specific job, and based on this information, the engineer believes that the mean flaw
rate in the present job has a mean of 0.5 flaw/m with a c.o.v. of 40%. Determine the mean and c.o.v.
of p for this type of weld, using the observed data as well as the information from prior experience.

Since the number of flaws in a given weld length is described by the Poisson distribution,
it is convenient, according to Table 9.1, to prescribe its conjugate gamma distribution as the prior
distribution for the parameter y1. From the information given above, and observing from Sect. 3.2.8 (see
also Column 4 of Table 9.1) for the mean and variance of the gamma distribution, we have the mean of

’

I ke
Ee(p) = =105
o
and c.o.v. of 1

ki L LSS
kifv! i
Thus, the prior parameters of the gamma distribution are &’ = 6.25 and v' = [2.5.
It follows then that the posterior distribution of ¢ is also gamma distributed. From the relationship
given in Table 9.1 (column 5) between the prior and posterior statistics, and the sample data, we
evaluate the parameters " and v" of the posterior gamma distribution as follows:

8() =




9.4 Bayesian Conceptin Sampling Theory 367

Mean and Variance of Parameter Posterior Statistics
. ¢ "
E(®) = 1 _ g ' =q +x
gt
. qr
Var() r'=r"4+n X

(g+riig+r+1)
k .

E(L)= — v =4 X
‘ 2

Var(A) = — K=k +n

4 Lo

E(i) = =" T

Var(p) = r*' =
! i \ (o,
E(uw)=m n=n"+n
uv , "
Var(p) = ——— v > 2 m" = n'm +nm)in
(v 2n
[uv T'[(v 1)/2] =
Elo)= [— — 1 vi=v 4+ 1
Y 2
. ! P i i o g - -
Var(o) = = E< (o) v=2 w' = [(vu +n'm°)+ (vu+nm°)—n"m"]/v
V—c
k &
E(p) = v =v' 4t
!
, K ,
Var(p) = — K=k'+x
%)
u (¢
E(}) = pt pr=—
4 | o2(c%/n)
Var(L) = o o = | — .
Voit
With x = 5 flaws, and t = 9.2 m,
=kl 4 x = 625+5=11.25
pl =yt L= 05 00 & 917
Hence, the updated mean and c.o.v. of the average flaw rate p are
Kl 11.25 i
By = e = 0.52 flaw/m
v 21
8"(w) ] 0.30
el = bRl =
JE s ~
» EXAMPLE 9.11 Suppose the maximum water elevation of a river, H, during a flood can be described by an exponential
distribution as follows:
Fif () = ke ™ h=0

No official record on flood occurrences exists at a given site. However, the local inhabitants recall
that only two floods have occurred in recent years, whose elevations are at least 5 ft. Assume that the
flood elevations between floods are statistically independent. and there is no other information for
gstimating the parameter A.

(a) Determine the distribution of A, its mean value, and c.0.v. of H based on the given information.

(b) What is the probability that the next flood will exceed 5 ft?
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(c) After a period of time, three floods occurred at the given site and the maximum water elevations
were recorded as 3, 4, and 5 feet, respectively. With this new information, what would be the updated
distribution of A, its mean value, and c.0.v.?

SOLUTIONS (a) In this part, since the observed information is in terms of exceedance (instead of
exactly equal to) of a given value, the use of conjugate concepts for Bayesian updating would not be
applicable. We need to start with the basic updating equation of Eq. 9.5. The likelihood function in
this case is the probability of water elevation exceeding 5 ft in two floods in terms of A. For one flood,
the probability of water elevation exceeding 5 ft is

S VG Bl e
Hence, the likelihood function becomes, with £ = two floods exceeding 5 ft,
L) = Ple]h) = p* = (¢~) = 70
By assuming a diffused prior distribution of Eq. 9.5, the updated distribution for A is
£900 A e 1Y
Upon normalization, we obtain k = 10, and the posterior distribution of A becomes
o= 0e P =0

Hence, f  is another exponential distribution with a parameter of 10. The comresponding mean and
c.o.v. are, respectively, 0.1 and 1. Note that this is also a gamma distribution with parameters v =10
and k=1 (see Table 9.1).

(b) The probability that the next flood will exceed 5 feet is determined by integrating over all possible
values of A, yielding the updated probability as

o ; o0 i = 10 o0 .
PCH =5 :] P'¢H > 5|A)f " (AM)dr :f e M10e "™Myda = = [ 15¢ BAdy = 0.667
0 0 =~ J0O

(c¢) Since the basic random variable X is the flood level, which is exponentially distributed, the
gamma distribution (with v’ = 10 and &’ = 1) obtained in Part (a) above would serve as a suitable prior
distribution for the parameter A for this part of the updating. Applying the formula in Table 9.1, the
posterior distribution of A would also follow the gamma distribution with

Vi=w 4+ x=104+3+44+5=22 and ki =k tn_113—-4
Hence, we obtain the updated posterior PDF of A as
£ = (224403 = 976107 e 2, =0

whose mean and c.o.v. are, respectively, 4/22 =0.182 and 1/2=0.5. |

» 95 ESTIMATION OF TWO PARAMETERS

The Bayesian approach described in the earlier sections can be extended to include the case
of more than one parameter. Consider the case of two parameters in which & and ¢, denote
the two parameters to be estimated. In this case, the general Bayesian updating equation of
Eq. 9.5 becomes

F1(0, 0:) = kL(Oy, 0,) f' (0, 0-) (9.18)

where f'(6, #2) and (64, @) are, respectively, the prior and posterior joint PDFs of 6,
and 6,; L(0, 0>) is the likelihood of the observed information for given values of #; and
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§,. If &, and ¢, are statistically independent, f'(¢|, (>) can be expressed as f'(¢/,). f'(02) to
facilitate the assessment of the prior joint distribution. However, as will be shown later in an
example, @ and 8, may not necessarily remain statistically independent after incorporation
of the observed information through the likelihood function. Again, & is the normalizing
constant to ensure that the posterior joint distribution (@, 1) is a proper PDFE. It would
be determined from

h X o
/ / .fml'l‘"|.’f‘;j)('!’f:f\{!‘f’_‘. -
J—oc o

or
Jo'o Jes
/ / J’\’[.(’L“.“_*],f”’(""!.f:i'f:‘(”"](."”j =] (9.19)
. w0 o —0C
With the joint PDF of @ and ¢ defined, the respective marginal distributions of ¢, and 6>
can be determined according to Eqs. 3.67 and 3.68 as

[0y = / £ (8, 6:)do, (9.20a)
oC
" O

fr() = / 118y, 62)d0, (9.20b)
P X

Moreover, the corresponding Bayesian estimators can be obtained accordingly from

p X
& =E"(6) = / O, f"(0))de, (9.21a)
v e b
e
8y = E"(6)) = / 6 £ (62)d6> (9.21b)
J =

Boulders are frequently found embedded in a certain type of soil stratum. The occurrence of these
boulders may be modeled according to a Poisson process in a spatial domain with a mean rate [ per
unit volume of the soil deposit. To gain information on the density of boulders in a given deposit, an
engineer has penetrated a rod (of negligible cross-sectional area) to a depth of 40 ft into the stratum.
If the rod has not encountered any boulder, what can be said about the mean rate . of boulders in the
soil deposit?

It may be obvious that the size of the boulders would also play a role in interpreting the observed
result. To simplify the problem, we may assume that the boulders are spherical and all have the
same radius R at this site. However, R is highly variable between sites. Prior to the penetration test,
the radius R of the boulder is believed to be uniformly distributed between 1 and 4 ft, whereas no
other information is available on the parameter ;. We would be interested in determining the updated
distribution of ;¢ and R in light of the penetration test.

The ordinate of the prior PDF of the radius R is a constant 1/3 over the range from 1 to 4 fi.
By assuming a diffused prior distribution for j¢. f'(z4) may be simply absorbed into the normalizing
constant. The event of not encountering any boulder along the rod is equivalent to not finding any
boulders whose centers are within a distance, R = r, from the rod. Hence, the likelihood function is
equivalent to the probability of zero occurrence in a cylindrical volume of 7r*(40). Since the centers
of the boulders occur according to a Poisson process with a mean rate of u per unit voiume of soil,
the likelihood function is

L(e

w,r) = P(X = 0in a 40-ft cylinder with radius r|pu)

= expl— (407 r2u)] I'=r=<4 X < =00
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The updated joint distribution of 4 and r becomes

: k : ;
fri= i expl—(40mr-p)]

-1 |

in which k may be determined from
4 oo .
— R0
[ [ et ’a’,u(."k}
1 0
»d

|
k=] =
4
| 1 .
= - ————dr | = 40r(4) = 160
3/ 40mr?

180F & e p
il rr=e lasir = 0=pu =00

from which we obtain the marginal PDF of the boulder radius as

. L ARG 4
) = R
g K el o=

whose mean value is

i # 4 4 s
E'(R) = ¥ ——dr=-—mnd =185t
N 3r2 3

The prior and the updated posterior marginal distributions of the radius R are as shown in Fig. E9.12a.

A
th
' ¥
1
l|
10 ‘.‘/ f'(r)
& Y
) x
o Y
= i f'(r)
0.5 . /
< J it i
e 1 2 3 4 5

Radius, r(ft)

Figure E9.12a Prior and updated distribution of boulder radius.

Therefore, based on the observed event of “no encounter by a 40-ft rod,” the expected boulder radius
reduces from 2.5 ft to 1.85 ft.

Similarly, the marginal distribution of the mean rate jt can be determined, through a transforma-
tion of variable, as follows,

1 1607

\‘.’ ‘40 ﬁltl)(s\lv‘ﬂ();(;) — & V‘%“Tl’ f‘.! |
T

flG=
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Figure E3.12b  Updated distribution of mean boulder rate (per cu ft).

which is a decreasing function as shown in Fig, E9.12b, from which we obtain the corresponding
updated expected mean boulder rate of 0.0035 per cubic foot. In order to ensure a lower frequency
and size of boulders in this soil stratum, the event of no encounter by one or more rods with a deeper
penetration would be needed. <

Geologic anomalies in a soil deposit are often causes of geotechnical failures. Hence,
the detection of these anomalies through a site exploration program is important. As demon-
strated in Example 9.12, Bayesian methods can systematically incorporate observed site
exploration results with available judgmental information to infer the characteristics. such
as the occurrence probability or frequency and size distributions, of relevant anomalies.
Further literature on this subject can be found in Tang et al. (1983, 1986, 1990, 1991, and
1993).

A set of 10 tests for the bending strength of Douglas fir lumber shows a sample mean of 6 ksi and a
sample standard deviation of 1.2 ksi. Prior to these tests, the engineer believed that the mean bending
strength of this species of wood has a mean of 5 ksi and a ¢.0.v. of 16.3%: and the standard deviation of
the bending strength to have a mean of 1.253 ksi and a ¢.0.v. of 52.3% based on previous experiences
with this kind of material. Assume that the bending strength follows a normal distribution N, o).

The engineer now wishes to update these prior estimates of the parameters p and o by combining
the observed test results with his previous estimates. For simplicity, we will apply the conjugate
approach for the updating process. Since both u and o need to be estimated, the joint Gamma-
Normal distribution may be used as a convenient prior for this purpose according to Table 9.1. The
Gamma-Normal distribution is defined by four parameters, namely, m, u, n, and v where v=n — 1.
The first step is to evaluate the prior parameters consistent with the engineer’s prior experience.

In summary, the prior information is as follows: £'(;1) = 5: (i =0163. E{e) = 1.253: and
8'(o) = 0.523. By using the formulas in Column 4 of Table 9.1, we evaluate the values of n'. &', ',
and v’ to be 5, 1, 3, and 4, respectively.

In the next step, we would use the formula in Column 5 of Table 9.1 to combine the prior and the
observed information. Recall that the observed statistics are n=10; ¥ = 6: s = 1.2: v=n — | = 0.
Hence, we have

n=n4+n=3+10=13

and

i fk ] i I !
m'=(n'"m+nx) — =3 x5+10x6) e 5.769
& :
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Also,
vVi=vi4tv4+1l=44+9+1=14

and u" = —!— [(v'u' +n' m?) + (vs® +nx®) = n" m"™]
= .

1 5 : > 5 5
=i [(4x14+3x5)+ (9% 1.2°+ 10 x 6°) — 13 x 5.769°] = 1.379
Finally, the posterior statistics may be evaluated by using the formulas in Column 4 of Table 9.1,
yielding

B () = m" = 5.769

U’y 1379 x 14

= =0.124
" '—2)n" (14 -2)13

Narl (p) =

The c.0.v., therefore, is

8 ) = vl dE Rl
5.769
The updated mean of 5.769 ksi is between the prior estimate and the sample mean. It may be observed
that the uncertainty level represented by the c.o.v. of u is reduced from 16.3% to 6.1%. For the
estimated standard deviation, s, further mathematical manipulation with the formulas in Column 4 of
Table 9.1 would yield an updated mean and standard deviation of 1.242 and (0.257 ksi, respectively.
Hence, the uncertainty level, c.o.v., of s is also reduced from 52.3% to 20.7%. <

9.6 BAYESIAN REGRESSION AND CORRELATION ANALYSES

9.6.1

Linear Regression

In Chapter 8, we presented the classical approach to regression analysis in which the sta-
tistical relationship between two (or more) variables is described. For the case of linear
regression between two variables X and Y with constant conditional variance, the required
relationships are described in Egs. 8.1 through 8.6, which are summarized here for conve-
nient reference as follows. The linear regression equation is

E(¥Y|x)=a+ Bx (9.22)
and the constant conditional variance is
Var(Y |x) = o2 (9.23)

in which the parameters o, B, and o2 are estimated from a set of sampled data. Based on
least squares errors, the formulas for estimating these parameters are

. XV —nxy i
B = Ziﬁ’-j’ = (9.24)
Yoxt —nx
and
&=y—px (9.25)

with which the mean-value function of Y for given x becomes

E(Y|x) =& + Bx (9.26)
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and

x93
[0 I—

L

(9.27)

in which ¥~ = 3" |, n = the sample size, and X and v are the sample means of X and Y,
respectively. When the sampled data are limited, there may be significant errors (or epistemic
uncertainty) in the estimated values of these parameters «, f, and o *. Consequently, the
estimated mean-value function of Eq. 9.26 would also include these errors. Moreover, the
overall variability of the predicted value of Y for given x should reflect such epistemic
uncertainty in addition to the basic scatter o about the regression line. Following the
Bayesian approach presented in this chapter, the parameters «. j, a?, and E(Y|x) can be
considered as random variables themselves. In this way, these epistemic uncertainties due
to sampling error can be directly incorporated into the probabilistic analysis.

The likelihood of observing a set of y; values at given values of x; given the values of
@, f, o and the random variable Y at a given value of x is normally distributed with the
mean and variance given in Egs. 9.26 and 9.27. Hence,

. n | L (2 by
L .o =]] e ! (9.28)

/.) 5
VIO

By combining the likelihood function with an assumed prior distribution of the parameters
according to Eq. 9.18, the updated distribution of the parameters is

" (a, B.0%) = kL(w, B. a?) f(a, B.o?) (9.29)

which can be subsequently used to determine the updated distribution of the mean-value
function, 8, = E(Y|x), as follows:

[0, = / /] B, B, o) f"(a, B, o2)da dBdao (9.30)

and the updated distribution of Y at given x is

Y y= / / / Ny(a + Bx, o) f"(a, B.o*)da df do (9.31)

in which Ny(a + Bx, o) denotes a normal PDF for ¥ with mean (o + fx) and standard
deviation o. The above formulation is generally difficult to carry out analytically, although
the use of compatible prior distributions could be helpful. Numerical procedures would
generally be required to obtain the pertinent results. A set of useful results is presented in
Tang (1980) for the case of databased prediction (i.e., no prior information on the regression

coefficients including o) as follows:

E@,)=o+ px (9.32)

n—11[1 [ 5
Jipe =L : o (9.33)

Var(8,) = =
n—3 Jrl n—1I §¢

in which &, f. and ¢? are estimated from the observed statistics according to Eqs. 9.24
through 9.27, and s7 = the sample variance ol each x;. Observe that the (epistemic) un-
certainty in the regression line depends on the degree of extrapolation as measured by

(x —X)"/s? and the number of data points n in evaluating the regression line. A larger
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extrapolation or a smaller sample size will result in a larger variance Var(,). The factor
(n — 1)/(n — 3) accounts for the contribution of the uncertainty in the estimate of the basic
scatter o %1 its effect diminishes as the sample size increases. Finally, these uncertainties on
the parameters can be combined with the basic scatter in evaluating the overall uncertainty
on the predicted value of ¥ for a given value of x. Indeed. by using a formula presented in
Raiffa and Schlaifer (1961) for a general normal regression process, Tang (1980) has shown
that

i H— ; o
Var(Y|x) = ——(1 + y)o~ (9.34)

fi—3
in which y stands for the quantity within the square brackets in Eq. 9.33. It represents the
uncertainty contributed by the variance in the mean-value function or regression equation.
x) approaches o~ as expected, since the

In the extreme case, when n goes to infinity, Var(¥
epistemic uncertainty will not be significant. The expected value of ¥ remains that given
by the regression equation of Eq. 9.32.

Consider the precipitation-runoff data presented in Example 8.2, where the values of @, 8, and o>
here have been determined to be « = —0.14, 8 =0.435. and o = 0.075. Hence, for a storm with
precipitation x (in.), the runoff will have a mean

E(Y|x) = —0.14 + 0.435x

According to Eq. 9.26, its variance can be determined from Eq. 9.34 in which y refers to the quantity
within the square brackets in Eq. 9.33. Hence, the variance is

21 1 25 (x — 2.16)°
F 2l s 25 e ot
Var(Y |x) 27 (] + |:25 l! i 24 36.8 }}) o

As an example. for a storm with 4 in. of precipitation, the runoff would have a mean of

E(Y|x =4)=—0.14 4 (0.435)(4) = 1.601in.

and a variance of

R e o S AN R L L ALY | | PO
La X == &) == — = | s = U = 2
sl Gl T8 (vl ) -

If the value of the basic scatter o can be assumed to be equal to 0.075, there would not be any
contribution from the uncertain o?. Hence, Var(¥|x) in Eq. 9.34 becomes (1+y)0.075, yielding
0.078 for the variance of ¥ at x = 4. Moreover, the runoff ¥ will be normally distributed. The pro-
bability that the runoff will exceed 2 in. in this storm with 4 in. of precipitation may be determined as

2 —1.60

P(Y>2ix=4)=1 74,(7
J0.078

= | — ©(0.435) = 0.332
) “

9.6.2 Updating the Regression Parameters

It is generally not common practice to update the statistics of the parameters «, £, and o’
based on different sources of information. For example, a prior set of data that is used to
estimate these parameters may simply be combined with a new set of data into a single
set for a Bayesian regression analysis. The mean and variance of the regression equation
can then be determined accordingly. However, if the information on the prior data set is
not available, judgment would be needed to develop an equivalent set of key statistical
parameters describing the information contained in the prior.

One may refer to Lee (1989) for a pragmatic procedure of carrying out this work. A
more common situation is perhaps to estimate the mean value of a random variable Y in
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which limited data on ¥ are available. To supplement these data or to obtain a preliminary
estimate of the mean value of ¥, one may explore if a regression relation exists between
¥ and another variable. As an example, consider the runoff ¥ in Example 9.13 for a storm
with a precipitation of 4 in. Suppose only two runoff values have been observed associated
with storms having precipitation of 4 in. In this case, Bayesian regression analysis can be
used to provide the prior mean and variance of E(Y|x = 4), which can be updated with the
directly measured runoffs for storms with a precipitation of 4 in. The updating here would
reduce to the case of updating the mean value of the random variable Y at x=4.

R > EXAMPLE 9.15 If the runoff values observed for two storms with precipitation of 4 in. each at a given location are
A 1.5 in. and 2.5 in., respectively, what are the updated estimates of the mean and variance of the mean
h’l runoff from storms with 4 in. of precipitation?

F Let 8, denote the mean runoff for a storm with a precipitation of 4 in. From the Bayesian
o regression analysis on the runoff-precipitation data in Example 8.2 or 9.14, it was shown that

E(04) = —0.14 + (0.435)(4) = 1.601n.

o> and variance
ith

Var(6,) =

24 [z { 25 (4 — 2.16)

i e 0.075 = 0.00361n°
S 105 2 388

by using Egs. 9.32 and 9.33. These two values will be the prior statistics of 84. For the directly
ity measured values, we have v = 2. Suppose the value of runoff ¥ at x=4 in. is normally distributed
with variance assumed to be known, equal to 0:075, then the updated statistics of 4 can be determined
from Egs. 9.14 and 9.15 as
(2)(0.0036) + (1.60)(0.075/2)

Elas & = 1.64
(0a) (0.0036) + (0.075/2)

0.0036)(0.075/2
s s D 0.0033
(0.0036) + (0.075/2)

We may observe that the updated mean is closer to 1.60 than 2, indicating that in this case the directly

measured runoff values have less weight than that given by the regression equation. <]
any
ing : i
ro- 9.6.3 Correlation Analysis
as - g
The dependence between two normal random variables X and Y is measured by the corre-
lation coefficient p. Consider a simple case in which the mean and variance of both X and
< Y are assumed known; the likelihood function of p is simply the probability of observing
the set of n pairs of values (x;, v;), i =1 to n, for given uy, /Ly, ox, oy. Hence
n
1 L(p) = [ | frieCvilxi) fx (i)
o’ = (9.35)
)
to 2 s 2 o
* SR (_\'i*llri\.) L ] ] (.n —m)
gle = —_ 3 = > | e ——
& / 5] . ) ,
Eon i1 M 2oy, 2\ Oy V2mox 4\ Oy
.[ o in which
ical o . )
Myl = dy +p— 0 — pix) (9.36)
Y in

op . =op(1 —p?) (9.37)

X
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Invoking the Bayesian updating equation, the updated distribution of the correlation

coefficient is given by
() =kL(p) f'(p) (9.38)

which can be determined for an assumed prior distribution f"(p).

Even for this simplified case, the mathematical procedure for carrying out the updat-
ing process is analytically cumbersome, as a convenient mathematical form of the prior
distribution is not obvious. Often, one has to resort to numerical procedures or approxi-
mate methods in obtaining results of interest. For example, Lee (1989) has suggested an
approximate method based on the hyperbolic tangent substitution of a variable.

The datain Example 9. 13 show that there is significant correlation between the precipitation and runoff

at the Monocacy River. Suppose prior information on the correlation coefficient is also available. De-
termine the corresponding updated distribution of the correlation coefficient. Numerical calculations
based on Egs. 9.36 through 9.38 are used for this task. Three separate prior distributions were consid-
ered to describe the information on the correlation coefficient before collecting the precipitation-runoff

data. They are:

Case (a): Upper triangular distribution between 0 and 1
Case (b): Uniform distribution between 0 and 1
Case (c): Uniform distribution between 0.5 and |

Results for the updated (posterior) distributions corresponding to each of these three cases are
shown in Fig. E9.16. The statistics of the correlation coefficient before and after incorporating the
observed data are summarized in Table E9.16. Since the observed data consist of 25 pairs of measured
values and the data follow closely a linear trend, the posterior distribution of p is dominated by the

(a) 16 T N T T T e TR (b) 16 : e T T e
: Prior distribution ’ Prior distribution |
12 H—— Posterior distribution 12 | — posterior distribution [* B
iy | s
4 e 4
0 : : ol . A !
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 1
P yo)
(C): 186 i
Prior distribution i
12 —— Posterior distribution
4 L e 5 i bt it gl
O 1 1 i
0 0.2 0.4 0.6

Figure E9.16 Prior and posterior distributions of correlation coefficient,
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observed data: in this case, therefore, the different prior assumptions have minimal influence on the
updated distribution and statistics.

TABLE E9.16 Prior and Posterior Statistics of Correlation Coefficient

Prior Posterior

Case i, g, iy g,

3 (a) 0.667 0.056 0.88289 0.001296
(b) 0.50 0.083 0.881315 0.001386
(c) 0.75 0.021 0.881321 0.001383

<

; 9.7 CONCLUDING SUMMARY

In the process of engineering planning and design, judgmental assumptions and inferential
information are often useful and necessary. The significance of such prior information and
its role (in combination with observational data) in the process of estimation are formally
the subject of Bayesian statistics. The basic concepts of the Bayesian approach have been
introduced here with special reference to sampling and estimation. These concepts can
be extended to numerous applications in engineering, including applications in Bayesian
statistical decisions; the latter can be found in Ang and Tang (1984).

Philosophically, there are fundamental differences between the Bayesian and the clas-
sical approaches to probability and statistics. Within the Bayesian context, a probability or
a probability statement is an expression of the degree-of-belief, whereas in the classical
sense, probability is (strictly speaking) a measure of relative frequency. Furthermore, in
estimation, the Bayesian approach assumes that a parameter is a random variable, whereas
in the classical approach it is an unknown constant.

Relative to engineering planning and design, the Bayesian approach may offer the
following advantages:

1. It provides the formal framework for incorporating engineering judgment (expressed
in probability terms) with observational data.

2. It systematically combines uncertainties associated with randomness (aleatory) and
those arising from errors of estimation and prediction (epistemic), as discussed in
Chapter 1.

3. It provides a formal procedure for systematically updating information.

PROBLEMS

9.1 A new structure is subjected to proof testing. Assume that
the maximum proof load is specified at a reasonably high level
so that the calculated probability of the structure surviving the
maximum proof load is 0.90. However, it is felt that this calcula-
tion is only 70% reliable, and there is a 25% chance that the true
probability may be 0.50; moreover, there is even a 5% chance
that it may be only 0.10.

(a) What is the expected probability of survival before the proof

test?

(b) If only one structure is proof tested, and it survives the max-
imum proof load, determine the updated distribution of the sur-
vival probability.

(c) What is the expected probability of survival after the proof
test?

(d) If three structures were proof tested, and two of the
structures survived whereas one failed under the maximum
proof load, determine the updated expected probability of
survival.
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9.2 A new waste-treatment process has just been developed. In
order to evaluate its effectiveness, the treatment process is in-
stalled for a trial period. Each day the output from the treatment
process is inspected to see if it satisfies the specified standard.
Suppose that the outputs between days are statistically indepen-
dent, and there is a probability p that the daily output will be
acceptable. If the prior PMF is as shown in the figure below, de-
termine the posterior distribution of p with each of the following
observations.

(a) The output on the first day of the trial period is of unaccept-
able quality.

(b) For a 3-day trial period, the quality is unacceptable in only
one day.

(¢) For a 3-day trial period, the first two days are satisfactory,
whereas the quality is unacceptable on the third day.

In each case, determine also the Bayesian estimate for p.
(Ans. 0.5336, 0.617, 0.617.)

P(p))
y

0.25 0.25 0.25 0.25

o 04 0.6 0.8 T

9.3 A hazardous street intersection has been improved by chang-
ing the geometric design to reduce the accident and fatality rates.
For simplicity, assume that accident and fatality rates can be
classified as high H or low L, leading to the following possible
conditions: H 4 H ¢ (high accident rate, high fatality rate), H,Lr,
LiHp, and L,L;. Preliminary evaluation revealed that the rela-
tive likelihoods for these four conditions are 3:3:2:2.

An accident rate prediction model, for example, the Tharp
model, was used to obtain a better evaluation of the accident
potential at this (improved) intersection. Because of possible
inaccuracies in the prediction model, a predicted condition
may not be actually realized. Furthermore, the probability of a
correct prediction depends on the underlying actual condition,
as indicated in the following table of conditional probabilities.

Actual
Predicted HAHF HAL,L' LAHF LALF
Ha Hf 0.30 0.40 0.20 0.25
Ha Le 0.30 0.30 0.20 0.25
La Hr 0.20 0.20 0.50 0.25
Lilp 0.20 0.10 0.10 0.25

(a) What is the probability that the model will indicate H, H[’.-'.’

(b) Suppose that the model predicted H, H, what is the proba-
bility that the condition of the improved intersection will actually
be H\H;"

(¢) If the model predicted L, L, what is the updated relative
likelihoods of the four possible conditions?

9.4 Aninstrument is used to check the accuracy of a set of mea-
surements, However, it can only record three readings, namely,
x= 1,2, or 3. The reading x = 2 implies that the previously mea-
sured value is within a tolerable error, whereas x=1 and x=3
denote that the measurement is on the low and high side, re-
spectively. Suppose the distribution of the underlying random
variable X is as follows:

1l —m .
forx; =1
&
Pxlxj))=4{m forx; =2
1 —m .
forx; =3

(%]

where m is the parameter. For a particular set of measurements,
the engineer estimated that the value of m would be 0.4 or 0.8
with equal likelihood. However, on checking a set of measure-
ments, the first one indicates x =2.

(a) What should be the engineer’s revised distribution of m?
(b) Estimate the probability that a least two out of the next three
measurements will be accurate.

9.5 Anengineer plans to build a log cabin in the middle of a for-
est where logs of similar size are available. He assumes that the
bending capacity M of each log follows a Rayleigh distribution

a T m
‘f,wUJlJ = e
22

—(1/2)m/2)

m =0

where the parameter 2 is the modal value of the distribution.
From previous experience with similar logs, he feels that
A would be 4 (kip-ft) with probability 0.4 or 5 (kip-ft) with
probability 0.6. Not entirely satisfied with these subjective prob-
abilities, he decides to get a better measure of the parameter .
Being pressed for time and with limited supply of logs, he can
only afford to test the bending capacity of two logs by a sim-
ple load test on the site. The test results yielded 4.5 kip-ft and
5.2 Kip-ft for the two tests.
(a) Determine the posterior distribution (discrete) for the pa-
rameter A.
(b) Derive the distribution of the bending capacity of the logs
M., using the posterior distribution of A.
(¢) What is the probability that M will be less than 2 kip-ft?

9.6 The absolute error E (in ¢cm) of each measurement from a
surveying instrument is governed by the triangular distribution
shown in the figure below, where & denotes the upper limit of
the error.

Two measurements were made, and the errors are 1 and
2 cm, respectively.




0 o e, cm
(a) Suppose that « is assumed to be 2 or 3 cm with equal like-
lihood prior to the two measurements; determine the updated
distribution of «. Estimate the value of @ based on this updated
distribution.

(b) Now suppose that the prior PDF of « is uniform between
2 and 3; determine and plot the updated distribution of &, and
evaluate the corresponding Bayesian estimate for o.

(¢) Repeat Part (b) if the PDF of « is a triangular distribution
between 2 and 3 with the mode at 2.

9.7 Suppose that the prior PDF of the mean accident rate v in
Example 9.2 is

elsewhere

(a) Determine the posterior density function of v based on the
observation that an accident was recorded during the first month
of operation.

{b) Compare the probability of an “accident free” month before
and after the observation in Part (a).

9.8 In Problem 9.1, suppose that the survival probability has a
prior density function as follows.

(i) Uniform between p =0 to 0.9.

(ii) Uniform between p=10.9 to 1.0.
(iii) Itis more likely that p will exceed 0.9 than be less than 0.9
the relative likelihood between these two possibilities is 7 to 3.
(a) Determine the prior density function of p.
(b) If three structures were proof tested, and all three survived
the maximum proof load, determine and plot the posterior PDF
of p.
(¢) What is the estimated value of p in light of the results in
Part (b)?

9.9 The occurrence of fires in a city may be modeled by a Poisson
process. Suppose the average occurrences of fires v is assumed
to be 15 or 20 times a year; the likelihood of 20 fires a year (on
the average) is twice that of 15 fires a year.

(a) Determine the probability that there will be 20 occurrences
of fire in the next year.

(b) If there are exactly 20 fires in the next year, what will be the
updated PMF of v?
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(¢) What is the probability that there will be 20 occurrences of
fire in the year after next, in the light of Part (b)?

9.10 For a certain type of construction project in a hazardous
environment, the time T (in days) between two successive acci-
dents follows an exponential distribution,

fr(t) = 2re™ #2D

where the parameter A depends on the quality of supervision at
the site. It is believed that A could be either 1/5 or 1/10 with
relative likelihood of 1:2. For a particular site, accidents were
reported on days 2 and 5, respectively, from the commencement
date of the project.

(a) What is the updated probability that A is 1/10?

(b) What is the probability that no accidents will occur for at
least 10 days after the second accident?

(c) Suppose, after the second accident, the construction project
has entered its 15th day from commencement without having a
third accident. What is the probability that A is 1/10 now?

(d) For the next 10 days of construction (i.e., between day 15
and day 25), if the number of accidents exceeds a certain number
(n¢), then one would be more inclined towards the belief that A
is 1/5 than 1/10. Determine this critical number nc.

(e) Rather than the discrete values 1/5 and 1/10, suppose A can
actually take on continuous values. Use only the observed infor-
mation given prior to Part (a) (i.e.. accidents on days 2 and 5) to
determine the PDF for A.

9.11 Holes can occur in geotextiles, and their occurrences may
be modeled by a Poisson process with a mean rate of M per acre.
Suppose M has a mean of 10 per acre and a c.o.v. of 50% based
on previous experience with this kind of fabric. Inspection of 0.6
acre of the material at a given site has revealed only one hole.
(a) In light of the inspection result, determine the updated mean
and c.o.v. of M for the fabric at the site.

(b) What is the probability that there will not be any holes in the
remaining 0.4 acre of this piece of synthetic fabric?

9.12 Consider a case where the mean compression index of a
soil sample is N(, o) and o is assumed to be equal to ().16. Lab-
oratory tests on four specimens show the following compression
index values: 0.75, 0.89, 0.91, and 0.81.

(a) What is the posterior distribution of p if there is no other
information except the observed data?

(b) Suppose there is prior information to indicate that u is
Gaussian with mean of 0.8 and a c.o.v. of 25%. What will be
the posterior distribution of p if this prior information is taken
into account?

(¢) What is the probability that p will be less than 0.95, using
the data from Part (b)? (Ans. 0.938)

9.13 An air passenger commutes between San Francisco and
Los Angeles regularly. Lately, he started recording the time of
each flight. He computed the average flight time from his five pre-
vious trips to be 65 min. Suppose the flight time 7 is a Gaussian
random variable with known standard deviation of 10 min.
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(a) Based purely on the data, what is the posterior distribution
of py?

(b) The passenger is now on a plane from San Francisco to Los
Angeles. By coincidence. the passenger sitting next to him also
has been keeping track of the flight time. From his record of 10
previous trips, he obtained an average of 60 min. Assume that
these two passengers have never before taken a plane together.
With this additional information, what would be the updated
distribution of 177

(¢) What is the probability that their current flight will take more
than 80 min?

9.14 Six measurements were made of an angle as follows:

32°04 32705
31759 31°57
32701 32700

Assume that the measurement error is Gaussian with zero mean:
and the standard deviation of each measurement can be repre-
sented by the sample standard deviation of the six measurements
above.

(a) Estimate the angle.

(b) Subsequently, the engineer discovered that the angle has
been measured before and recorded as 32700 + 2. Estimate the

actual angle using both sets of measurements.

9.15 A distance L is measured independently by three surveyors
with three sets of instruments. The respective measurements are
2.15, 2.20, and 2.18 km. Suppose the ratio of the standard error
of the three measurements is 1:2:3. Estimate the actual distance
L on the basis of the three sets of measurements. Assume that
measurement error is Gaussian with zero mean.

9.16 Indesigning reinforced concrete structural members to re-
sist ultimate loads, a capacity reduction factor ¢ is often used.
Suppose that the structural member is a beam element and is
designed for pure flexure. The conventional value of ¢ is (1.9,
However, a commiltee is investigating the effect on the proba-

bility of failure of beams against ultimate load if ¢ is increased

1o 0.95. Twelve beams are designed using ¢ = 0.95, and each of

them is subjected to the designed ultimate load in the laboratory
It is desired to estimate the probability of failure, p.

Suppose that prior experiences show that p has a mean of

0.1 and a standard deviation of 0.06. The laboratory test results
show that one out of 12 beams tested failed the ultimate load.
Suggest a suitable prior distribution and determine the mean and

variance of p from these data.

9.17 A newly developed construction material was tested for its
fire resistance. Results from testing two samples show that one
had serious fire damage after being exposed to only 2 hr of fire,
whereas the other lasted for 3 hr. Suppose the duration of fire,
T, for damage of a material follows a normal distribution V(g
0.5). Before the tests, the mean duration until damage, sz, for this
material was expected to be 3 hr with a c.o.v. of 20% based on a

theoretical study.

(a) Determine the updated mean and c.o.v. of the mean duration
until damage for this material.

(b) With the above observed information, what is the probabil-
ity that a wall constructed using this material will be damaged
in less than | hr of fire?

9.18 A contractor is trying out a new markup policy in preparing
his bids. With his new strategy, he expects that the probability
of winning a given job, p. is 0.5 with a variance of 0.05.

(a) Determine a suitable PDF for the probability p.

(b) Suppose the contractor has submitted bids for four jobs us
ing this new markup strategy. The outcome of the first two jobs
revealed that he has won one but lost the other. What would be
the updated distribution of p?

(¢) What is the probability that the contractor will win the re-

maining two jobs?

9.19 The time between breakdowns of'a certain type of construc-
tion equipment follows an exponential distribution with mean
1/2. where the mean rate of failure A was rated by the manu-
facturer to have a mean of 0.5 per year and a c.o.v. of 20%.
A contractor owns two pieces of this construction equipment.
he operational times until breakdown of the equipments were
subsequently observed to be 12 and 18 months, respectively. De
termine the updated mean and c.o.v. of the parameter by using

the conjugates approach.

9.20 Cracks are observed on a concrete bridge deck after an
carthquake. In order to assess the condition of the bridge, the
sizes of cracks are measured. Suppose six cracks were measured

and their lengths are as follows:

Crack Number

Crack Length (cm)

| 3
2 5
3 at most 6
4 4
5 at least 4
6 8

Suppose the length of a crack follows the exponential dis-

tribution with parameter A as follows:

Assume that there is no other information on the crack length.
Determine the distribution (PDF) of the parameter A.

9.21 Anengineer has moved to a new town. He discovered that
the town lies within a tornado zone. The information he has
gathered for tornadoes in this town is as follows:
(i) Two tornadoes were observed within the last 20 yr.
(ii) The maximum wind speeds of these two tornadoes were
190 and 160 kph, respectively.
(iii) From an independent source, it is believed that there is a
95% probability that the mean maximum wind speed for torna-
does in the region will be between 145 and 175 kph.




(iv) The standard deviation of maximum wind speed may be
assumed to be 15 kph.

(v) The occurrence of tornadoes may be assumed to follow a
Poisson process.

(vi) The maximum wind speed in a tornado may be assumed to
follow a normal distribution.

Assume that no other information is available. The engi-
neer intends to live in this town for 5 years, and he estimates that
his house should be strong enough to withstand a 120 kph wind
without damage.

Answer the following questions:

{(a) What is the probability that the town will be hit by a tornado
during the next 5 years?

(b) What is the probability that the maximum wind speed of the
next tornado will exceed 220 kph?

(¢) What is the probability that his house will be undamaged
during the next 5-yr period?

9.22 A given type of accident during the operation of a nuclear
power plant may involve the leakage of radioactive material,
which could be hazardous to the immediate neighborhood. Let
X be the distance (in km) from the power plant beyond which
health hazards will be below an acceptable level in the event of
an accident. The PDF of X is uniformly distributed as

1
fx(x) = E O<x <h

in which A is the parameter, denoting the maximum possible dis-
persion distance of the radioactive material. Based on theoretical
studies, a prior distribution of & has been established as

£l (h) = 0.003 h? 0<h <10

(a) Determine the expected distance of the hazardous zone based
on the given information. (Ans. 3.75)

(b) Suppose an accident has occurred and the hazardous zone
was observed to be extending to a distance of 4 km. What is the
range of A now?
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9.23 Grouted soil nails are often used to strengthen soil slopes
against stability failure. However, full grouting along the entire
length of the nail is generally not achieved in certain cases. On
a given project, an engineer estimates the average fraction of
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Probability Tables

1 % ,
TABLEA.1 Standard Normal Probabilities (pg. 1 of 4) ®(x) = ——[ e "2y

27 J—oc
X P(x) X $(x) b $(x)
0.00 0.500000000 0.40 0.655421742 0.80 0.788144601
0.01 0.503989356 041 0.659097026 0.81 0.791029912
0.02 0.507978314 0.42 0.662757273 0.82 0.793891946
0.03 0.511966473 0.43 0.666402179 0.83 0.796730608
0.04 0.515953437 .44 0.670031446 0.84 0.799545807
0.05 0.519938806 0.45 0.673644780 0.85 0.802337457
0.06 0.523922183 0.46 0.677241890 0.86 0.805105479
0.07 0.527903170 0.47 0.680822491 0.87 0.807849798
0.08 0.531881372 0.48 0.684386303 0.88 0.810570345
0.09 0.535856393 0.49 0.687933051 0.89 0.813267057
.10 0.539827837 0.50 0.691462461 0.90 0.815939875
0.11 0.543795313 0.51 0.694974269 0.91 0.818588745
0.12 0.547758426 0.52 0.698468212 0.92 0.821213602
0.13 0.551716787 0.53 0.701944035 0.93 0.823814458
0.14 0.555670005 0.54 0.705401484 (.94 0.826391220
0.15 0.559617692 0.55 0.708840313 0.95 0.828943874
0.16 0.563559463 0.56 0.712260281 0.96 0.831472393
0.17 0.567494932 0.57 0.715661151 0.97 0.833976754
.18 0.571423716 0.58 0.719042691 0.98 0.836456941
0.19 0.575345435 0.59 0.722404675 0.99 0.838912940
0.20 0.579259709 0.60 0.725746882 1.00 0.841344746
0.21 (.583166163 0.61 0.729069096 1.01 0.843752355

0.22 (.587064423 0.62 0.732371107 1.02 0.846135770
0.23 0.590954115 0.63 0.735652708 1.03 0.848494997
0.24 0.594834872 0.64 0.738913700 1.04 0.850830050
0.25 0.598706326 0.65 0.742153889 1.05 0.853140944
0.26 0.602568113 0.66 0.745373085 1.06 0.855427700
0.27 0.606419873 0.67 0.748571105 1.07 0.857690346
0.28 0.610261248 0.68 0.751747770 1.08 0.859928910
0.29 0.614091881 0.69 0.754902906 1.09 0.862143428
0.30 0.617911422 0.70 0.758036348 1.10 0.864333939
0.31 0.621719522 0.71 0.761147932 1.11 0.866500487
0.32 0.625515835 0.72 0.764237502 1:12 0.868643119
0.33 0.629300019 0.73 0.767304908 1.13 0.870761888
0.34 0.633071736 0.74 0.770350003 .14 0.872856849
0.35 0.636830651 0.75 0.773372648 1:15 0.874928064
0.36 0.640576433 0.76 0.776372708 1.16 0.876975597
0.37 0.644308755 0.77 (.779350054 1:19 0.878999516
0.38 0.648027292 0.78 0.782304562 1.18 0.880999893
0.39 0.651731727 0.79 0.785236116 1.19 0.882976804
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X
| TABLE A.1  Standard Normal Probabilities (pg. 2 of 4) ®(x) = — [ e r/idy
! VIr) -
| X D(x) X D(x) X% b(x)
| 1.20 0.884930330 1.70 0.955434537 2.20 0.986096552
1.21 0.886860554 1.71 0.956367063 2.21 0986447419
1.22 0.888767563 1.72 0.957283779 2.22 0.986790616
1.23 0.890651448 1.73 0.958184862 2.23 0.987126279
1.24 0.892512303 1.74 0.959070491 2.24 0.987454539
125 0.894350226 1.75 0.959940843 2.25 0.987775527
1.26 0.896165319 1.76 0.960796097 2.26 ().988089375
1.27 0.897957685 1.77 0961636430 2.27 0.988396208
1.28 0.899727432 1.78 0.962462020 2.28 0.988696156
‘ 1.29 0.901474671 1.79 0.963273044 2.29 ().088989342
l 1.30 0.903199515 1.80 0.964069681 2.30 0,989275890
1.31 0.904902082 1.81 0.964852106 2.31 0.989555923
1.32 0.906582491 1.82 0.965620498 2.32 0.989829561
1.33 0.9082408064 1.83 0.966375031 2.33 0.990096924
) 1.34 (.909877328 1.84 0.967115881 2.34 0.990358130
1.35 0.911492009 1.85 0.967843225 2.35 0.990613294
1.36 0.913085038 1.86 0.968557237 2.36 0.990862532
‘ 137 0.914656549 1.87 0.969258091 2:37 0.991105957
‘ 1.38 0.916206678 1.88 0.969945961 2.38 0.991343681
! 1.39 0.917735561 1.89 0.970621002 2.39 0.991575814
1.40 0.919243341 1.90 0.971283440 2.40 0.991802464
t 1.41 0.920730159 1.91 (0.971933393 241 0.992023740
: 11 1.42 0.922196159 1.92 0.972571050 2.42 0.992239746
] | 1.43 0.92364 1490 1.93 0.973196581 2.43 0.992450589
;‘ 1.44 0.925066300 1.94 0.973810155 2.44 0.992656369 |
| 1.45 0.926470740 1.95 0.974411940 245 0.992857189
1.46 0.927854963 1.96 0.975002105 2.46 0.993053149
1.47 0.929219123 1.97 0.975580815 247 0.993244347
1.48 0.930563377 1.98 0.976148236 248 0.993430881 |
i | 1.49 0.931887882 1.99 0.976704532 2.49 0.993612845 |
: 1.50 .933192799 2.00 0.977249868 2.50 0.993790335
I 1.51 0.934478288 2.01 0.977784406 2.51 0.993963442
i 1.52 0.935744512 2.02 0.978308306 2.52 0.994132258
1.53 0.936991636 2.03 0.978821730 2.53 0.994296874
1.54 (.938219823 2.04 0.979324837 2.54 0.994457377
1.55 0.939429242 2.05 0.979817785 2.55 0.994613854
1.56 0.940620059 2.06 0.980300730 2.56 0.994766392
| 1.57 0.941792444 2.07 0.980773828 2.57 0.994915074
I 1.58 0.942946567 2.08 0.981237234 2.58 0.995059984
1.59 0.944082597 2.09 0.981691100 2.59 0.995201203
1.60 0.945200708 2.10 0.982135579 2.60 (0.995338812
l1.61 0.946301072 2.11 0.982570822 2.61 (.995472889
_ 1.62 0.947383862 2.12 (.982996977 2.62 0.995603512
1.63 0.948449252 203 0.983414193 2.63 .995730757 ‘
1.64 0.949497417 2.14 (.983822617 2.64 0.995854699
1.65 0.950528532 2.15 0.984222393 2.65 0.995975411
1.66 0.951542774 2.16 0.984613665 2.66 0.996092967
1.67 0.952540318 2.17 0.984996577 2.67 0.996207438
1.68 0.953521342 2.18 0.985371269 2.68 0.996318892
1.69 0.954486023 2.19 0.985737882 2.69 0.996427399
|
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1 h )
TABLE A1 Standard Normal Probabilities (pg. 3 of 4) ®(x) = —— / e riidy
V2 )

X P(x) X P(x) X P(x)
2.70 00.996333026 3.20 (1.9993 12862 3.70 0.999892200
2.71 0.996635840 321 0.999336325 3.71 0.999896370
272 0.996735904 3.22 0.999359047 3.72 0.999900389
273 0.996833284 323 0.999381049 373 0.999904260
2.74 0.99692804 1 3.24 (.999402352 3.74 0.999907990
275 0.997020237 325 0.999422975 3.5 0.999911583
2 0.997109932 3.26 0.999442939 3.76 0.999915043
2. 0.997197185 3.27 0.999462263 3.77 0.999918376
2 0.997282055 3.28 (.999480965 3.78 0.999921586
2 0.997364598 3.29 (.999499063 3.79 0,999924676
2.80 0.997444807 3.30 0.999516576 380 0.999927652
2.81 0.997522925 3.21 0.999533520 381 (.999930517
2.82 0.997598818 3.32 0.999549913 3.82 0.999933274
2.83 0.997672600 3.33 0.999565770 3.83 0.999935928
2.84 0.997744323 3.34 0.999581 108 3.84 (0.999938483
2.85 0.997814039 3.35 0.999595942 3.85 .999940941
2.86 (.997881795 3.36 0.999610288 3.86 0.999943306
2.87 00.99794764 1 3.37 0.999624159 3.87 0.999945582
2.88 0.99801 1624 3.38 0.999637571 3.88 0.999947
2.89 0.998073791 3.39 0.999650537 3.89 0.999949878
2.90 0.998134187 3.40 0999663071 3.90 0.999951904
2.91 0.998 192856 341 0.999675186 391 (1.999953852
2.92 0.998249843 3.42 0.999686894 3.92 0.999955726
293 0.998305190 343 0.999698209 393 0.999957527
2.94 0.998358939 3.44 0.999709143 3.94 0.999959259
2.95 0.998411130 345 0.999719707 3.05 0.999960924
2,96 0.998461805 3.46 0.999729912 3.96 0.999962525
297 0.998511001 3.47 0.999739771 3.97 0.999964064
2.98 0.998558758 348 (0.999745203 398 0.999965542
2.99 0.998605113 349 0.999758490) 3.99 ().999966963
3.00 0.998650102 3.50 0.999767371
3.01 0.998693762 3.51 0.999775947
3.02 0.998736127 3.52 (.999784227
3.03 0.998777231 353 0.999792220
3.04 0.998817109 3.54 0.999799936
3.05 0.998855793 3.55 0.999807384
3.06 0.998893315 3.56 0.999814573
3.07 0.998929706 3.57 0.999821509
3.08 0.998964997 3.58 0.999828203
3.09 0.998999218 3.59 0.999834661
3.10 0.999032397 3.60 0.999840891
3.11 0.999064563 3.61 0.999846901
3.12 0.999095745 3.62 (1.999852698
213 0.999125968 3.63 0.999858289
3.14 0.999155261 3.64 0.999863681
315 0.999183648 3.65 0.999868880
3.16 0.999211154 3.66 0.999873892
3.17 0.999237805 3.67 0.999878725
3.18 0.999263625 3.68 0.999883383
3.19 0.999288636 3.69 0.999887873
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X
TABLE A1 Standard Normal Probabilities (pg. 4 of 4) ®(x) = L'/ e"l-"zdy
VI J -

X | — d(x) X 1 —d(x) & 1 — ®(x)
4.0 3.17E-05 6.0 9.87E-10 8.0 6.66E-16
4.1 2.07E-05 6.1 5.30E-10 8.1 2.22E-16
4.2 1.33E-05 6.2 2.82E-10 8.2 1.11E-16
4.3 8.54E-06 6.3 1.49E-10 8.3 0
4.4 5.41E-06 6.4 7.77E-11 8.4 0
4.5 3.40E-06 6.5 4.02E-11 8.5 0
4.6 2.11E-06 6.6 2.06E-11 8.6 0
4.7 1.30E-06 6.7 1.O4E-11 8.7 0
4.8 7.93E-07 6.8 5.23E-12 8.8 0
49 4. 79E-07 6.9 2.60E-12 8.9 0

5.0 2.87E-07 7.0 1.28E-12
5 1.70E-07 7:1 6.24E-13
5.2 9.96E-08 7.2 3.01E-13
5.3 5.79E-08 7.3 1.44E-13
54 3.33E-08 7.4 6.81E-14
535 1.90E-08 7.5 3.19E-14
5.6 1.07E-08 7.6 1.48E-14
5.7 5.99E-09 7.7 6.77E-15
5.8 3.32E-09 7.8 3.11E-15

1.82E-09 7.9 1.44E-15
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392 » Appendix A. Probability Tables

TABLEA.3 Critical Values of ¢-Distribution at Confidence Level (1—a) = p

d.o.f. p=0.900 p=0.950 p=10975 p = 0.990 p = 0995 p=0.999
1 3.0777 6.3138 12.7062 31.8205 63.6567 318.3088
2 1.8856 2.9200 4.3027 6.9646 9.9248 22.3271
3 1.6377 2.3534 3.1824 4.5407 5.8409 10.2145
4 1.5332 2.1318 2.7764 3.7469 4.6041 7.1732
5 1.4759 2.0150 2.5706 3.3649 4.0321 5.8934
6 1.4398 1.9432 2.4469 3.1427 3.7074 5.2076
7 1.4149 1.8946 2.3646 2.9980 3.4995 4.7853
8 1.3968 1.8595 2.3060 2.8965 3.3554 4.5008
9 1.3803 1.8331 2.2622 2.8214 3.2498 4.2968

10 1.3722 1.8125 2.2281 2.7638 3.1693 4.1437
11 1.3634 1.7959 2.2001 2.7181- 3.1058 4.0247
12 1.3562 1.7823 2.1788 2.6810 3.0545 3.9296
13 1.3502 1.7709 2.1604 2.6503 3.0123 3.8520
14 1.3450 1.7613 2.1448 2.6245 2.9768 3.7874
15 1.3406 1.7531 2.1314 2.6025 2.9467 3.7328
16 1.3368 1.7459 2.1199 2.5835 2.9208 3.6862
17 1.3334 1.7396 2.1098 2.5669 2.8982 3.6458
18 1.3304 1.7341 2.1009 2.5524 2.8784 3.6105
19 1.3277 1.7291 2.0930 2.5395 2.8609 3.5794
20 1.3253 1.7247 2.0860 2.5280 2.8453 3.5518
21 1.3232 1.7207 2.0796 2.5176 2.8314 3.5272
22 1.3212 1.7171 2.0739 2.5083 2.8188 3.5050
23 1.3195 1.7139 2.0687 2.4999 2.8073 3.4850
24 1.3178 1.7109 2.0639 2.4922 2.7969 3.4668
25 1.3163 1.7081 2.0595 24851 2.7874 3.4502
26 1.3150 1.7056 2.0555 2.4786 2.7787 3.4350
27 1.3137 1.7033 20518 2.4727 2.7707 34210
28 1.3125 17011 2.0484 2.4671 2.7633 3.4082
29 1.3114 1.6991 2.0452 2.4620 2.7564 3.3962
30 1.3104 1.6973 2.0423 2.4573 2.7500 3.3852
31 1.3095 1.6955 2.0395 2.4528 2.7440 3.3749
32 1.3086 1.6939 2.0369 2.4487 2.7385 3.3653
33 1.3077 1.6924 2.0345 2.4448 2.7333 3.3563
34 1.3070 1.6909 2.0322 24411 2.7284 3.3479
35 1.3062 1.6896 2.0301 2.4377 2.7238 3.3400
36 1.3055 1.6883 2.0281 2.4345 2.7195 3.3326
37 1.3049 1.6871 2.0262 24314 2.7154 3.3256
38 1.3042 1.6806 2.0244 2.4286 2.7116 3.3190
39 1.3036 1.6849 2.0227 2.4258 2.7079 3.3128
40 1.3031 1.6839 2.0211 2.4233 2.7045 3.3069
45 1.3006 1.6794 2.0141 24121 2.6896 3.2815
50 1.2987 1.6759 2.0086 2.4033 2.6778 3.2614
55 1.2971 1.6703 2.0040 2.3961 2.6682 3.2451
60 1.2958 1.6706 2.0003 2.3901 2.6603 3.2317
70 1.2938 1.6794 1.9944 2.3808 2.6479 3.2108
80 1.2922 1.6759 1.9901 2.3739 2.6387 3.1953
90 1.2910 1.6750 1.9867 2.3685 2.6316 3.1833
00 1.2824 1.6449 1.9600 2.32064 2.5759 3.0903
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Appendix A. Probability Tables -

TABLE A.4 Critical Values of the x? Distribution at Probability Level «

dof. «=0.00I a=0005 o=0.0I ¢=0025 a=005 o=010 o=020

1 0 0 0.0002 0.0010 0.0039 0.0158 0.0642

2 0.0020 0.0100 0.0201 0.0506 0.1026 0.2107 0.4463

3 0.0243 0.0717 0.1148 0.2158 0.3518 0.5844 1.0052

- 0.0908 0.2070 0.2971 0.4844 0.7107 1.0636 1.6488

-] 0.2102 0.4117 0.5543 0.8312 1.1455 1.6103 2.3425

6 0.3811 0.6757 0.8721 1.2373 1.6354 2.2041 3.0701

7 0.5985 0.9893 1.2390 1.6899 2.1673 2.833 3.8223

8 0.8571 1.3444 1.6465 2.1797 2.7326 3.4895 4.5936

9 1.1519 1.7349 2.0879 2.7004 3.3251 4.1682 5.3801
10 1.4787 2.1559 2.5582 3.2470 3.9403 4.8652 6.1791
11 1.8339 2.6032 3.0535 3.8157 4.5748 5.5778 6.9887
12 22142 3.0738 3.5706 4.4038 5.2260 6.3038 7.8073
13 26172 3.5650 4.1069 5.0088 5.8919 7.0415 8.6339
14 3.0407 4.0747 4.6604 5.6287 6.5706 TE1895 9.4673
15 3.4827 4.6009 3.2295 6.2621 7.2609 8.5468 10.3070
16 3.9416 5.1422 5.8122 6.9077 7.9616 9.3122 11.1521
17 4.4161 5.6972 6.4078 7.5642 8.6718 10.0852 12.0023
18 4.9048 6.2648 7.0149 8.2307 9.3905 10.8649 12.8570
19 5.4068 6.8440 7.6327 8.9065 10.1170 11.6509 13.7158
20 5.9210 7.4338 8.2604 9.5908 10.8508 12.4426 14.5784
21 6.4467 8.0337 8.8972 10.2829 11.5913 13.2396 15.4446
22 6.9830 8.6427 9.5425 10.9823 12.3380 14.0415 16.3140
23 7.5292 9.2604 10.1957 11.6886 13.0905 14.8480 17.1865
24 8.0849 9.8862 10.8564 12.4012 13.8484 15.6587 18.0618
25 8.6493 10.5197 11.5240 13.1197 14.6114 16.4734 18.9398
26 9.2221 11.1602 12.1981 13.8439 15.3792 17.2919 19.8202
27 9.8028 11.8076 12.8785 14.5734 16.1514 18.1139 20.7030
28 10.3909 12.4613 13.5647 15.3079 16.9279 18.9392 21.5880
29 10.9861 13.1211 14.2565 16.0471 17.7084 19.7677 224751
30 11.5880 13.7867 14.9535 16.7908 18.4927 20.5992 23.3641
31 12.1963 14.4578 15.6555 17.5387 19.2806 21.4336 24.2551
32 12.8107 15.1340 16.3622 18.2908 20.0719 22.2706 25.1478
33 13.4309 15.8153 17.0735 19.0467 20.8665 23.1102 26.0422
34 14.0567 16.5013 17.7891 19.8063 21.6643 23.9523 26.9383
35 14.6878 17.1918 18.5089 20.5694 22.4650 24.7967 27.8359
36 15.3241 17.8867 19.2327 21.3359 23.2686 25.6433 28.7350
A7 15.9653 18.5858 19.9602 22.1056 24.0749 26.4921 29.6355
38 16.6112 19.2889 20.6914 22.8785 24.8839 27.3430 30.5373
39 17.2616 19.9959 21.4262 23.6543 25.6954 28.1958 31.4405
40 17.9164 20.7065 22.1643 24.4330 26.5093 29.0505 32.3450
45 21.2507 243110 259013 28.3662 30.6123 33.3504 36.8844
50 24.6739 27.9907 29.7067 32.3574 34.7643 37.6886 41.4492
35 28.1731 31.7348 33.5705 36.3981 38.9580 42.0596 46.0356
60 31.7383 35.5345 37.4849 40.4817 43.1880 46.4589 50.6406
65 35.3616 39.3831 41.4436 44.6030 47.4496 50.8829 55.2620
70 35.3616 43.2752 45.4417 48.7576 51.7393 55.3289 59.8978

75 42,7573 47.2060 49.4750 52.9419 56.0541 59.79406 64.5466
80 46.5199 51.1719 53.5401 57.1532 60.3915 64.2778 69.2069
90 54.1552 59.1963 61.7541 65.6466 69.1260 73.2911 78.5584
100 61.9179 67.3276 70.0649 74.2219 77.9295 82.3581 87.9453

(Continued)
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TABLE A4 (Continued) Critical Values of the 2 Distribution at Probability Level (1—a) = p

dof. p=0800 p=0900 p=0950 p=0975 p=099 p=0995 p=0.999

| 1.6424 2.7055 3.8415 5.0239 6.6349 7.8794 10.8276
2 3.2189 4.6052 59915 7.3778 9.2103 10.5966 13.8155
3 4.6416 6.2514 7.8147 9.3484 11.3449 12,8382 16.2662
4 5.9886 7.7794 9.4877 11.1433 13.2767 14,8603 18.4668
5 7.2893 9.2364 11.0705 12.8325 15.0863 16.7496 20.5150
6 8.5581 10.6446 12.5916 14.4494 16.8119 18.5476 22.4577
7 9.8032 12.0170 14.0671 16.0128 18.4753 20.2777 243219
8 11.0301 13.3616 15.5073 17.5345 20.0902 21.9550 26.1245
9 12.2421 14.6837 16.9190 19.0228 21.6660 23.5894 27.8772
10 13.4420 15.9872 18.3070 20.4832 23.2093 25.1882 29.5883
11 14.6314 17.2750 19.6751 21.9200 24.7250 26.7568 31.2641
12 15.8120 18.5493 21.0261 23.3367 26.2170 28.2995 32.9095
13 16.9848 19.8119 22.3620 24.7356 27.6882 29.8195 34.5282
14 18.1508 21.0641 23.6848 26.1189 29.1412 31.3193 36.1233
15 19.3107 22.3071 24.9958 27.4884 30.5779 32.8013 37.6973
16 20.4651 23.5418 26.2962 28.8454 31.9999 34.2672 39.2524
17 21.6146 24.7690 27.5871 30.1910 33.4087 35.7185 40.7902
18 22.7595 25.9894 28.8693 31.5264 34.8053 37.1565 423124

19 23.9004 27.2036 30.1435 32.8523 36.1909 38.5823 43,8202

20 25.0375 28.4120 31.4104 34.1696 37.5662 39.9968 45.3147
21 26.1711 29.6151 32.6706 35.4789 38.9322 41.4011 46.7970
22 27.3015 30.8133 33.9244 36.7807 40.2894 42.7957 48.2679
23 28.4288 32.0069 35.1725 38.0756 41.6384 44.1813 49.7282
24 29.5533 33.1962 36.4150 39.3641 42.9798 45.5585 51.1786
25 30.6752 34.3816 37.6525 40.6465 44.3141 46.9279 52.6197
26 31.7946 35.5632 38.8851 41.9232 45.6417 48.2899 54.0520
27 329117 36.7412 40.1133 43.1945 46.9629 49.6449 55.4760
28 34.0266 379159 41.3371 44.4608 48.2782 50.9934 56.8923

29 35.1394 39.0875 42.5570 45,7223 49.5879 52.3356 58.3012
30 36.2502 40.2560 43.7730 46.9792 50.8922 53.6720 59.7031

31 37:3591 41.4217 449853 48.2319 52,1914 55.0027 61.0983
32 38.4663 42.5847 46.1943 49.4804 53.4858 56.3281 62.4872
33 39.5718 43.7452 47.3999 50.7251 54.7755 57.6484 63.8701
34 40.6756 449032 48.6024 51.9660 56.0609 58.9639 65.2472
35 41.7780 46.0588 49.8018 53.2033 57.3421 60.2748 66.6188 ‘
36 42.8788 47.2122 50.9985 54.4373 58.6192 61.5812 67.9852
57 43.9782 48.3634 52,1923 55.6680 59.8925 62.8833 69.3465 \
38 45.0763 49.5126 53.3835 56.8955 61.1621 64.1814 70.7029 [
39 46.1730 50.6598 54.5722 58.1201 62.4281 65.4756 72.0547 |
40 47.2685 51.8051 55.7585 59.3417 63.6907 66.7660 73.4020

45 52.7288 57.5053 61.6562 65.4102 69.9568 73.1661 80.0767
50 58.1638 63.1671 67.5048 71.4202 76.1539 79.4900 86.6608

35 63.5772 68.7962 73.3115 77.3805 82.2921 85.7490 93.1675
60 68.9721 74.3970 79.0819 83.2977 88.3794 91.9517 99.6072
65 74.3506 79.9730 84.8206 89.1771 94.4221 98.1051 105.9881
70 79.7146 85.5270 90.5312 95.0232 100.4252 104.2149 112.3169

T3 85.0658 91.0615 96.2167 100.8393 106.3929 110.2856 118.5991
80 90.4053 96.5782 101.8795 106.6286 112.3288 116.3211 124.8392
90 101.0537 107.565 113.1453 118.1359 124.1163 128.2989 137.2084
100 111.6667 118.498 124.3421 129.5612 135.8067 140.1695  149.4493
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TABLE A5 Critical Values of D¢ at Significance Level o in the K-S Test

dof.=n a =0.20 a=0.10 o = 0.05 a =0.01
5 0.45 0.51 0.56 0.67
10 0.32 0.37 0.41 0.49
15 0.27 0.30 0.34 0.40
20 0.23 0.26 0.29 0.36
25 0.21 0.24 0.27 0.32
30 0.19 0.22 0.24 0.29
35 0.18 0.20 0.23 0.27
40 0.17 0.19 0.21 0.25
45 0.16 0.18 0.20 0.24
50 0.15 0.17 0.19 0.23

=50 1.07//n 1.22//n 1.36//n 1.63//n

TABLEA.6 Critical Values of the Anderson-Darling Goodness-of-Fit Test

Tuble A.6a Critical Values of ¢, at Significance Level a of the A-D Test
for the Normal Distribution (j and o Estimated from

Sample Size n)

Significance Level a Ay by b,
0.2 0.5091 —0.756 —-0.39
0.1 0.6305 —0.75 —0.8
0.05 0.7514 —0.795 —0.89
0.025 0.8728 —0.881 —0.94
0.01 1.0348 —1.013 —0.93

0.005 1.1578 —1.063 —1.34

Excerpted from D’ Agostino and Stephens, 1986 (see References in Chapter 7).

Table A.6b Critical Values of ¢, at Significance Level o
of the A-D Test for the Exponential
Distribution (Parameter A Estimated from)

Sample Size n)

Significance Level &y
0.25 0.736
0.20 0.816
0.15 0.916
0.10 0.162
0.05 1.321
0.025 1.591
0.01 1.959
0.005 2.244
0.0025 2.534

Excerpted from Pearson and Hartley, 1972, and D" Agostino
and Stephens, 1986 (see References in Chapter 7).
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Tuble A.6¢ Critical Values of ¢, at Significance Level « of the A-D Test for the Gamma

Distribution (Parameters Estimated from Sample Data)

Significance Level o

k 0.25 0.10 0.05 0.025 0.01 0.005
I 0.486 0.657 0.786 0.917 1.092 1.227
2 0.477 0.643 0.768 0.894 1.062 1.190
3 0.475 0.639 0.762 0.880 1.052 1.178
- 0.473 0.637 0.759 0.883 1.048 1.173
3 0.472 0.635 0.758 0.881 1.045 1.170
6 0.472 0.635 0.757 0.880 1.043 1.168
8 0.471 0.634 0.755 0.878 1.041 1.165

10 0.471 0.633 0.754 0.877 1.040 1.164

12 0.471 0.633 0.754 0.876 1.038 1.162

15 0.470 0.632 0.754 0.876 1.038 1.162

20 0.470 0.632 0.753 0.875 1.037 1.161

1.159

o0 0.470 0.631 0.752 0.873 1.035

Excerpted from Lockhart and Stephens, 1985 (see References in Chapter 7).

Table A.6d Critical Values of ¢, at Significance Level «
of the A-D Test for the Gumbel and Weibull
Distribution (Parameters Estimated from

Sample Size n)

Significance Level o &y
0.25 0.474
0.10 0.637
0.05 0.757
0.025 0.877
0.01 1.038

Excerpted from Stephens, 1977 (see References in Chapter 7).




Combinatorial Formulas

In probability problems involving discrete and finite sample spaces, the definition of events
and of the underlying sample spaces entails the enumeration of sets or subsets of sample
points. For this purpose, the techniques of combinatorial analysis are often useful. We
summarize here some of the basic elements of combinatorial analysis.

B.1 THE BASIC RELATION

» EXAMPLES

Ordered Sequences

If there are k positions in a sequence, and n; distinguishable elements can occupy position
1, 2 elements can occupy position2, . . ., and n; elements can occupy position &, the number
of distinct sequences of k elements each is

N(klny, na, ..., ng) =nphy - A (B.1)

(1) If an engineering design involves three parameters ¢, ¢, ¢4 and there are, respectively, 2, 3, 4
values of these parameters, the number of feasible designs is

N@3I2.3.4)=2x3x4=24

(2) In a 3-dimensional Cartesian coordinate system with x, v, z axes, if 10 discrete values are specified
for each of the three axes, e.g., x=0. 1, 2,..., 9, then the total number of coordinate positions is

N(3]10, 10, 10) = 10° = 1,000 <

In a set of n distinct elements, the number of ordered sequences or arrangements, each with
k elements, is

m (B.2)

(), =nn—1n~-2)--(n— k+ 1=
We can observe that for the first position in the sequence of k elements, there are n elements
available to occupy it; but there are only (n — 1) elements available for the second position
since one of the n elements has been used for the first position and only (n — 2) elements
are available for the third position, and so on. Thence, by virtue of the basic relation,
Eq. B.1,

(M) =Nkln,n—1,n—-2,..., n—k+1)

thus, we obtain Eq. B.2.
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> EXAMPLES

(1) If no digits are repeated, the number of four-digit figures is
(10)y = 10 9 % 8.7 = 5040

whereas if the digits can be repeated, the number of four-digit figures would be (10)* = 10,000.
This latter case would include 0000 as one of the figures.

(2) In taking samples sequentially from a discrete sample space (population), the sampling may
be performed with replacements or without replacements: i.e., when an element is drawn from the
population it is either returned or not returned to the population before the next element is drawn,
In a population of n elements, the number of ordered samples of size r is #n” for sampling with
replacements, whereas in sampling without replacements, the corresponding number of ordered
samples would be (n),. «

B.3 THE BINOMIAL COEFFICIENT

» EXAMPLES

[n a set of n distinguishable elements, the number of possible subsets of & different elements
each (regardless of order) is given by the binomial coefficent,

ny (n)

= — (B.3)
x k!

It may be emphasized that in Eq. B.2 the ordering of the & elements is of significance (i.e.,
different orderings of the same elements constitute different sequences or arrangements),
whereas in Eq. B.3 the order is irrelevant. In a set of k elements, the positions of the elements
can be permuted k! times; hence, by virtue of Eq. B.2, we obtain Eq. B.3 as the number of
different k-element subsets (disregarding order).

Equation B.3 is defined only for k < n. Using Eq. B.2 in Eq. B.3 we also have

n n! ;
= — (B.3a)
e k' (n — k)
From Eq. B.3a, we can observe that
n R
= (B.4)
k n—k

Equation B.3 or B.3a is known as the binomial coefficient because this is precisely the
coefficient in the binomial expansion of (x 4+ y)", namely,

H n\ 4.6 B\ g nY .0 2 AW
(x+y) =1 Jx'y + X v+ X Vi desf X'y
0 I 2 n

(1) From a population of n elements, the number of different samples of size r is ( ) This is the

};
same as sampling without replacement, except that the order is disregarded; therefore, the number
of samples is

(n), . .n

1
I r
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(1) Among 25 concrete cylinders marked 1, 2,...,25, the total number of possible samples

of five cylinders each is
: 251
e —— = 53,120
5 5120! >

» B.4 THE MULTINOMIAL COEFFICIENT

If n distinguishable elements are divided into r different groups ofk ke k, elements,
respectively, so that ky + k2 + - - - + k, = n, the number of ways that such r groups can be
formed is given by the multinomial coefficient
n n! -
S (B.5)
ki ka, ..., k; kilka! - - k!

" - 7 n e
Among the n elements, the first group of k; elements can be selected in ways. The

ki
second group of k, elements can be selected from the remaining (n — &) clements in
n— /\'1 pas . 3 qese g :
ways, and so on. The total number of ways of dividing the n elements into r
-

groups of ki, ka, . . ., k,, therefore, is
n\{n—k n—k —ky—-- —koa\ (k) 7!
ki ko k| _}'\',. kilka!- - k!

» EXAMPLES (1) In a given seismic region, suppose six earthquakes of intensities (in MM scale) V, VI, and VII

may occur in the next 10 years. The number of different sequences in which three quakes of
intensity V, two of intensity VI, and one of intensity VII can occur is

6!
L L =60
Blx 2t x 1!
(2) Suppose a construction company wishes to acquire three types of construction equipment
consisting of two bulldozers, four road graders. and six backhoes for a total fleet of 12 pieces of
equipment for a project. The number of different sequences that the company may be able to
acquire the fleet of equipment is

12!
bodedull ot % 2 13 860)
21 x 41 x 6! <

B.5 STIRLING'S FORMULA
An important and useful formula for approximately computing the factorial of a large
number is the Stirling's formula:
n! = VZTI(I‘J)'H-%E_” (B.6)
A derivation of Eq. B.6 can be found in Feller (1957)". The approximation is good, even
for n as small as 10 (error is less than 1%).

“Feller, W., An Introduction to Probability and Its Applications, Vol. 1, 2nd Ed.. J. Wiley and Sons, New York,
1957.
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Derivation of the
Poisson Distribution

In Chapter 3, Sect. 3.2.6, we saw that the Poisson distribution describes the probability
mass function (PMF) of the number of occurrences of an event within a specified interval
of time or space. It is the result of an underlying counting process X(t), known as a Poisson
process, which is a model of the random occurrences of an event in time (or space) .

The Poisson process model is based on the following assumptions:

1. At any instant of time (or point in space), there can be at most one occurrence of
an event; in other words, the probability of # occurrences of the event over a small
interval Ar is of order o( Ar)".

2. The occurrences of an event in nonoverlapping time (or space) intervals are statis-
tically independent; this is the assumption of independent increments.

3. The probability of the occurrence of an eventin the interval (¢, t + At) is proportional
to At; that is,

PIX(At =1)] =vAt

in which v is a proportionality constant.
On the basis of the second assumption above, we obtain with the theorem of total
probability,

PIX(t + Ar) = x] = P[X(1) = x]P[X(A1) = 0] + P[X(r) = x — 1]P[X(Ar) = 1]
+PIX(t) =x —=2]P[X(A) =2]+---

Then, using the notation p.(f)=P[X(r)=x], and observing that P[X(f) =0] =
{1 — P[X(t)=1]— P[X(t) =2] — - - -}, we obtain on the basis of the first and third as-
sumptions above,

pet + At) = p(D)[1 — vAt =[1 —vAr —o(AD? — - -]
+ (VAD Py 1(1) + (A1 py_2 (ALY + - -
Neglecting the higher order terms, the above equation becomes

2e(t 4+ At) — po(t)
l At B = —vpe(t) +vpe (1)

In the limit, as A7 — 0, we obtain the following differential equation for p,(1):

dp,.(1) 3
5 = —vp: (&) + vp, () (C.1)
dt
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We should recognize that Eq. C.1 applies for x > 1. For x =0, Eq. C.1 becomes

1p, (1) i
4pat) = —VP(r) (C.2)
dt

If the counting process starts at t =0, the initial conditions associated with Egs. C.1 and
C.2 are

Po(0) = 1.0 and py() =0

The solution of Eq. C.2 with the first of the above initial conditions yields, for x =0,

pot)y=e "
Whereas for x = 1 the solutions to Eq. C.1 are
s viy
pi(t) = vte™"; pa(t) = (2! vt
and for a general x,
)
pi(t) = ¢ 1) eV (C.3)
x!

which 1s the PMF of the Poisson distribution, where v is the mean occurrence rate of the
event.




A
Acceptance, region of, 260
Addition rule, 45, 48, 53
Aleatory uncertainty, 2, 16-18, 25,
223-225, 346
Alternative hypothesis, 259-261
Anderson-Darling (A-D) test, 296-299
critical values, 393, 396
Approach, classical (versus Bayesian),
246, 273, 346, 349, 361, 372,
377
Approximations, 111, 113, 180, 184,
200-201, 272
Asymmetry, 93. See also Skewness
Asymptotic
distributions, 175-179, 212, 287, 301
largest, 176-178, 211
smallest, 177, 179
types of extremal distributions, 175,
300
Average, see weighted average
Axioms of probability theory, 44, 48

B
Bayesian
approach, 246, 273, 346, 368, 373
continuous case, 352-339
discrete case, 347-352
estimator, 348, 361, 362, 369
correlation analysis, 375-377
regression, 372-375
Bernoulli sequence, 105, 107, 111, 117,
124, 254, 255
Beta
distribution, 127-130, 202, 203, 210,
221, 250, 355
standard, 128, 129, 211, 365
function, 128
function, incomplete, 129, 202

C
Central values, 88
Chi-square distribution, 258, 393-394
Chi-square goodness-of-fit test,
289-293

critical values, 393, 394
Coefficient of variation (c.0.v.), 90-93
Combination of events, 34-37

Combinatorial analysis, 397400
Complementary event, 34, 35, 40, 41,
50
Conditional
probability, 49-51, 53, 54, 58-60,
100, 118, 136, 348
probability distribution, 132, 133
standard deviation, 18, 19, 309, 315,
318, 320, 324, 325, 327
variance, 18, 19, 306-310, 314,
315,318, 319,322, 323,
326, 372
Conditional probabilities, 49-51. 53,
54, 58-60, 100, 118, 136, 348
Confidence
interval, 258, 262-277, 306, 329,

346, 349

of mean with known variance,
262

of mean with unknown variance,
263

of regression equation, 309-311,
314, 316-321, 329-332

limit, 264-267
lower, 264, 265
upper, 265, 267
Conjugate distributions, 365-368
Conjugate pair, see conjugate
distributions
Consistency, 247
Constant variance, 306, 313. See also
regression
Continuous
prior distribution, 353
probability distribution, 84
Correlated random numbers, 231-241
Correlation analysis, 246, 306, 311,
372,373,375
Correlation coefficient, 138, 182, 188,
318, 375-377
estimated, 311, 312, 318, 320, 325,
329
multiple, 325
Covariance, 138, 161, 181, 182

Critical values, 260, 261-263, 265, 267,

293-298, 300
lower, 262, 264
upper, 262, 265, 267

D
Decision, 19, 20, 22
Degree-of-freedom, 160, 256-258,
309
de Morgan’s rule, 4143, 48
Dependency, 237, 239, 241
Derived probability distribution,
151-168
of multiple random variables,
157-168
of single random variable, 151-156
Diffuse, 354, 356, 360, 361
Discrete probability distribution, 84
Dispersion, measure of, see standard
deviation; also coefficient of
variation
Distribution, see probability distribution
Duality relation, 42. See also
de Morgan’s rule

E
Efficiency, 247, 248
Empirical frequency function, 4
Epistemic uncertainty, 2, 16-20, 23,
201, 223-225, 227, 228,255,
346, 373
Error
model, see epistemic uncertainty
sampling, 255
standard, 270
Type L, 259
Type 11, 259, 260
Erlang distribution, 123. See also
gamma distribution
Estimate, 16, 23, 246, 252, 254, 255,
346-351, 374
prior, 371, 372
Estimated average, 16, 17
Estimation of parameter, 246, 346
interval estimation, 262-264, 268,
269, 273
point estimation, 246, 251, 252, 273
maximum likelihood (MLE),
251-254
method of moments, 248-251
Estimator, 247, 248, 251, 252, 255, 262,
270, 272, 273, 346
unbiased, 255, 257
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Event(s), 27-50, 52-54, 57, 58, 62, 63,
83. 85, 105, 106, 108-113,
117-120, 132, 254

certain, 34

collectively exhaustive. 38
complementary, 34
conditioned, 50
impossible, 32, 34
independent, 52, 53
intersection of, 35, 82
joint, 52, 60

mutually exclusive, 37, 8

3

special, 34

union of, 34-37, 39, 40, 42, 46
Expected value, see mean value
Exponential, 118, 249

distribution, shifted, 121, 249, 285

form, double, 175-177, 287

probability paper, 284-287
Extremal distribution, 176, 297, 300
Extreme values, 172, 198, 300

exact probability, 173

F
First-order approximation, 184189,
214
Fisher-Tippett distribution, 178
Frequency, 289, 291-293, 296
Frequency distribution, 4
empirical, 4, 7-13
Function
of multiple random variables,
|57-168
of single random variable, 151-156

G
Gamma
distribution, 122-124, 249, 357, 366,
368
shifted, 124, 249, 292, 293, 296
three-parameter., see shifted
function, 122, 128
function, incomplete, 122, 202
Gaussian (or normal)
distribution, 96, 255, 297, 298, 360,
366, 371
bivariate, 137, 232, 235
standard, 97100, 154, 176, 256,
264
probability paper, 280, 281
General probability papers, 284
Geometric distribution, 108—110, 249
Goodness-of-fit, 289, 292, 295, 297,
299, 301

tests, 278, 289, 293, 296
Gumbel

distribution, 176, 299, 300, 301

probability paper, 287-289, 299

H
Half width, 267, 268

Histogram, 3, 4, 6, 8-10, 125, 170-172,

204208, 212-215, 234-231,
233-241
Hypothesis test, 258-261
with known variance, 260
with unknown variance, 261

|

Independence, statistical, 52, 106, 354,
369

Inference, statistical, 245-247

Inherent variability, see aleatory

uncertainty

Intersection of events, 34, 35, 36, 37,
3942, 82

Interval estimation, 262-264, 268, 269,
273

1

Joint distributions, 132, 232-241, 369
Judgment, subjective, 30, 64, 347, 348
Judgmental information, 347, 348, 371

K
Kolmogorov—-Smirnov (K-S) test,
293-296
critical values, 395
Kurtosis, 94, 257

I5
Least squares, 308, 319, 322
Likelihood function, 252, 253, 353.

Linear
function, 161, 180, 181, 307, 322
mean-value function, 306
regression, 306308, 313, 318-320.

321-323, 326328, 334, 335,
337,372
equation, 18, 309, 311-313, 316,
319,326, 329.331,333,:337,
339,372
multiple, 321-324, 335, 337
trend, 278-280, 282, 283, 286

Lognormal

distribution, 100-104, 106, 118

probability paper, 279, 281-284

M

Marginal distribution, 133, 236, 238,
240, 370

Markov chain (or process), 118

MATHCAD, 200, 201, 203, 206, 208,

210-213, 215, 217-219,
223-225, 227, 242, 244
MATLARB, 179, 199-203, 209, 211,
216, 217, 219, 220, 230, 235,
242,244
Mathematical expectation, 89, 180
Maximum likelihood, 251
estimator, 252, 255, 360
Mean-value, 17, 19, 89, 141, 307
function, 321, 372-374
Median, 89, 103
Mixed probability distribution, 84
Mode or modal value, 89, 91
Moments, 94, 151, 180, 184, 248, 273
of function of random variables,
180—189
Monte Carlo simulation (MCS), 180,
190, 199-201, 203, 206, 208,
215, 218, 223-231, 231-241
MS Excel, 200, 205, 208
Multiple random variables, 132, 133,
135, 137, 139, 157
Multiplication rule, 52, 53, 59, 65
Mutually exclusive events, 37-39, 82

N

Nonlinear function, 180, 190, 199, 325,
326,333

Normal distribution, see Gaussian

Null hypothesis, 259-261

Numerical method (or procedure), 190,
199201, 373, 376

O
Occurrence
first, 109, 111, 118, 123
joint, 35, 52, 132
kth, 111,123
Occurrence rate, 113, 116119, 123,
290, 356, 366
One-sided test, 259, 260, 261
Outcome, 28, 30, 81, 105, 349, 353
I)
Parameter
estimated, 246, 262, 347
of asymptotic distributions,
176-179
prior, 366, 371




statistics, 374
uncertainty, 349
updated (or posterior), 365
Plotting position, 279, 280, 282,
286-288
Point estimation, 246, 251, 252, 273
Poisson

distribution, 113, 119, 157, 158, 213,

290, 291, 366
process, 112-120, 123, 124, 157,
158, 168, 351, 356, 366, 369
Posterior distribution, 350, 368-371,

373, 376, 3717
Prior distribution, 350, 352, 353, 355,
356, 360-366, 368, 373, 376
Probability
density function, 4, 12, 83, 141,
142

distribution, 81-85, 96, 127, 131,
132. See also useful probability
distributions

bivariate, 231, 232, 236

chi-square, 132, 156, 160, 257,
258, 261, 269

conjugate, 365, 366

cumulative, 83, 97

discrete PMF, 132, 135, 153

extreme value, 172-179, 287, 300,

301
joint, 132
limiting, 168
multivariate, 231
triangular, 303, 378
uniform, 86, 87, 231, 279, 369,
376
paper, 278-285, 287-289, 293
exponential, 285, 286
general, construction of, 284
Gumbel, 287-289
lognormal, 281-284
normal, 280, 281
uniform, 279
Propagation of uncertainty, 186
Proportion, estimation of, 254, 255

R
Random numbers, 105, 200, 201, 211,
213, 218, 231-233, 235, 237
correlated, 231, 232
generator, 200, 201, 205
Random variable, 81-83, 87-91,
93-97, 99-104,
continuous, 83, 86, 88, 89, 96, 134,

352, 354

correlated, 313
discrete, 83, 85, 89, 90, 95, 152
independent, 157, 161, 208
main descriptors, 88, 89
Rayleigh distribution, 177
Recurrence time, 109, 118, 119
Regression
analysis, 306, 308, 318, 322-334,
337,372,375
applications of, 333-339
with constant variance, 306311
with nonconstant variance,
318-321
coefficients, 307, 314, 319, 320,
322-324, 372
equation, 18, 19, 306, 308, 323, 324,
327,331,374, 375
confidence interval of, 309, 311,
316, 318, 321
line. 18, 308, 334, 373
multiple, 321-325
nonlinear, 306, 325-327, 329,
331
Rejection, region of, 260, 261
Relationship, nonlinear, 306, 325,
339
Relative frequency. 28-30, 44
Reliability, 21-23, 100, 121, 122, 130
Repetition, 44, 171, 200, 203, 204, 207,
208, 210, 212-215
Return period, 109-111, 119, 120, 279,
288, 289
Risk, 1, 2, 19-21, 23, 357
Rule
associative, 40
cummutative, 40
distributive, 40, 41
operational, 3941, 44, 65

S
Sample estimate, 268
Sample mean, 250, 255, 256
Sample
points, 29, 31-35, 37, 39, 45-47. 49
finite number of, 31
infinite number of, 31
size, 170-172, 200, 201, 203, 204,
209, 255, 256, 373, 374
space, 31-34, 36, 38-40, 4448, 50.
58, 59, 82, 85,132

discrete, 31, 32
reconstituted, 50, 53
statistics, 346
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Sample variance, 16, 201, 248, 250,
251, 254, 373
Sampling
with replacement, 398
without replacement, 398
Sampling distributions, 255
with known variance, 255
with unknown variance, 256
Sampling error, 16-18, 29, 255, 273,
373
Sampling theory, Bayesian, 360, 361,
363, 365, 367
Scattergram, 3, 13, 15, 16, 306, 307,
318, 325, 326
Second-order approximation, 184187,
189, 190
Set theory, elements of, 31, 33, 35, 37,
39,41,43
Sets, operations of, 3941
Significance level, 261, 290, 291,
293-300
Simulation, see Monte Carlo
simulation
Skewness, 93, 95, 124, 125, 130,
170, 171, 205-208, 214, 217,

219
coefficient, 93, 95, 96, 125, 171, 204,
205, 207,213, 214,292

Software, commercial, 199-201, 242
Space-time problems, 112, 113
Standard deviation, 18, 19, 90-93,
99-103, 161-164, 177-179,
182, 183, 187190, 205-210,
218. 219, 263-265, 360-365
Standard error, 189, 270, 271, 273, 364,
365
Statistical approach
Bayesian, 346, 347, 349, 301, 372,
377
classical, 246
Statistical estimation, 246, 347
of parameters, 246, 247, 249, 251,
253, 255, 257
Statistical inference, 245-248, 250,
252, 254, 256, 258-260, 262,
264, 266, 268, 270, 272
Student’s t-distribution, see
t-distribution
Sufficiency, 247. 248

i

Tail behavior, 175, 177. 300

t-distribution. 132, 256, 263-2635, 268.
271, 309
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Test statistic, 259-261
Theorem
Bayes', 63-65
central limit, 168—170, 255, 258,
266, 268, 278
total probability, 57-59, 61, 63, 65,
108, 133, 134, 347, 349,
363
Trials, 105-108, 111, 118, 255,
268

U
Uncertainty, 1-2, 16, 17-23, 25, 45,
199, 200, 223, 227, 346, 347,
Union of events, 34-37, 39, 40, 42, 46
Updated distribution, see posterior
distribution
Useful probability distributions, 96,
131
beta, 127-130
standard beta, 128
binomial, 92, 105, 107, 108, 153,
203, 221, 222, 365
exponential, 118-120
shifted exponential, 121

gamma, [22-124

shifted gamma, 124, 125
Gaussian (normal), 96100

standard normal, 97-99
geometric, 108-111, 118
hypergeometric, 126, 127
lognormal, 100-104
negative binomial, 111, 112
Poisson, 112, 113, 157, 213,

290, 366

\.’
Value
10-percentile, 325
90-percentile, 99, 204, 206
central, 17, 88, 103
conservative, 224, 226
expected, 78, 89, 95, 180, 181, 247,
255, 257, 270, 348, 353, 361,
374. See also mean value
extreme, 131, 141, 172, 173, 175,
287, 300, 302

300, 301
median, 2, 17, 281, 283
modal (or mode), 89

smallest, 3, 172, 173, 176-179, 300,
301
Variability, 2-4, 6, 8,9, 12, 13, 16-18,
20, 23-25, 90, 100, 222, 245,
346 v
inherent, 2, 3, 24, 25, 223, 225, 346,
349. See also aleatory
uncertainty
Variable
dependent, 151, 157, 321, 322, 325,
339
independent, 151, 186, 321, 325,
Variance, 90, 91, 94, 95, 102, 122, 123,
129, 130, 161, 162, 180-188,
190, 247, 248, 257, 258! 268,
269, 271-273, 306-309,
373-375
Variation, coefficient of, 18, 19, 90, 91,
93, 130, 166, 201
Venn diagram, 34, 35, 37-39, 41, 42,
47,49, 58, 61

W
Weibull distribution, 179, 301
Weighted average, 89, 90
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